Vectors, Matrices, Rotations



Why are we studying this?

You want to put your hand on the cup...

Suppose your eyes tell you where the mug
is and its orientation in the robot base frame
(big assumption)

In order to put your hand on the object, you
want to align the coordinate frame of your
hand w/ that of the object

This kind of problem makes representation
of pose important...




Representing Position:
Vectors
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Representing Position: vectors
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Representing Position: vectors

Yy
* Vectors are a way to transform between A A
two different reference frames w/ the Yp
same orientation
* The prefix superscript denotes the P A

reference frame in which the vector 2T >xp
should be understood
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Same point, two different
reference frames



Representing Position: vectors
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What is this unit vector you speak of?
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Definition of unit vector: ‘&‘ =]

You can turn a into a unit vector of the @ =
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And what does orthogonal mean?

First, define the dot product:  a b = axbx + ayby

= |a|b|cos(6)
alhb=0 when: a=0 b
or, b — O /
6 .
or, cos(8) =0 > d
Unit vectors are orthogonal iff (if and P
only if) the dot product is zero:
PX isorthogonalto 7y if Px y =0 e

f



A couple of other random things
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The importance of differencing two vectors

b b b

b
xobject xeﬁ‘ — xerr e b

The eff needs to make a Cartesian
displacement of this much to reach the
object



The importance of differencing two vectors

j> object
Tobject R
j>b »‘xobject
b b b
xobject xeﬁ — xerr eff
»X
b >

The eff needs to make a Cartesian displacement of
this much to reach the object



Representing Orientation: Rotation
Matrices

s

The reference frame of the hand and the
object have different orientations

We want to represent and difference
orientations just like we did for
positions...



Before we go there — review of matrix
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and matrix multiplication...
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AR = (&, a,db, b, L (&b, +a,b,,  a,b, +a,b, []
o oy o Mt vaby ot o F
(@ Ao Dy O [0 T Apby  Ay0, T Ay, [

Can represent dot product as a matrix multiply:
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alb=ab, +ab, =




Same point - different reference frames
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* for the moment, assume that
there is no difference in
position...

3.8

»

S
[
0D
|
h@@‘
[
Lb i3




Another important use of the dot product:
projection

alb=ab, +ab,
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Same point - different reference frames
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B-frame’s y axis written
iIn A frame

B-frame’s x axis written
in A frame



Same point - different reference frames
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B-frame’s y axis written
iIn A frame

—da b
p—p COS(H) — P, B-frame’s x axis written
in A frame




py_yb 1n

Same point - different reference frames

Y 3 B-frame’s y axis written
A iIn A frame

pP.— X, LPp B-frame’s x axis written
In A frame



Same point - different reference frames
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The rotation matrix

From last page: Bp —

By the same reasoning: Ap — p
A T




The rotation matrix
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The rotation matrix can be understood as:
1. Columns of vectors of B in A reference frame, OR

2. Rows of column vectors A in B reference frame
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Example 1: rotation matrix



Example 2: rotation matrix
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Example 3: rotation matrix

Cog  SeCun B= (FoCy  Co T SpS,
1 O
0 S g ﬂ S, 0 C,




Rotations about x, y, z

os(a) —sin(a) 0
Rz(a) = gin(a) cos(a’) OE
/ H 0 0 1

eos(B) 0 sin ,B)H
R(B)=0 0 1 0

[ ]
Fsin(B) 0 cos(8)H
-
]

71

31 0 0

R (y) =10 cos(y) —sin(y)

" B sl e E

These rotation matrices encode the basis vectors of the after-
rotation reference frame in terms of the before-rotation
reference frame




Remember those double-angle formulas...

sin(@ + (p) = sin(@) cos(qa) + cos(@) sin(qo)
cos(@ + qa) = cos(@) cos(qp) 1sin(6’) sin((p)



Example 1: composition of rotation matrices

an} )
A Y

ARC :ARB BRC

CZR —
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%08(91) —sin(@l) 005(92) —sin(@z) %: glcz -85, —CS, =S,

in(6) cos(8) Hsin(6,) cos(6,) c, s, ¢c,—SS,




Cle

Example 2: composition of rotation matrices

o 7S OF Hee 0 S Hp 0 =Sy
=0 ¢ 00 R=00 1 0[O0 1 00O

| ] 0 O ]
}O 0 1C TS5 0 cog B 0 ¢



Example 2: composition of rotation matrices

aRc :aRb bRc = @6’ CQ O
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