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Lecture Outline:

e Uncapacitated Facility Location (contd..)

— Analysis of Combinatorial “Greedy” Approach : Constant (6)-Approximation
— Analysis of a Combinatorial Greedy Algorithm using Dual Fitting: Constant (3)-Approximation

In this lecture, we first complete the analysis of “Greedy” approach we introduced in the last
lecture, that gives a constant (6)-approximation polynomial-time solution for the Uncapacitated
Facility Location problem. Then, we present a primal-dual approach of solving the problem, that
yields a better approximation solution of cost within a factor of 3 of the optimal. The latter has a
polynomial-time complexity as well.

1 (metric) Uncapacitated Facility Location

We previously described the Uncapacitated Facility Location problem as follows:

V Set of demand points (clients)

F Set of possible facility locations

d; Demand for the service at demand point %
c Metric on V U F

Cij Cost for assigning ¢ € V to facility j € F

o Assignment function, o : V — F

1 Cost of opening a facility at location j € F
Facility Cost =3 p fj

Service Cost =) iy di X Cip(s)

Total Cost = Facility Cost + Service Cost

Our goal is to minimize the total cost. Notice that we are considering the uncapacitated metric
facility problem. So, the metric service costs satisfy this property (triangle inequality):

Cij + Cjk +cp > ¢y Vi, 5,k l€VUF

1.1 Combinatorial “Greedy” Approach

This algorithm takes a greedy approach on the UNCAPACITATED FACILITY LOCATION prob-
lem. The algorithm doesn’t make an explicit use of primal-dual schema however, it substantially
derives its intuition from the dual fitting approach. Algorithm 1 runs on polynomial-time and
achieves a solution of cost within a factor of 6 of the optimal solution.



Algorithm 1: Greedy Approach
1. for each facility j € F' do
define:
rj =r,r >0 at which Zi:%g(r —cij) = fj
Bj = {Z S V|Cij < T‘j}
2. Sort r; in the non-decreasing order. WLOG, assume 11 < 1o < -+ <1y,
3. Let F' :={ry,ra,---rp} s.t. the index-set of F’ represents the facilities. Call the set I[F”].
4. Let j:=1,and X := 0.
5. for facility j € I[F'] do
Set X = X U{j}.
let Mj = {’I“l S F/|Bj N B; # @}
Set F' = F'\ M; with keeping the sorted order among the remaining elements as before.
Note: j € M; vacuously.
Re-label the elements in the new F’ starting from index 1. (new I[F'] C old I[F'].)
| If F/ =0, break.
6. Assign each client to the nearest facility in X. Let o : V' — X denote the mapping.
7. Output X and o.

Theorem 1. The running time for Algorithm 1 is polynomial in the size of input.

Proof. 1t is clear that the algorithm terminates. The algorithm consists of three processes: (a)
Finding the associated radius for each facility [step 1], (b) Sorting [step 2] and (c¢) Comparing
[finding intersecting sets, step 5]. For each facility j € F', (a) the associated radius can be computed
in O(nlgn) time. This is essentially a weighted selection problem, and given the cost f; are sorted,
this can be done in ©(n) time. (b) Sorting n radii of step [2] can be accomplished in O(nlgn) time.
And finally, (c) each iteration of step [5] of comparing and finding intersecting sets doesn’t exceed
linear time [O(n)]. Hence, (c) can be implemented for a total of O(n?) time. O

Now, consider the cost of the “greedy” solution for a client ¢ € V, denoted cost (7).

. Cigiiy + (rj—cij) fieB;,jeX
t(i) = @ TR R
€os (Z) { Cio‘(i) if 4 ¢ Bj, \V/j eX
Lemma 1.
Tj ifieBj,jeX
Cio(s) Otherwise

cost(i) < {
Proof. Recall the definition of cost(7). It is sufficient to show that for a client ¢,
cost(i) <r; if i€ Bj and, j € X.
This is straightforward if o (i) = j, since then,
cost(i) = cij + (rj — cij) =15

Assume otherwise. Let o(i) = k s.t. kK € X. Then,

cost(i) = cip + (1 — ¢ij)-



This is because, given i € Bj and j € X, i ¢ By, Vk € X, k # j. Now,
U(’l) =k => Cik < Cij-

Hence,
cost(i) = cit, + (rj — ¢ij) < cij + (rj — cij) =71

Consider a client i € V. Let OPT(i) be the optimal cost charged to the client ¢ in the optimal
solution, OPT. Also, assume Z* be the facility-set opened in OPT. Then,

OPT(i) = cigriy + Y (rj — cij)
jeZ*|ieB;

Lemma 2. Let i € V. Suppose |l = c*(i), the nearest facility location to i. Then,

r ifi1 € By

OPT(i) = { cy ifi¢ B

Proof. Consider each of the possible cases:
1. Assume i € B;. Then using hypothesis and by the definition of OPT (i),
OPT (i) > Cig*(i) + (ri—cy) =cy+ (r—cy) =m.

2. Assume i ¢ B;. Then, the lemma follows directly from the definition of OPT'(7),

OPT(Z) Z Cia*(i) = C4]-

Theorem 2. Vi € V, cost(i) <6 x OPT(i).

Proof. Let us consider all possible cases :

1. Assume ¢ € Bj and, [ € X. This implies,
cost(i) =cy+ (rp —cy) =7 < OPT (i)
from the definition of I, cost(i) and Lemma 2.
2. Assume i € B; but, [ ¢ X. This implies,

dj € X, r; <rps.t. BlﬂBj#(Z).

Then there are two possibilities:



(a) i & By for any k € X. This implies, cost(i) = ¢;o(;) < ;5. But,
Cij <icy+ Clj <o 71+ (rl + ’I”j) <g3x1; <43x% OPT(’L)

The first inequality is because of the triangle inequality induced by the metric ¢. The
second inequality is due to the fact that B;NB; # ). So, the distance between the centers
of two balls is less than the sum of two radii. Third inequality is from the hypothesis
and the last follows directly from Lemma 2.

(b) i € By, for some k € X. This implies, cost(i) = ¢;j + (ry — ¢ir). Two possibilities:
e If j =k, then by the hypothesis, cost(i) = ¢;; + (rj — ¢ij) =15 < 1.

o If j # k, then B; N By, = (). This implies,
T+ <1 cjp S2 ity + Gk <31+ 1+ e+ Cig
= 1 4T+t cp

= (1t — ci) <s 11+ cip <62 x1].

The first inequality is because of the hypothesis, that B; N By = (. The second
inequality is due to triangle inequality induced by metric c. The third inequality is
due to the fact that {i} C BpNB;. We get the fourth relation by subtracting r; from
both sides of the inequality. And, we get the final inequality by simply moving term
from right to left and using the definition of a ball, B;. Hence, the cost becomes:

cost(i) = cijj + (rp — i) < cij +2x 1 <73 X1 +2 %71

The inequality [7] simply follows from the same argument of case (a): ¢ ¢ B; for
any j € X.

In either of the two sub-cases, cost(i) <5 x 1 <5 x OPT(i). [From Lemma 2]

3. Assume i ¢ Bj. The theorem holds trivially for the case of I € X, because, then
cost(i) = ¢y < OPT(i). [From Lemma 2]
Hence, assume [ ¢ X. Then, we know that 3j € X, r; <y, s.t. B; N B; # (). This implies,
(a) If i ¢ By for any k € X, then
cost(i) <1 cij <oyt ey <zca+r 41 <aca+2xr <53 xcy.

The first inequality is due to the hypothesis that implies, cost(i) = cjr;) < ci5. The
second inequality is due to the triangle inequality induced by metric c¢. The third
inequality follows from the fact that B; N B; # (). The fourth and the fifth inequalities
directly follow from the hypothesis, r; < r; and i ¢ B;.

(b) If i € By for some k € X, then



o If k=j, cost(i) = cip(i) + (1j — cij) < cij+ (rj —cij) = 75 <1 < ¢y This is because
of the hypothesis that implies cost(i) = ¢;z; < cij and r; <1y, i ¢ By.

o If k # j, cost(i) = cip(iy + (T — cir.) < cij + (7 — cir). Now, it is sufficient to show
that (ry — cix) < ¢ij. If so, then

cost(i) <2 X ¢ <12 % (3 x¢1) =6 X% ¢y
The first inequality follows from the similar argument as that of the case 3(a).

Claim 1. (Tk — Cik) S Cij.

Proof. Since both j,k € X, we know that r; < c;,. But, from triangle inequality,
we have ¢;,, < ¢i; + ¢i. Therefore, 1, < ¢ + ¢, This implies (1 — ¢i) < 5. O

In either case, cost(i) <6 x ¢;; <6 x OPT (7). [From Lemma 2]

Therefore, cost(i) < 6 x OPT (i) for all i € V.

O
Theorem 3. Total Cost <6 x OPT.
Proof. This follows directly from Theorem 2 and the fact that
e > .OPT(i) = OPT.
o ) .cost(i) = Total Cost.
O

1.2 An alternative Analysis using dual-fitting

We now analyze a slight variant of Algorithm 1, using a dual-fitting approach. The difference is in
step [5] of the algorithms. In Algorithm 1, we pick the smallest ball among all the facility balls, and
remove the ones that intersect the chosen ball. In Algorithm 2, we pick the smallest ball among
all the facility balls, and remove the ones whose twice the size contains the center (facility) of the
chosen ball. It is clear that the latter removes more facilities from the search space compared to
the former method. In the original paper of Mettu-Plaxton, the analysis of the algorithm 2 is quite
similar to what we have done for Algorithm 1. The approximation factor for this method is 3, and
the algorithm 2 runs in polynomial time of the input.

The integer linear program for the problem is as follows:
min Zf] ij—i—inj X Cij

JEF eV
s.t. Tij < Yy VieV,jeF



Algorithm 2: Mettu-Plaxton Approach

1. for each facility j € F' do
define:

rj =r,r >0 at which Zi:%g(r —cij) = fj
Bj = {Z S V|Cij < T‘j}
2. Sort r; in the non-decreasing order. WLOG, assume 11 < 1o < -+ <1y,
3. Let F':={ry,ro, - rm} s.t. the index-set of F’ represents the facilities. Call the set I[F"].
4. Let j:=1,and X := 0.
5. for facility j € I[F'] in order do
Set X = X U{j}.
let M; = {r € F/|le <2 X7}
Set F' = F'\ M; with keeping the sorted order among the remaining elements as before.
Note: j € M; vacuously.
Re-label the elements in the new F’ starting from index 1. (new I[F'] C old I[F'].)
| If F/ =0, break.
6. Assign each client to the nearest facility in X. Let o : V' — X denote the mapping.
7. Output X and o.

ZIJ”Zl VieV
J
Tij,Yj € {0,1} VieV,jeF

The LP-relaxation of this program gives:

min Zf] xyj—l—Z:z:ij X Cij

JeEF 2%
s.t. Tij < Yj VieV,jeF
Zl‘m’Zl VieV
J
xij,yjzo VieV,jeF

The dual program is:

max E Vi

=%
s.t. > wi < f VjcF
i€V
v —w;J < Cij VieV,jeF
wij,v; > 0 VieV,jeF

Theorem 4. The running time for Algorithm 2 is polynomial in the size of input.



Proof. Left to the reader. [Very similar to the proof of Thm.1] O

Now, we obtain a dual solution from Algorithm 2 as follows:

1. For each client ¢ € V, facility j € X, set

Wi — T — Cij if’L'GBj
Y10 otherwise

2. For each client i € V, set v; = minj(wi; + cij).

Checking the feasibility of the dual solution:

1. For each facility j € X, Ziij (rj —cij) = [

2. For each client i € V, facility k € X, v; = minj(wij + ¢ij) < (wi + cig)-

Consider the Total Cost of the solution:

Total Cost = (a) Z Z (wij + ciz) + (b) Z Cio(i)-

JEX i€B; i¢B;lieX

Notice that the clients that contribute to (a) are disjoint from the clients that contribute to (b).
Now, consider any client ¢ € V. Let v; = w;, + ¢;, where k € F' is some facility that minimizes the
client contribution. Let cost(i) denote the cost for the client ¢ in our solution.

Theorem 5. Vi € V, cost(i) < 3 x v;.

Proof. We will prove this by considering all cases. [From Algorithm 2] For all cases, we have:
dp € X s.t. rp <7 (p could be equal to k) and cp, <2 X 1y .

1. Suppose, dj € X s.t. i € Bj.
(a) If j =p, then cost(i) = (r; — ¢;j) + ¢ij = r; < ri. Now, we show that v; > 7.
There are two possibilities:
e If i € By, then v; = (1, — ¢i) + i, = . Hence, v; > 1.
e If i ¢ By, then v; = ¢;, > ri. Hence, v; > 1.
In either of the two sub-cases, we see that v; > ry, .

(b) If j # p, then cost(i) = (r; — cij) + cij =15 <1 Cip <2 Cik, + Crp <3 Ciky + 2 X 1.
The first inequality is due to the claim 2. The second inequality follows from triangle
inequality induced by metric ¢, and the final inequality follows from the hypothesis.

Claim 2. For distinct p,j € X andi €V, (rj — ¢ij) + ¢ij < cip, given i € Bj.



Proof. First of all, for any distinct p,j € X, B, N Bj = (. Hence, i ¢ B,. Assume
o(i) = p. Then cost(i) = ¢ < (rj—cij)+cij = r4. Let rp < rj. Otherwise, ¢ > 1p > 15

Then distinct p,j € X also implies ¢,; > 2 x r; [from our construction]. This further
implies, ¢;p + ¢;j > 2 x rj. Hence, ¢, > r; (contradiction). So, o(i) = j. O

We are left to show 3 x v; > ¢ + 2 X 1, for case (b) to satisfy the theorem. There are
two possibilities:

e If i € By, then v; = r; > ¢;. Therefore, 3 x v; =3 X rp, > ¢ + 2 X 1.

e If i ¢ By, then v; = ¢;, > 1. Therefore, 3 X v; =3 X ¢i > i + 2 X g

The claim holds true for both cases.
Hence, for both sub-cases (a) and (b), the inequality, cost(i) < 3 x v; holds.

2. Suppose i ¢ Bj for any j € X. Then cost(i) = cjp(;y < cip since p € X. It follows that
cost(i) < ¢;p < 3 x v; from the similar argument as that of case 1(b).

O

Now, the total cost of our solution is given by Total Cost = >, cost(i) < > .(3 X v;) =3 X Y. v;.
Let OPT denote the optimal primal integral solution.

Theorem 6. Total Cost <3 x OPT.

Proof. Let cost(v,w) represent the dual feasible solution that we achieve from the algorithm 2.
By weak-duality, we know that a feasible dual solution gives a lower bound to the optimal primal
solution, which is, in turn, a lower bound for optimal primal integral solution. Hence,

Total Cost < 3 x cost(v,w) < 3 X LPpya < 3 X LPprima < 3 x OPT.



