I've got it!

Kalman Filter

Sequential Bayes Filtering is a general
approach to state estimation that gets used
all over the place.

But, implementations like histogram filters or
Kalman filters are computationally complex.

Is it always this way? Is Bayes filtering ever
simple?



Why Kalman filtering”?
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In general: state estimation
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Review of sequential Bayes filtering

Process update: P(x;1]20.¢) Z P(xiyiq|xe) P(T|20:1)

M t
eﬁ;g;etg?en P(zt11|20:t4+1) = nP(Zt—I-l|xt—|—1)P(xt—|—1‘ZO:t)



Review of sequential Bayes filtering

beli x)

P(zi1|20411) = nP(2g1|zi01) P(2e11]204)

P(Zlft_|_1|20;t) = Zp(xt+1‘xtaZO:t)P(xt|ZO:t>

Tt

P(zi41]20:41) = NP (241 | To1 ) P (2141 | 20:4)

P<$t—|—1’20:t> = ZP(J%—H’xtyZO:t>P(xt‘ZOIt>

Tt

Image: Thrun et al., Probabilistic Robotics



Transition function

Recall the state transition function:

P(xiq1|xe)
Next state Current state

P(th+1|xt) Ty

— this probability can be expressed as a table:

Can also be expressed as a function:

Ti41 = f(xt) + Wy Wy ~ N(wt\(), Q)

or: P(I‘t_|_1|5l7t) — N(xt—l—l‘f(xt)ﬁ Q)



Linear system

A linear system is any system where:

P(xyiq1|xy) = N(xpa1| Az, Q)

(technically, this is a linear Gaussian system)

Also written: Ty 1 = AZCt -+ Wy W ~~ N(wt|09 Q)



Linear system: Example
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Equation of motion: 0 = my + by + ky

How get it into this form? Xy 1 = Aa:t + Wy



Linear system: Example

k
§—WWW\— e

b
>
Y
Equation of motion: 0 = my + by + ky
How get it into this form? Xy 1 = Aa:t + Wy
: Yy
Integrate forward one Y1 = Y + ydt L = ( J )

timestep:

Ytr1 = Yy + ydt

Yi+1 . 1 dt Yt
(0it) = (ka2 ) (50 ) o



Linear system

A linear system is any system where:

P(xyiq1|xy) = N(xpa1| Az, Q)

(technically, this is a linear Gaussian system)

Also written: Ty 1 = AZCt -+ Wy W ~~ N(wt|09 Q)

Also, assume that the observation function is linear Gaussian:

P(zi1]|2i41) = N(2e41|Cxiq1, R)

Zt4+1 = Cﬁlﬂ't_|_1 + Tt4+1 Ty N(Tt|0, R)
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Kalman ldea
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P(xi41)|20:041) = NP (2e41|Te41) P (241 20:¢)
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Gaussians

r— )2
Univariate Gaussian: P(a*:) — 776_%( 05)

Tv—1
Multivariate Gaussian: P (x) = ne_%(w_“) N7 (z—p)

P(x) = N(w; 1, %)



Playing w/ Gaussians

(Az + b)Y (Az +b) =1

Suppose:  P(x) = N(z; u, X)
y=Axr+b
Calculate: P(y) —7
P(y) = N(y; Az + b, AXA')
y
V. A
r\xTa: =1
\/ X /
o




Suppose:

In fact

P(x) = N(z; 1, X)
y=Axr+b

VI
>_N{y'Au+b’

(

> xAT
AY A AT

)



lllustration

p(y)
— Mean of p(y)

— y=ax+b
x Meanp

p(x)
x Mean of p(x)

Image: Thrun et al., CS233B course notes




And

Suppose:  P(x) = N(z; u, X)
P(y|z) = N(y; Az + b, R)

Then:

r \ Tr u ) SAT
P(y>_N{y ' Au+b’(AZ AZATJrR)]

P(y) = N(y; Au + b, AY AT + R)

A

Marginal distribution



Does this remind us of anything?



Does this remind us of anything?

Process update P a:'t+1 ‘ZO 4 Z P zr;t+1 ‘It (It‘zo;t)
(discrete):

Process update
(continuous): P(xt—l—l‘ZO:t) — P($t+1‘xt)P(37t‘ZO:t)
Lt



Does this remind us of anything?

Process update 513't+1 ‘zo .+ E P ib‘t+1 ‘It xt‘ZO:t)
(discrete):

Process update
(continuous): P(xt—l—l‘ZO:t) :/ P($t+1‘xt)P(37t‘ZO:t)
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Transition dynamics prior



Does this remind us of anything?

Process update 513't+1 ‘zo .+ E P ib‘t+1 ‘It xt‘ZO:t)
(discrete):

Process update
(continuous): P(xt—l—l‘ZO:t) :/ P($t+1‘xt)P(37t‘ZO:t)
Lt

Transition dynamics prior

P(zy41]20:4) :/ N (@41 ]Azy, Q)N (@ pr, Xt

P(zi41]20:4) = N(xi41|Ape, AL A 4+ Q)



Observation update

Observation update: P(Cb"t-|-1‘30:t—|—1) — np(zt—l—l‘mt—l—l)P(xt—l—l‘ZO:t)

/ -

N(z41|Cxi1, R)  N(xe|py, 33)

Where: /,L; = A,ut
¥ = AN AT 4+ Q



Observation update

Observation update: P(Cb"t-|-1‘30:t—|—1) — np(zt—l—l‘mt—l—l)P(xt—l—l‘ZO:t)

/ -

N(z41|Cxi1, R)  N(xe|py, 33)

Where: /,L; = A,ut
¥ = AN AT 4+ Q

P(Zt—|—17 Lt41 \Zozt) — 77N(2't+1\0$t7 R)N(iUtS M;a Z;)



Observation update

Observation update: P(Cb"t-|-1‘30:t—|—1) — np(zt—l—l‘mt—l—l)P(xt—l—l‘ZO:t)

/ -

N(zi4+1|Cxi1, R)  N(@e|pz, 3p)
Where: /,L; = A,ut
¥ = AN AT 4+ Q

P(Zt—|—17 Lt41 \Zozt) — 77N(2't+1\0$t7 R)N(iUtS M;a Z;)

P(Zt+17517t—|—1|20:t) =N

Tep1 . My > z,Ct
Zt+1 . CM:f, CE% CE;AT—FR



Observation update

x ! 3/
P(zia1, Ter1)204) = N | T fe ( t

21 Cpp 7\ O%

But we need: P(Qj‘t_l_l |ZO:t-|—t) =7

DAoL
CY AT + R



Another Gaussian identity...

o N A C
uppose: y b T B

Calculate: P(y‘aj) —7
Pylr) = N(ylb+ CT A~ (z —a), B~ CTA71C)



Observation update

x ' > e
P21, i |20:) :N{ zfi : gﬁt ( Cy CxAT +R )]
But we need: P(ajt+1‘z0:t_|_1) =7

P($t+1\zozt+1) — N($t+1§ Hi+1, Zt—|—1)

pepr = py + 5CT (R + C2CT) ™ (2040 — Cpay)
Y1 =3 - X, CH(R+ OOy,



To summarize the Kalman filter

System: P(zyq1|me) = N(2p41]| Az, Q)
P(zi41]|2i41) = N(2t41|C 2411, R)

Prior: ¢
2

Process update: M; = Aﬂt
=AY AT +Q

Measurement update: 141 = p) + S,CH (R + CZ,CT) Yz — Cuil)
Yy =3 — 5CT(R+ CxCh) Oy



Suppose there is an action term...

System: P(xip1|zy) = N(vpp1 | Az +uy, Q)
P(zi11|@iq1) = N(2e41|Caeqn, R)

Prior: ¢
2

Process update: M; = Ap + uy
=A% AT +Q

Measurement update: 141 = p) + S,CH (R + CZ,CT) Yz — Cuil)
Yy =3 — 5CT(R+ CxCh) Oy



To summarize the Kalman filter

Prior: [t
2.4

Process update: M; = Ay
¥ = AN AT +Q

SCT(R+CCT) ™ (2141 — Cpay)

f

This factor is often called
the “Kalman gain”

R\
> CT(R+ Cx.cTy- 1oy

Measurement update: Ht+1 = M; +

N1 = Xy —




Things to note about the Kalman filter

Process update: M; = Ay
2 — AZtAT —|— Q

Measurement update: 41 = fiy + X;C" (R + CS;C" ) (z40 — Cpay)
Y1 =3 - SICT(R+ o et tey,

— covariance update is independent of observation
— Kalman is only optimal for linear-Gaussian systems
— the distribution “stays” Gaussian through this update

— the error term can be thought of as the different between the
observation and the prediction



Kalman in 1D

System: P(z¢41|ze) = N(Zpg1 2 + ue, q)
P(zt41|Ti41) = N(2441)20441,7) _>/\

Image: Thrun et al., CS233B
course notes

Process update: Mt — Mt T Uy

~2 2
0 —0t+q

_ 267 _
Measurement update: ;41 = Ut —5 (Zt+1 — ,ut)

r+ 4o;
o 457)?
Ot4+1 — 0y — —5
r + 4o;

posterior
Measurement

evidence

Image: Thrun et al., CS233B course notes



initial position

X,

Kalman ldea

prediction

\4

measurement

next prediciton
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X
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Example: estimate velocity

prediction

()

/.

O
./ past measurements

Image: Thrun et al., CS233B course notes



Example: filling a tank
B [ <— Level of tank
r= f ) <— Filrate

li41 =l + fdt

1 dt
Process: Tiy1 = 0 1 Ty + q

Observation: 2311 = ( 1 0 )xt—l—l T




Example: estimate velocity

Ti41 = Az + wy

/ LTt41
Yt+1
Ti41
\ Ji+1

2e11 = Cxpaq + 1

($t+1 \
yt+1
Li+1
\ Ger1 /
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But, my system is NON-LINEAR!

L1 = f(mtv ut) What should | do?
;é A.Cl?t + But
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Well, there are some options...



But, my system is NON-LINEAR!

L1 = f(mtv ut) What should | do?
;é A.Cl?t + But

Well, there are some options...

But none of them are great.



But, my system is NON-LINEAR!

L1 = f(mtv ut) What should | do?
;é A.Cl?t + But

Well, there are some options...
But none of them are great.

Here's one: the Extended Kalman Filter



Extended Kalman filter

Take a Taylor expansion:

Li4+1 = f(xta Ut)
~ f(pe, ut) + Ag(2r — )
of

Where: At = 8—$(ut,ut)

zi11 = h(xy)
~ h(p) + Col@e — )
oh

Where: C} = 8_£U(Mt)



Extended Kalman filter

Take a Taylor expansion:

Li4+1 = f(xta Ut)
~ f(pe, ut) + Ag(2r — )
of

Where: At = 8—$(ut,ut)

zi11 = h(xy)
~ h(p) + Col@e — )
oh

Where: (C} = a—x(ut)

Then use the same equations...



To summarize the EKF

Prior: ¢
2.4

Process update: M; = f(ﬂta Ut)

Measurement update: i1 = f + S,CH (R 4+ CX,CH ) (z2ep1 — h(1}))
S =2, - S, CH(R+Cx,ch)y~iey)



-4

Extended Kalman filter

Py
— GalsFian of pi
2 hean of piy

0 0204 06 0.8

W=aiH]

P+l

= Function aix)

X Meanp

() ai)
©
0 0.5 1

pIH]
A Meanp
x

n NnEgk 1
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Extended Kalman filter

6 6
piw = Function arx)
= Gaussian -:-fp[:.l] — Tmat.i;rappm:-:.
4 = EFK Ganssian 4 I (}5 alp1 3
2 ] 25
i
0 0
_2 _2 L
4 -4 X -
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2 L
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