Linear Optimal Control

How does this guy remain upright?



Overview

. expressing a linear system in state space form
. discrete time linear optimal control (LQR)

. linearizing around an operating point

. linear model predictive control

. LQR variants

. model predictive control for non-linear systems



A simple system

k
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Force exerted by the spring: f=ky
Force exerted by the damper: f=0by

Force exerted by the inertia of the mass: S =my



A simple system
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Consider the motion of the mass
* there are no other forces acting on the mass

* therefore, the equation of motion is the sum of the forces:

0 = mij + by + ky

This is called a linear system. Why?



A simple system

k

Let's express this in "state space form": § M%H

b

Yy
0 = mij + by + ky



A simple system
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Let's express this in "state space form": § vwgn m
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0=my+ by + ky : <
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= ——(by + ky)
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A simple system
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Let's express this in "state space form": § Mg“ m | <>

b

L v=y 7
0=my+ by + ky : <

. |
i =——(by + ky)
m
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A simple system
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A simple system

k

Let's express this in "state space form": § Mg“ m |

b

L v=y 7
0=my+ by + ky : <

. |
= ——(by + ky)
m

(5)- (e ) (D)

j?ZAZIZ where x:(;j)



A simple system
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Suppose that you apply a force:
[9=1
u=mj+by+ky 4 ’
LG =u— —(bg + ky)

<§)_< —k/m —b/m>< >+< )



A simple system

Suppose that you apply a force:

u=my -+ by + ky : 3

(1) (e ) ()(2):




A simple system

Suppose that you apply a force:

u=mj+by+ky 4
(5)= (i ) (5) (1)

Canonical form for -----------------------------
: = Az + Bu |

a linear system




Continuous time vs discrete time



Continuous time vs discrete time

What are A and B now?



Continuous time vs discrete time



Simple system In discrete time

We want something in this form: yt_H — A yt + Bu
Yt+1 Yt



Simple system In discrete time

We want something in this form: yt_H — A yt + Bu
Yt+1 Yt

Yi+1 = Y¢ + Yedt



Simple system In discrete time

We want something in this form: yt_H — A yt + Bu
Yt+1 Yt

Yi+1 = Y¢ + Yedt
Yi+1 = Yg + Yedl



Simple system In discrete time

We want something in this form: yt_H — A gt + Bu
Yt+1 Yt

Yi+1 = Y¢ + Yedt

Yi+1 = Yg + Yedl

. . L.
Yt+1 = Yt — E(by + ky)dt + udt



(

Simple system In discrete time

We want something in this form: yt_H — A gt + Bu
Yt+1 Yt

Yi+1 = Y¢ + Yedt
Yi+1 = Yg + Yedl

. . L.
Yt+1 = Yt — E(by + ky)dt + udt

Yt+1 o 1 dit Yt 0
i) = (k) (5) ()



Simple system In discrete time

We want something in this form: yt_H — A gt + Bu
Yt+1 Yt

Yi+1 = Y¢ + Yedt

Yi+1 = Yg + Yedl

. . L.
Yt+1 = Yt — E(by + ky)dt + udt

Yt+1 o 1 dit Yt 0
i) = (ha ) (5) (i)

— ; \ /
—~—

A B




Continuous time vs discrete time

# = Az + Bu o

Lt+1 = AZEt + But i DT



Exercise: write DT system dynamics

External force

- f

m =1

b >

Viscous damping



Exercise: write DT system dynamics

Something else...



Overview

. expressing a linear system in state space form
. discrete time linear optimal control (LQR)

. linearizing around an operating point

. linear model predictive control

. LQR variants

. model predictive control for non-linear systems



The linear control problem

Given:

System: Lt+1 = A$t —+ But



The linear control problem

Given:

System: Lt+1 = A$t —+ But

T—1

Cost function: J(X,U) = ;C%QTCCT + Z :IZ?th + u?Rut
t=1

X:(lEl,...,CIZ‘T)

U = (ul,...,uT_l)

where:



The linear control problem

AT
Given: Q=0 >0

T
— >
System:  XLt41 — Axt i BUt / QT J QT 0
1T—1

Cost function: J(X,U) = ;C%QTCCT + Z :IZ?th + u?Rut
t=1

X:(lEl,...,CIZ‘T)

U = (ul,...,uT_l)

where:



The linear control problem

AT
Given: Q=0 >0

T
— >
System:  XLt41 — Axt i BUt / QT J QT 0
1T—1

Cost function: J(X,U) = ;C%QTCCT + Z :IZ?th + u?Rut
t=1

X:(lEl,...,CIZ‘T)

U = (ul,...,uT_l)

where:

Initial state:  T1

Calculate: v that minimizes J(X,U)



Examples of solutions for double integrator

Q=1

( )/ / = Q=0.11

origin

b4
b4
>
b4
o
o
-
\ Aﬁm
O |
0




The linear control problem

AT
Given: Q=0 >0

T
A LT QT — QT 2 O
System: J

costnci |mportant problem!  t; Qi +ug Ruy

How do we solve it? °T)
1)

Initial state.  w |

Calculate: v that minimizes J(X,U)




One solution: least squares

1 = I
Lo — ACBl + Bu1
L3 — A(A.Clﬁl -+ Bul) -+ BUQ — AQCIZl -+ ABu1 -+ B’LLQ

LTg =— ...



One solution: least squares

1 = I

L2

— ACBl + Bu1

L3 — A(A.Clﬁl + Bul) + BUQ — AQCIZl + ABu1 —+ B’LLQ

LTg =— ...

( 0

B 0

AB B
A’B AB

K AT—lB AT_2B

(1)

\ A7

1



One solution: least squares

( 0

B 0 e
1 AB B 0o ... u1 A
o A2B AB B 0 ... wr :

\ AT )
-
\ AT-'B AT2B ... .. B ) H
N— _
—~
G

X =GU + Hzx, X = (x1,...,27)

where



One solution: least squares

T-1
J(X,U) = 2:Qrar + Z ! Qs + ul Ruy

t=1

J(X,U)=X'QX +U'RU



One solution: least squares

Given:

System: Lt+1 = A$t —+ But

T—1

Cost function: J(X,U) = ;C%QTCCT + Z :IZ?th + u?Rut
t=1

X:(lEl,...,CIZ‘T)

U = (ul,...,uT_l)

where:

Initial state: T1

Calculate: v that minimizes J(X,U)



One solution: least squares

Given:

System: X =GU + Hxq

Cost function: J(){7 U) — XT@X - U'RU

Initial state: L1

Calculate: v that minimizes J(X,U)




One solution: least squares

Substitute X into J:
J(X,U)=(GU + Hz1)' Q(GU + Hx,) + U'RU
J(X,U) =U"G"QG)U + U'RU + 2H' 2{ QGU

Minimize by setting dJ/dU=0:

8.J(X,U)
oU

= 2(GTQG)U + 2RU +2H" 21QG =0

Solve foru: [J = —(GTQG + R)_lGTQHibl



What can this do?

Start here

End here at time=T

Solve for optimal trajectory: [J — —(GT@G -+ R)_lGT@le

Image: van den Berg, 2015



What can this do?

U=—(G'"QG +R) " 'G'QHz;

This is cool, but...
— only works for finite horizon problems
— doesn't account for noise
— requires you to invert a big matrix



Let's try to solve this another way

Bellman optimality principle:

Vi(z) = min [z* Qz + v’ Ru + Vi1 (Az + Bu)]

Why is this equation true?



Let's try to solve this another way

Bellman optimality principle:

Cost-to-go from state

Cost-to-go from (Ax+Bu) at time t+1
state x at time t '/
L . T T
Vi(z) = min [2" Qx + u” Ru + Vi1 (Az + Bu)]
u N J N /)
Y V
Cost incurred on Cost incurred after

this time step this time step



Let's try to solve this another way

For the sake of argument, suppose
that the cost-to-go is always a
quadratic function like this: ——» 1/, (gj) — xTPtx

where: P — PtT > ()



Let's try to solve this another way

For the sake of argument, suppose
that the cost-to-go is always a
quadratic function like this: ——» 1/, (gj) — xTPtx

where: P — PtT > ()

Then:

Vi(z) = min [z’ Qv + v’ Ru + Vi1 (Az + Bu)]

= 2" Qr + min [u’ Ru + (Az + Bu)" Pi11(Az + Bu)]



Let's try to solve this another way

For the sake of argument, suppose
that the cost-to-go is always a
quadratic function like this: ——» 1/, (gj) — xTPtx

where: P — PtT > ()

Then:

Vi(z) = min [z’ Qv + v’ Ru + Vi1 (Az + Bu)]

= 2" Qr + min [u’ Ru + (Az + Bu)" Pi11(Az + Bu)]

Nl i
——
How do we minimize this term?

— take derivative and set it to zero.




Let's try to solve this another way
Vi(x) = muin ' Qr +u' Ru+ Vi1 (Az + Bu)

=z Qr + min [u’ Ru + (Az + Bu)" P11 (Az + Bu)]

N— i
—~

How do we minimize this term?
— take derivative and set it to zero.

OVi(z)
ou
v =—(R+B'"P,B)"'B'P,Ax

AN

optimal control as a function of state
— but: it depends on P_{t+1}...

=[u'R+u"B"Py1B+2"A"P,;1B] =0




Let's try to solve this another way
Vi(x) = muin ' Qr +u' Ru+ Vi1 (Az + Bu)

=z Qr + min [u’ Ru + (Az + Bu)" P11 (Az + Bu)]

N— i
—~

How do we minimize this term?
— take derivative and set it to zero.

oV, ()

ou
How solve for P_{t+1}7??

v =—(R+B'"P,B)"'B'P,Ax

AN

optimal control as a fungtion of state
— but: it depends on P_{t+1}...

=[u'R+u"B"Py1B+2"A"P,;1B] =0




Let's try to solve this another way

Substitute u into V_t(x):

u* = —(R BTPtHB)_lBTPtHAx

A

Vi(x) = min [a: Qx +u' Ru+ Vi1 (Azx + Bu)]

u




Let's try to solve this another way

Substitute u into V_t(x):

u* = —(R BTPtHB)_lBTPtHAx

Vi(x) = min [a: Qx + I'L/TRU + Vii1(Ax + Bu
=
Vi(w)=2" [Q+ A" PryyA— A"Poyy B(R+ B" Py B) ' B Py Al




Let's try to solve this another way

Substitute u into V_t(x):

u* = —(R BTPtHB)_lBTPtHAx

A

Vi(x) = min [a: Qx +u' Ru+ Vi1 (Azx + Bu)]

u

i B
Vi(z) =2 [Q+ A" PryyA— A"P 1 B(R+ B' Py B) "' B' Py Al o
S~ ——— __—

P



Let's try to solve this another way

Substitute u into V_t(x):

u* = —(R BTPtHB)_lBTPtHAx

Vi(x) = min [a: Q:U—I—@’L/TRU—I—VtH Ax—I—Bu

u

i B
Vi(z) =2 [Q+ A" PryyA— A"P 1 B(R+ B' Py B) "' B' Py Al o
SN— — __—
P
i B

=Q+ AP A- AP, \B(R+B'P...B)"'B'P,, A



Let's try to solve this another way

Substitute u into V_t(x):

u* = —(R BTPtHB)_lBTPtHA/x

—~—

. T T \\‘
Vi(z) = min [2" Ox + u” Ru + Vi1 (Az + Bu)

v(z)=2"[¢ Dynamic Riccati Equation >, 4]:

-------------------------------------------------------------------------------------------------------------------------

-------------------------------------------------------------------------------------------------------------------------



Example: planar double integrator

Initial position
of the puck

Goal position

Initial velocity

m=1
b=0.1
u=applied force

\X

Build the LQR controller for:

Air hockey table

|

Time horizon: " = 100

O~ = O

Initial state: zo = (

Costfn: () = 10007

Q=1
R=1



Example: planar double integrator

.___» Step 1:
Calculate P backward from T: P_100, P_ 99, P 98, ... ,P_1

HOW?

X

Air hockey table



Example: planar double integrator

Step 1.

P Calculate P backward from T: P_100, P_99,P 98, ... ,P_1
Pyoo = 10001

X

Air hockey table



Example: planar double integrator

Step 1.

P Calculate P backward from T: P_100, P_99,P 98, ... ,P_1
Pyoo = 10001

Proy=Q+A"PpA— A"PrB(R+ B'PrB) 'B' PrA

X

Air hockey table



Example: planar double integrator

Step 1.

Calculate P backward from T: P_100, P_99,P 98, ... ,P_1
o>
Pygp = 10001
_ T T T -1 pT
Proi=Q+A PrA-A PTB<R—|— B PTB> B PrA
1001 0 1000 0
P 0 1001 0 1000
971 1000 0 1001 0
0 1000 0 1001
X

Air hockey table



Example: planar double integrator

Step 1.

Calculate P backward from T: P_100, P_99,P 98, ... ,P_1

o>
Pygp = 10001
_ T T T -1 pT
Proi=Q+A PrA-A PTB<R—|— B PTB> B PrA
1001 0 1000 O
Pyy = ( 0 1001 0 1000 )
1000 0O 1001 0
0 1000 0O 1001
X

0 119.7293 0 59.9348
59.9348 0 43.1627 0

Airhockey table 1197293 0 59.9348 0
Py
0 50.9348 0 43.1627



Example: planar double integrator

Step 2:

Calculate u starting at t=1 and going forward to t=T-1

u = —(R+ B'PB) 'B' P Az

o>

uy = —(R+ B'P,B) ‘B P, Ax

X

Air hockey table



Example: planar double integrator

02 - origin

X
=
*
X
*
o
*
*
=
*
0 - | a‘/f

0 0.2




Example: planar double integrator

0.2

T
.-"f.---- i T
- . -
0 /,-'
.-"r
.'.ll Il

0.2 F

04aF |

u X, uy . .
osf |/

08k :.




Example: planar double integrator

18.3422 0 10.8547 0 *
0 18.3422 0 10.8547 "
P = 10.8547 0 17 8244 0 x 20.1126 0 12.5857 0
0 20.1126 0 12.5857
0 10.8547 0 17.8244 : Pry =
o

125857 0 19.5454 0
) 0 12587 0 19.5454

28.7565 0 18.8753 0

0 28.7565 0 18.8753
18.8753 0 24.1500 0

0 18.8753 0 24.1500

Py =

119.7293 0 59.9348 0

0 119.7293 0 59.9348
59.9348 0 43.1627 0

0 59.9348 0 43.1627

Pioo = 10001

N

Py =




Example: planar double integrator

Q=1

( )// X:zl//// ‘//éQZOJI

origin

e
*
*
*
x
e
e
_ \ AKXX
0




Example: planar double integrator

Ao S
( )/ / =01l

origin <\
Q = 101




The Iinfinite horizon case

So far: we have optimized cost over a fixed horizon, T.
— optimal if you only have T time steps to do the job

But, what if time doesn't end in T steps?

One idea:
— at each time step, assume that you always have T
more time steps to go
— this is called a receding horizon controller



The Iinfinite horizon case

Elements of P matrix

600 |-

400

200

0 f f f f f f —
0 10 20 30 40 50 60 70 80 90 100

Time step

Notice that elt's of P stop changing (much) more than
20 or 30 time steps prior to horizon.

— what does this imply about the infinite horizon case?



The Iinfinite horizon case

Elements of P matrix

600 |-

a0l Converging toward fixed P

200 |- n
\ |
/ ),

0 I I I I I I |
0 10 20 30 40 50 60 70 80 90 100

Time step

Notice that elt's of P stop changing (much) more than
20 or 30 time steps prior to horizon.

— what does this imply about the infinite horizon case?



The Iinfinite horizon case

We can solve for the infinite horizon P exactly:
Pr_1=Q+A"PrA—A"PrB(R+B'PrB) 'B'PrA

n

P=Q+A"PA-A"PB(R+B'PB)'BTA

\

Discrete Time Algebraic Riccati Equation



So, what are we optimizing for now?

Given:

System: Lt+1 = A$t —+ But

Cost function:  J(X,U) = Z ZB;}FQQZ‘t + ufRut
t=1

X:(le,...,lljoo)
U:(ul,...,uoc)

where:

Initial state: T1

Calculate: v that minimizes J(X,U)




So, how do we control this thing?




Overview

. expressing a linear system in state space form
. discrete time linear optimal control (LQR)

. linearizing around an operating point

. linear model predictive control

. LQR variants

. model predictive control for non-linear systems



Inverted pendulum

EOM for pendulum: 65_|_ g sinf = 0

[

—h
M —F}.

NN

How do we get this system in the standard form:  T¢171 — Axt + But

I?



Inverted pendulum

EOM for pendulum: é_|_ g sinf = 0

[

—»
M —F}.

NN

How do we get this system in the standard form:  T¢171 — Aa:t + But

01 = 0, + 0,dt

ét_|_1 — ét — %Siﬂ tht



Inverted pendulum

EOM for pendulum: é_|_ g sinf = 0

[

—»
M —F}.

NN

How do we get this system in the standard form:  T¢171 — Aa:t + But

Orr1 = 0 + Oyt

--------

i1 = 0; — sinydt 11111



Linearizing a non-linear system

Idea: use first-order Taylor series expansion

L+l = f((l?t) + But < original non-linear system



Linearizing a non-linear system

Idea: use first-order Taylor series expansion

L+l = f((l?t) + But < original non-linear system

afa(f) (x¢ — 2*) + Bu

- _/
V

first order term

Linearize about L~ » A9 f(ilﬁ*) |




Linearizing a non-linear system

|dea: use firs+ We just linearized the system about x**

Ti41 = \Mt) -+ But < original non-linear system
*
Linearize about CE* R N f(aj*) | af($ )(xt — ZIJ*) —+ But
_ 0Oz D

~—
first order term



Linearizing a non-linear system

Tiy1 ~ f(x™) afa(i*) (xt — x™) + Buy

Suppose that x** is a fixed point (or a steady state) of the system...

Then: f(iB*) = "



Linearizing a non-linear system

i1~ f(x") A afﬁ(i*) (xt — ™) + Buy

Suppose that x** is a fixed point (or a steady state) of the system...
Then: f(iB*) = $*
of(x*
rii1 — fa™) = fa( )(a;‘t —2") + Buy
X
df (z*)
Ox

(xy — ™) + Buy

*N
Li41 — L ~

Of(z)

. _ = *
Tir1 N . T: + Buy where Tt =Tt — T

\\

Change of coordinates




Example: pendulum

Unit length

/

01 = 0y + 0,dt
9t—|—1 — 975 — gSiIl tht




Example: pendulum

Unit length

/

01 = 0y + 0,dt
9t—|—1 — 975 — gSiIl tht

Of (x*) ( 1

dt
1

)



Example: pendulum




Overview

. expressing a linear system in state space form
. discrete time linear optimal control (LQR)

. linearizing around an operating point

. linear model predictive control

. LQR variants

. model predictive control for non-linear systems



Linear Model Predictive Control

Drawbacks to LOR: hard to encode constraints

— suppose you have a hard goal constraint?
— suppose you have piecewise linear state and action constraints?

Answer:
— solve control as a new optimization problem on every time step



Linear Model Predictive Control

Given:

System: Lt+1 = Axt —+ But

T—1
Cost function: J(X’ U) — ZU%ZQTCUT —+ Z x?th + u;rRut
t=1
where: A= (213‘1, o ’:CT)
U = (ula R ,UT_l)

Initial state: T1

Calculate: v that minimizes J(X,U)



Linear Model Predictive Control

Given:
A 1)
System: X
c - T
ost function: U Ru;
We're going to solve this problem
by expressing it explicitly as
a quadratic program
Initial state:

Calculate: U that minimizes J(X,U)



Quadratic program

Minimize: %CETPCIZ + qTa: + T

T T
Subject to: 91$§h1,-.-,gn$§hn

aclpa::bl,...,az;:z::bn



Quadratic program

Constants are part of problem statement:

Minimize: %CETPCIZ -+ qTa; + //

T T
Subject to: 91$§h1,-.-,gn$§hn

ar{a::bl,...,a

N

X IS the variable

T

- T = by,

Problem: find the value of x that minimizes the objective subject to the constraints



Quadratic program

Quadratic objective function

1
Minimize: §QZTPQZ‘ -+ qTaj +r Linear inequality constraints
T T
Subject to: gll‘éhh---,gnﬂiéhn

alT:C:bl,...,afa?:bn

™

Linear equality constraints



Quadratic program

/ p=P" =
1
Minimize: §ZIJTPCU —+ qTZIZ —+7r
Subject to: ngw < hq,... 7977;33 < hn
alTa::bl,...,az;x:bn



Quadratic program

P=P' >0
! / Why?
Minimize: §ZIJTPCU —+ qTZIZ —+7r
Subject to: ngw < hq,... 7977;33 < hn
aix=bi,...,alx =b,



Quadratic program

1
§ZCTPQZ’ + ¢tz +r

Quadratic objective function



Quadratic program

/ T T
1 g < hy,....,q,x < hy
—xtPr+qte+r

2 Inequality constraints
Quadratic objective function



Quadratic program

/" r

_ T, _
1 . . a1 ="0by,...,a, T = by,
—x  Pr+q x+r
2 equality constraints

Quadratic objective function



QP versus Unconstrained Optimization

Original QP
1 T T
Minimize: 5513 Px+q x+r
T T
Subject to: 91I§h1,---,gn$§hn

alTx:bl,...,aZ:z::bn



QP versus Unconstrained Optimization

Unconstrained version of original QP

Minimize: %CETPCU + qTCIZ‘ + T

Subject to: ~ . r < hy



QP versus Unconstrained Optimization

Unconstrained version of original QP

Minimize: %CETPCU + qTCIZ‘ + T

How do we minimize this expression?



QP versus Unconstrained Optimization

Unconstrained version of original QP

Minimize: %CETPCU + qTCIZ‘ + T

How do we minimize this expression?

9, [%azTPaj +qlz + 7“}
ox

=0

r=—P g



Linear Model Predictive Control

T—1
Minimize: J(X, U) — ZB%QTajT -+ Z ij@ibt —+ utTRut

t=1
Subjectto: Lt4+1 — Ax; + Buy
xr1 = start state
xT = goal state



Linear Model Predictive Control

T—1
Minimize: J(X, U) — ZB%QTajT -+ Z ij@ibt —+ utTRut

t=1
Subjectto: Lt4+1 — Ax; + Buy
xr1 = start state
xT = goal state

What are the variables?



Linear Model Predictive Control

T—1
Minimize: J(X, U) - gp%QTng + Z ij@ibt —+ utTRut
t=1
Subjectto: Lt4+1 — Ax; + Buy
xr1 = start state
xT = goal state

What other constraints might we want add?



Linear Model Predictive Control

T—1
Minimize: J(X, U) — ZB%QTajT -+ Z ij@ibt —+ utTRut

t=1
Subjectto: Lt4+1 — Ax; + Buy
xr1 = start state
xT = goal state

| < c
Y20 = 0



Linear Model Predictive Control

T—1

Minimize: J(X, U) — ;p%QTQjT + g ij@iEt —+ utTRut
t=1

Subject to: Lit+1 — Axy + Buy

xr1 = start state

--------------------------------------

Can't express these
constraints in standard LOR



Linear MPC Receding Horizon Control

Re-solve the quadratic program on each time step:
— always plan another T time steps into the future

T—-1
Minimize: J(X, U) — x%QngT —+ Z :E?Q:Et + utTRut

t=1
Subjectto; Lt4+1 — Aajt + Buy

xr1 = start state



Controllability

A system is controllable if it is possible to reach any goal state from any
other start state in a finite period of time.

When is a linear system controllable?

Tyl = A:Ijt -+ But <« [|tsproperty of_the
system dynamics...



Controllability

A system is controllable if it is possible to reach any goal state from any
other start state in a finite period of time.

When is a linear system controllable?

Remember this?

Ti+1 = Az + Buy /

( 0 \

B 0
( T ) AB B 0o ... ( U1 ) A
. . A2

S : + Ty
2 .
. A2B AB B 0 ... . :

\ AT-'B AT2B ... ... B )




Controllability

B 0
AB B
A%B AB

\ AT-1B AT2B ...

U1 A
2
: + | A |
ur—1 ;

\ 47

What property must
this matrix have?



Controllability

AB B 0o ... (1 A

. A2

: + x1
A2B AB B 0 ... )

vy

------------------------------------------

------------------------------------------

This submatrix must be full rank.

— I.e. the rank must equal the
dimension of the state space



NonLinear Model Predictive Control

Given:

System: Lt+1 = Axt —+ But

T—1
Cost function: J(X’ U) — ZU%ZQTCUT —+ Z x?th + u;rRut
t=1
where: A= (213‘1, o ’:CT)
U = (ula R ,UT_l)

Initial state: T1

Calculate: v that minimizes J(X,U)




NonLinear Model Predictive Control

Given:

System: Lt+1 = —+ But
T—1

Cost function: J(X’ U) — ZU%ZQTCUT —+ Z x?th + u;rRut
t=1

X = (z1,...,27)

U = (ul,...,uT_l)

where:

Initial state: T1

Calculate: v that minimizes J(X,U)




NonLinear Model Predictive Control

Given:

System: Lt+1 — f(ll?t, ut)

T—1

Cost function: J(X’ U) — ZU%ZQTCUT —+ Z x?th + u;rRut
t=1
where: A= (213‘1, o ’:CT)
U = (ula R ,UT_l)

Initial state: 1

Calculate: v that minimizes J(X,U)




NonLinear Model Predictive Control

T—1
Minimize: J(X, U) — ZB%QTajT -+ Z ij@ibt —+ utTRut

t=1

Subjectto: Ti41 = f(ibt, ut)
xr1 = start state

xT = goal state
But, this is a nonlinear constraint

— so how do we solve it now?

Sequential quadratic programming
— iterative numerical optimization for problems with non-convex

objectives or constraints

— similar to Newton's method, but it incorporates constraints

— on each step, linearize the constraints about the current iterate
— implemented by FMINCON in matlab...
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