
Homogeneous transforms
Rotation matrices assume that the origins of the two 

frames are co-located.

• What if they’re separated by a translation?

xA

p

yA

A
Bd

yB

xB



Rotation Matrices: demonstration



Rotation Matrices: demonstration



Rotation Matrices: demonstration



Homogeneous transform
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Homogeneous transform

xA

p

yA

b
ad

yB

xB















110

pdR B
B

A
B

A

































11

1000
333231

232221

131211

p
T

p

drrr

drrr

drrr
B

B
A

B

z
A

y
A

x
A

always one
always zeros

B
AB

B
AA dpRp 



Example 1: homogeneous transforms
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Example 2: homogeneous transforms
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Example 3: homogeneous transforms
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Inverse of the Homogeneous transform
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Inverse of the Homogeneous transform
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Example 1: homogeneous transform inverse
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Example 1: homogeneous transform inverse
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Example 2: homogeneous transform inverse
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Homogeneous Matrices: demonstration

Not commutative...



Forward Kinematics

• Where is the end effector w.r.t. the “base” frame?



Composition of homogeneous transforms
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Forward kinematics: composition of homogeneous 
transforms
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Forward kinematics: composition of homogeneous 
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Remember those double-angle formulas…

          sincoscossinsin 

          sinsincoscoscos 



3
2

2
1

1
0

3
0 TTTT 

















 

















 

















 



1000

0100

0

0

1000

0100

0

0

1000

0100

0

0

3333

3333

2222

2222

1111

1111

3
0 slcs

clsc

slcs

clsc

slcs

clsc

T

Forward kinematics: composition of homogeneous 
transforms























1000

0100

0

0

123312211123123

123312211123123

3
0 slslslcs

clclclsc

T



Forward Kinematics: demonstration



Forward Kinematics: demonstration



Forward Kinematics: demonstration



Forward Kinematics: demonstration



Forward Kinematics: demonstration



DH parameters
• There are a large number of ways that homogeneous transforms 

can encode the kinematics of a manipulator

• We will sacrifice some of this flexibility for a more systematic 
approach: DH (Denavit-Hartenberg) parameters.

• DH parameters is a standard for describing a series of transforms 
for arbitrary mechanisms.
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Forward kinematics: DH parameters
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These four DH parameters,
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Forward kinematics: DH parameters
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Forward kinematics: DH parameters
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Forward kinematics: DH parameters

• A series of transforms is written as a table:

xform

1

2

ia i id i

1a 1 1d 1

2a 2 2d 2



Example 1: DH parameters
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Example 1: DH parameters
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Example 2: DH parameters
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Example 2: DH parameters
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Example 3: DH parameters
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Example 3: DH parameters
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