Differential Kinematics

Up to this point, we have only considered the
relationship of the joint angles to the
Cartesian location of the end effector:

f(q)=x

L

But what about the first derivative? af (q)

oq

* This would tell us the velocity of the end
effector as a function of joint angle
velocities.

-...>



Motivating Example

Consider a one-link arm

e As the arm rotates, the end effector
sweeps out an arc

* Let’'s assume that we are only
interested in the X coordinate...

Forward kinematics: x =1cos(q)

Differential kinematics: 4 = —Isin(q)

ox =—Isin(q)dg

5= —— S

] sin(q)



Motivating Example

Suppose you want to move the end
effector above a specified point, X

-1 Xg
Answer #1: (, = COS T

i++

Answer #2: 1. i=0,q, = arbitrary

2. x, =lcos(q,)

3. 5x:05(xg —xl.)

4.80=— G
_ISin(qi)

5. G =q;+0q

6.

7

. goto 2.

Goal: move the end
effector onto this line
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.
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Motivating Example

Q
0
>
e - e e -t
* —
.0
G

X, _'@ OX »

X
q
1 oq 0
—Isin(q) joint ctir
[cos() |« q joint position
sensor

This controller moves the link asymptotically toward the goal

position.



Intro to the Jacobian

link manipulator

[, sin(q,)+1, sin(q, +q,)

. {11 cos(q,) +1, cos(q, + qZ)} Forward kinematics of the two-

Velocity Jacobian

|

dr _ {— I, sin(q,) —1, sin(q, +q,)
dq [, cos(q,) +1, cos(q, +q,)

» X




Intro to the Jacobian

|:_ 11 Sin(ch) _ 12 Sin(ch + CI2) _ 12 Sin(ql + CI2)
[, cos(q,)+1,cos(q, +q,) I,cos(q +q,)

Chain rule: ox = Jog

If the Jacobian is square
and full rank, then we

caninvertit. &g=J &

q
xd_peipl J—]_ %ﬂ.l joint ctlr ‘
#

joint position

T IFK|‘ q [ ‘

|

» X




Jacobian

The Jacobian relates joint velocities with end effector twist:

S :TJQ\
/ Joint angle velocities
End effector twist

| First derivative of joint angles:

Jacobian q,

q=

q, |
It turns out that you can “easily” compute the Jacobian for arbitrary
manipulator structures

* This makes differential kinematics a much easier sub-problem than
kinematics in general.



What is Twist?

End effector twist: : :
Linear velocity

1

e Twistis a concatenation of linear

v |
velocity and angular velocity: &= }

* As we will show in a minute, linear and Angular velocity

angular velocity have different units

e Although we will frequently treat
this quantity as a 6-vector, it is NOT
one...



Twist: Angular Velocity

Angular velocity

\

Given:w,bq
b __

qg="

" =wx g




Twist: Angular Velocity

bq:bRaaq

Change reference frame

. L b b S a
Differente R wrt time: g= Ra g /
A

'¢="R,"R,""q

TR b _ b, ,|b
Substitute: CI — S( (l)) CI Angular velocity

where: S( bw):bRa bRaT

\

Skew symmetric matrix



Twist: Time out for skew symmetry!

S =— ST <«—— Def'n of skew symmetry
0 a b]
S=l—g 0 ¢ «— Skew symmetric matrices
always look like this
-b -c 0
0 —-x, x
If you interpret the skew symmetric S(X) =| X, 0 —x
matrix like this:
—X, X, 0

Then this is another way of writing

the cross product: ’S( X) p = XX p




Twist: Angular Velocity

bq:bRaaq

Change reference frame

. L b b S a
Differente R wrt time: g= Ra g /
A

'¢="R,"R,""q

Substitute: U = S(bw) °q

= "w x g

\

Standard formula



Twist

Twist concatenates linear and angular velocity:

Linear velocity

1

Angular velocity



Jacobian

Breakdown of the Jacobian: V = qu

w=J,q
J, |.
/ _—
0x Iarw \\
Relation to the derivative: J, ==~ but J, # W,
aq \ aq,
N -

That’s not an angular velocity



Calculating the Jacobian

Approach:

Calculate the Jacobian one column at a
time

Each column describes the motion at the
end effector due to the motion of that joint
only.

For each joint, /, pretend all the other joints
are frozen, and calculate the motion at the
end effector caused by 1.




Calculating the Jacobian: Velocity

Jv — [‘]’017 J’027 IR Jveff]
Ty, =7



Calculating the Jacobian: Velocity

\ "pesr

Jo = [Juors oo s

Ueff]
Ty, =7

For a rotational DOF: b
— suppose the joint rotates about ~Z;_1

| b b b
Then:J ="z, | X Peg— Dia

I




Calculating the Jacobian: Velocity

\ "pesr

Jo = [Juors oo s

Ueff]
Ty, =7

For a prismatic DOF:
- — b
— suppose the joint translates along ~ 2; 1

_ _b
Then: Jvi— Z: 4




Calculating the Jacobian: Angular Velocity

Rotational DOF

i—1

i—1y « X
v q
~ /
. \\ /
* Rotates about i, , —1
b X 2
— 4--"‘"/ ,’
Ja)i B Zl_]_,l // ‘ll li /./
l /// i 4 1—1Z
Z ¥ ;
Rotation about "'z
i—1
? y
1
1
| i-1, |
Prismatic DOF ‘X e
«~-—-—"" e
7\ ’,
* Translates along 1, A L
. / l ._
J =0 2. Y T
o

Extension/contraction along 'z



Calculating the Jacobian: putting it together

Jv = .Jv1 Jvn‘
Where
. - _b b b e
rotational J v = Zi ><( Deff = Pia "x

L b \
+ prismatic J, =2z,

Where
. i _b
rotational le__ Z_,

* prismatic J =0




Example 1: calculating the Jacobian

From before:

qQ — SCI1 0 llCCh Cq2 - qu O IZCQZ
op _| e Ca 0 Is, N 0 Is,
1o 0 1 o0 10 0 1 0
0 0 0 1 0 0 0 1
CQ3 _SQ3 O I3CQ3
2T — SCI3 CCI3 0 I3SCI3
3
0 0 1 0
0 0 0 1
(0 0 O]
Jw: 020 021 022 =10 0 0
_1 1 1_




Calculate position of each joint:

Po

P2

P3

Example 1: calculating the Jacobian

0 llcl
= 0 pP1 = l151
0 0

[ic1 + lac12

1181 T 12812

0

lic1 + lacio + l3c103
151 + l2s12 + 35123
0



Example 1: calculating the Jacobian

0z 0 0
J, =2yX(0;—0y) =

0a g0, O
Jv2: 2, X("0;—0,) =

0z 0 0
J, =2,X(0;—0,)=

0

llcl + 12C12 + I3C123

llcl + 12C12 + 13C123
llsl + 12512 + 135123
0

Le, + 1,6, + 1505
Ls, + 1,8, + 1585
0

L, + 1,0, + 15055
Ls, + 1,8, + 1585
0

_ 1151 _ 12512 _135123 o 12512 _135123 _ 135123

[,C1y +15C10
0 0

L,
Ls,
| 0

l3C123

_Ilcl + 12C12 |

1151 + 12512 =

— 1151 o 12512 — 135123

L, + 1, + 150154
0

_ 12512 _ 135123

12C12 + I3C123




Example 1: calculating the Jacobian

_1151 _ 12512 _135123 _ 12512 _ 135123 _135123
llcl + 12C12 + I3C123 12C12 + I3C123 I3C123
0 0 0

0 0 0
0 0 0
1 1 1




Example 2: calculating the Jacobian

The kinematics of this arm are
described by the following:

-¢ 0 -5 O
0 -s;, 0 ¢ O
T1 =

O 1 0 |

0O 0 0 1

c, —s, 0 Ic,

1T2 — S2 C2 O I2S2
o 0 1 0
0O 0 0 1

c; —S3 0 L

2T3 — 53 C3 O 1353
0 1 0
0 0 1




Example 2: calculating the Jacobian

0 0
bpo =10 bZO =0
0 1
0 -,
bp1 =10 bZ1 =| ¢
L 0
_12C1C2 -5
bpz =| —1,5,C, b22 =| ¢
1252 + 11 0
_Cl(lzcz + I3C23)
bp3 = _51(12C2 +I3C23)

L,s, +1,5,, +1,




Example 2: calculating the Jacobian

(0) (-cLe, +Lcys)) [ s, +1c,,) ) 0

J, =0 [ ~s,(Lc, +1,c,) |=| —¢(Lec, +1,c,) =l (1)
\1) \1252+13523+11) \ 0 ) s,
(=5, (—cllLec,+Lcy)) (clle, +Lc,)) Jo,=| @
J, =| ¢ [X —sl(l2cz+l3023) = sl(lzcz+13023 0
L0 ) Ls,+hsy ) | Lo the, ;= _:

0

(- 5 \ (- C1I3C23 \ (13C1523 \

J, = ¢ X _5113C23 — 1351523

\O ) \ 13523 Y, \IBCZB )




Example 2: calculating the Jacobian

( 51(12C2 T I3C23) C1(12C2 T 13C23) I3C1523 )
_C1(12C2 + I3C23) 51(12C2 + I3C23) 13C1523
0 L,c, + I3C23 13C23
0 —S, —S,
0 C, C,
\ 1 0 0 )




Expressing the Jacobian in Different Reference
Frames

In the preceding, the Jacobian has been
expressed in the base frame

* |t can be expressed in other reference
frames using rotation matrices

Velocity is transformed from one
reference frame to another using:

kp:kabp
kp:kabp

Therefore, the velocity Jacobian can be
transformed using: ) e
Jv: Rb Jv



Expressing the Jacobian in Different Reference
Frames

First, let’s express angular velocity in a
different reference frame:

bp = S(ba))bp «— Def'n of angular velocity
kabp:kaS(bw)bP

kp:kaS(bw)kaTkp

kp = S(kabw)kP

k.o kp b . .
W="R, @ <« Angular velocity can also be rotated by a rotation
matrix

Therefore, the angular velocity Jacobian
can be transformed using:

“J =R"J,



Expressing the Jacobian in Different Reference
Frames

Therefore, the full Jacobian is rotated:




Different Jacobian Reference Frames: Example

Express the Jacobian for the three-link arm in they a-"
reference frame of the end effector:

/C123 —Sp; 0 ) X e
0R3 =| S Cpz O
L 0 0 1 )

- 1151 - 12512 _135123 - 12512 - 135123 _135123
I1C1 + lzclz + I3C123 I2C12 + I3C123 13C123
0 0 0

0 0 0
0 0 0
1 1 1



Different Jacobian Reference Frames: Example

Express the Jacobian for the three-link arm in they a-"
reference frame of the end effector:

(C123 — 5123 O\

0 _
R,=|S, €y 0

L 0 0 1 )
Ci23 S123 0 0 0 0 __1151_12512_135123 _12512_135123 _135123_
—Sppy Cppy 0 0 0 O Le+lhe,+ 13C123 L,ep, + 13C123 13C123
3y 0 0 1 0 0 O 0 0 0
0 0 0 ¢, Sy O 0 0 0
0 0 0 —s, ¢y O 0 0 0
o 0 0 0 0 1] 1 1 1




Calculating the Jacobian: Supplemental



Calculating the Jacobian: Velocity

How does the end effector translate as the ith
link moves? y

peff = R p1—1 eff

/

Ohrier]tation of the  vector from reference frame
i—1" link i-1 to the end effector




Calculating the Jacobian: Velocity

'x | | i1y,
 Calculate the velocity of the end ST Hy E
effector caused by motion at the /-1 ) N J/
link: ) /
b b -1 0 |
_ i— i
Pey=Rii Disey Y
b bp i-1

bt b i-1
Per= I, pi—l,eff+Ri—1 Diieff

b _bp b Th i—1 b
Per = R 'R "R Pite T Picteff

peff —S( ) Pise T pl Leff

peff a)z 1>< Pisie ™ pl 1,



Calculating the Jacobian: Velocity

The velocity of the end effector "X v
caused by motion at the /-1 link: -~ y

peff a) Xplleff-l_plll .Y i

AN

Velocity at end effector due
to change in length of
link i-1

Velocity at end effector due to rotation
at joint /-1



Calculating the Jacobian: Velocity

i-1
X
i—-1
Rotational DOF Y a7
- Rotates about i1, N —5]
b, b X
Jvi o Zi—l>< pi—l,eff e L7
, 1. ¥ i-1
_b b b i e “l Z
Jvi_ Zi—1><( Per— pi—l) Z ¥

v

‘%/—/

Rotation about 'z

T i—ly

Vector from i-1 to the end

A
1
1
1
li i-1, |
effector , ——
X it
i : «--"7 K e
Prismatic DOF R
7 1.
. i // lly 1—1K
* Translates along i1, Z x ! X
b
Jv _ Zi—l

Extension/contraction along 'z
i



Calculating the Jacobian: Angular Velocity

How does the end effector rotate as the "
link moves?

by _bp i-lp i
Reff _ Ri—l Ri Reff

\

How does’R,. rotate as this rotates?




Calculating the Jacobian: Angular Velocity

by _bp i-lp i
Reff o Ri—l Ri Reff
bp _b i-17y i
Reff o Ri—l Ri Reff

5 ( ba)eff )bReff :bRi—l'S( i_la)i—l,i )HRi iReff

5 ba)eff bReff :bRi—l'S (i_la)i—l,i)bRi—lT bRi—1i_1Reff

S ba)eff bReff =35 bRi—li_la)i—l,i)bRi—li_lReff

S\ @y 'Ry =S bwi—l,i)bReff

ba)eff =" W_; < Perhaps this was kind of obvious...
\ Angular velocity caused by rotation of joint /-1

Angular velocity at end effector



Calculating the Jacobian: Velocity

i-1
X
i—-1
Rotational DOF Y a7
- Rotates about i1, N —5]
b, b X
Jvi o Zi—l>< pi—l,eff e L7
, 1. ¥ i-1
_b b b i e “l Z
Jvi_ Zi—1><( Per— pi—l) Z ¥

v

‘%/—/

Rotation about 'z

T i—ly

Vector from i-1 to the end

A
1
1
1
li i-1, |
effector , ——
X it
i : «--"7 K e
Prismatic DOF R
7 1.
. i // lly 1—1K
* Translates along i1, Z x ! X
b
Jv _ Zi—l

Extension/contraction along 'z
i
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