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Mathematical Notation, Definitions, and Review

Inequalities
f(n) is “monotonically increasing”: m <n = f(m) < f(n)
f(n)

f(n) is
f(n) is
|z] =max{y:y <=z, y an integer } (“floor”)

n) is “monotonically decreasing’: m <n = f(m) > f(n)
“strictly increasing’: m <n = f(m) < f(n)

“strictly decreasing”: m <n = f(m) > f(n)

[z] =min{y:y > z, y an integer } (“ceiling”)
Fact: z — 1< |z|] <z <[z] <z +1
Fact: [[n/a]/b] = [n/ab] and ||n/a|/b] = |n/ab]

f(n) is “polynomially bounded® if f(n) = O(n¥) (for some constant k) = n?()

Exponentials

a™a® :am—l—n
T $2 1'3 _ e Iz 1 ? 3
e :1+x+ﬁ+ﬁ+---—i¥0 % (Taylor’s series)
l+z<e® <1+x+2? (for |z| < 1)
; T\N — LT
ALt )" =e
Logarithms

Definition: logy a = c if and only if a = b°
Ya,b,c > 0, Vn,

a = bloss @,



log.(ab) = log,. a + log, b,
log, a™ = nlogy, a,

logy a = e

log, b°
logy(1/a) = logya™" = —log, a,
_logga _ 1
logy a = Tog b = Tog, b’ and

alogs ™ — (b10€b a)logb n — plogyalogyn — plog,a

lgn = logy n (binary logarithm)

Inn = log, n (natural logarithm)

gk n = (Ign)*

lglgn =1g(lgn)

lgn+k=(lgn)+ k In(1 + z) :m—g—i—m.;— %—i—% — -+, |z| <1 (Taylor’s series)
1z SIn(l+2) <=, z>—1

f(n) is “polylogarithmically bounded’ if f(n) = O(log® n) (for some constant k) = log®™M n
Factorial

nl=1ifn=0,andn-(n—1)ifn >0

Alternatively, n! =1-2-3-.---n

n! = v2mn(2)"(1 4+ ©(4)) (Stirling’s approximation)

Binomial Coeflicients

n!

(k) = E(n—k)!
() = G2y

(@ +y)" = ki (1) gkynt

(3) <5 < ()% (Stirling’s formula)

Summations

A series is a sequence of partial sums of a summation, parametrized by the limit of summation.

n
> ax = a1+ ag + -+ + ay (finite series)
k=1



o0
ap = a1 +ag+---= lim Y ?_, a; (infinite series

An infinite series is convergent if the limit exists. Otherwise the series is divergent.
Linearity

If a series is finite or convergent (for n replaced by oo), then

Yo(cap +bp) =c )y ap+ X2 by
k=1 k=1 k=1

Also, 3 ©(/(K)) = (3 f(k)
Arithmetic Series

n
Definition: Y k=14+24+3+:--+n
k=1

S k= ln(n+1) =06(n?)

Geometric Series

n
Definition: Y. z¥ =142+ 22+ ---+ 2"

k=0
o~k gt
kzow =57 Vr#l
o0
kgomk = Vjz|/<1

Harmonic series

n
Definition: H, = 3. =1+ 3+3+ 4 +---+
k=1

H, =Inn+ O(1)

S|=

Asymptotic Notation
O(g(n)) = { f(
Qg(n)) ={ f(n) :
O(g(n)) = { f(n) : 3 constants ng, ¢, cz > 0 such that Vn > ng, 0 < c1g(n) < f(n) < cag(n) }
(9(n)) = O(g(n)) N Q(g(n)))

o(g(n)) = { f(n) : V constant ¢ > 0, 3 constant ng such that VYn > ng, 0 < f(n) < cg(n) }

n) : 3 constants ng,c > 0 such that Vn > ng, 0 < f(n) < cg(n) }

3 constants ng, c > 0 such that Vn > ng, cg(n) < f(n) }

Alternatively, ©

w(g(n)) ={ f(n) : V constant ¢ > 0, 3 constant ny such that Yn > ng, cg(n) < f(n) }

f(n) = O(g(n)) means f(n) € O(g(n))
O(f(n)) = O(g(n)) means O(f(n)) € O(g(n))



(and similarly for 2, O, o, and w)



