Differential Kinematics

Up to this point, we have only considered the
relationship of the joint angles to the
Cartesian location of the end effector:

f(g)=x

L

But what about the first derivative? af (Q)
dq

* This would tell us the velocity of the end
effector as a function of joint angle
velocities.

-...>



Motivating Example

Consider a one-link arm

* As the arm rotates, the end effector
sweeps out an arc

* Let's assume that we are only
interested in the X coordinate...

Forward kinematics: x =/cos(q)

Differential kinematics: 4 = —/sin(q)

& =—1sin(q)dy
o
Isin(q)




Motivating Example

Suppose you want to move the end Goal: move the end
effector above a specified point, X, effector onto this line

— -1 \l
Answer #1: ¢, =COS Exli E JPREE

*
i
*
*
*
*

Answer #2: 1. i =0,q, =arbitrary ]
2. x; =lcos(q,) B
3. X :a’(xg —xl.)

4. 5 = |
M= in(q)

g

5 4+ —4; +oy

6. ! t* goto 2.

> X



Motivating Example
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% Ad-‘ joint ctlr

joint position
sensor

This controller moves the link asymptotically toward the goal

position.



Intro to the Jacobian

=

 cos(q,)+/,cos(g, +q,)0 Forward kinematics of the two-

X = , . [] link manipulator
(sin(q,) +1,sin(q, +q,) O

0

Velocity Jacobian

» X

-

dx _ Erll sin(q,) —4, sin(g, +q,) —1,sin(g, +q2)%
g; 7, cos(q,) +1,cos(q, +q,) [,cos(q, +q,) [

=Jlq)



Intro to the Jacobian

_ [+ sin(q,) =1, sin(q, +q,) —1,sin(q, +q,)0]

Jlq)=1 0
7, cos(q,) +1,cos(q, +q,) [,cos(q, +q,)

Chain rule: ox =Jdg

If the Jacobian is square
and full rank, then we

caninvertitt &g =J '&

q
H{ @ 5&" \ I ‘ 55’ $i.| joint ctlr ‘
ﬁ

e
l Im%l« d IJO'” onsor ‘




Jacobian

The Jacobian relates joint velocities with end effector twist:

§ = TJé\
/ Joint angle velocities
End effector twist

| °+ Firstderivative of joint angles:
Jacobian %, 0

19-0'0
=, 5

It turns out that you can “easily” compute the Jacobian for arbitrary
manipulator structures

* This makes differential kinematics a much easier sub-problem than
kinematics in general.



What is Twist?

End effector twist: : :
Linear velocity

1

* Twist is a concatenation of linear
velocity and angular velocity: é =

%@\
* As we will show in a minute, linear and Angular velocity

angular velocity have different units

* Although we will frequently treat
this quantity as a 6-vector, it is NOT
one...



Twist: Angular Velocity
bq:bRa aq

bq‘:bR aq < Just differentiate all elements of
a4 the rotation matrix w.r.t. time.

bq-:bRabRaqu

: __ This is the matrix representation
S( ba)):”Ra bRa of angular velocity
/_H
b+ _ b..b <«——— This FO differential equation
q - S|"w q encodes how the particle rotates

FYI: this expression can be solved using an exponential:

bqli) = eS(bw)tbq(O) _ %+S(bw)t+ (S(b;))t)z )
]

0

L II’Q_II |




Twist: Angular Velocity

I g(0) = T + S el + sl +~°§2(0)

5 2

= |7+ 5(*c)rsin(6) + S(cf’ (1~ cos(6))g(0)



Twist: Time out for skew symmetry!

S = _ST <«—— Def'n of skew symmetry
00 a b0
= [ 4 0 CD <« Skew symmetric matrices
[] [ always look like this
=b -c 04
O - z
If you interpret the skew symmetric S(x) = AX.

matrix like this:

OO0
o
S X
|
o

Then this is another way of writing

the cross product: S(X)p = XX p




Twist: Angular Velocity

Skew symmetry of §(’c)
I="R 'R’
O:bRa bRaT+bR ‘R
S(bcu) = —S(bw)T
4 slal

b b b You probably already know this
— X D
q w q formula



Twist

Twist concatenates linear and angular velocity:

Linear velocity

1

¢ =
%‘)M Angular velocity



Jacobian

Breakdown of the Jacobian: V — qu

w=J, g
£ = W, O
-, Y
¥ ol
/ —~\
Ox 107
Relation to the derivative: J, ==  but J,A ww)
aq \ OQ/
N -

That’s not an angular velocity



Calculating the Jacobian

: eff . «-
Approach: Y

* Calculate the Jacobian one column at a
time eff —
off Ly
* Each column describes the motion at the

end effector due to the motion of that joint
only.

* For each joint, /, pretend all the other joints
are frozen, and calculate the motion at the
end effector caused by i.




Calculating the Jacobian: Velocity

How does the end effector translate as the ith
link moves?

b
pejj‘ R pzleﬁ

/

Ohrier?tation ofthe  Vector from reference
i—1" link frame i-1 to the end
effector




Calculating the Jacobian: Velocity

X o s
Calculate the velocity of the end TS l ly
effector caused by motion at the /-7 / A\
link: )
b [ ’ |
peﬁ’ R pz —l,eff Y

peﬁ bR pl 1eff bR pz “Leff
peﬁ sz 1bR TbR pz leff Pl leff
S(ba)i_l):bki_lei_lT

peﬁ’_S( ) Dictep T pzleﬁ

peﬁ‘ C{) xpzleﬂ+pzlz



Calculating the Jacobian: Velocity

The velocity of the end effector 'X .
caused by motion at the /-7 link: ~~ y

peﬁ C{) xpzleﬁ’-l_pzll .Y i
~ ~ H_/ y

AN

Velocity at end effector due
to change in length of
link /-1

Velocity at end effector due to rotation
at joint /-1



Calculating the Jacobian: Velocity

Rotational DOF

Rotates about -1,

l
_b b X i
Jv, - Zi—lx pi—l,eﬁ‘ R [, 7
’ I ¥ i
b b _b i e 1 z
Jv,._ Zi-1 X( Py pi-1) z ¥ v
. ) Rotation about "'z

%
|
Vector from i-1 to the end l . \
1
effector l. —
X =
«-—-""" e
Prismatic DOF 0 7
/7 1. »
) . // ll l_l
» Translates along i 'z v [
J ="z

Extension/contraction along ™'z



Calculating the Jacobian: Angular Velocity

How does the end effector rotate as the | th
link moves?

b b i-1p i
Reﬁ‘ - Ri—l Ri Reﬁ

\

How does’R,, rotate as this rotates?




Calculating the Jacobian: Angular Velocity

b b i-1p i
Reﬁ - Ri -1 Ri Reﬁ
bR :bRi_l i_lR.iR

s\’w, 'R, ='R,. IS(” JRR,

U G T

S\ 'Ry (le--:*w,.-l,,.)bR,.-J*Reﬁ

S\, 'Ry ( W, 'R,y

bweﬁ w, —1,i Perhaps this was kind of obvious...
\ Angular velocity caused by rotation of joint /-7

Angular velocity at end effector



Calculating the Jacobian:

Rotational DOF

Velocity

Rotates about -1,

ix -
J =t ©-T B L
C!)l l_].,l // 1 i //
7 ! ¥ i-1
) /7 “
Z ¥ v
Rotation about "'z
i—1
? y
1
1
L il |
Prismatic DOF ‘X e
«~-—-—"" e
Ve ’,
* Translates along -1, o L
l’Z ,/ ‘Ily i—1
—_— I'4
— v
J, =0

Extension/contraction along ™'z



Calculating the Jacobian: putting it together

J =l e

Y L7V v,
Where
. - _b b _b .
rotational ‘]vl-_ Zi—lx( Py pi—l) kﬁ‘x

- prismatic J, =z,

1

Jo=lJ, e J

w W, W,

Where
° 1 _b
rotational Jw,. ="z,

* prismatic J, =0

[V,

J = g
B %]wl e J

0
]
w}’lD




Example 1: calculating the Jacobian

From before:

B:% - q1 O llc‘h H Hj% —S% O 126512 H
¥ 0 Is, 0O , [¥ 0 lzs []
OT — = q 1% g, T == 92 92
"o o0 1 od *Ho o 1 od
ﬁo 0 0 1 ﬁ EO O 0 1 ﬁ
B:% _S% O Z3C‘]3E]
2T — EF% Cq3 0 1356]3 L]
370 o 1 oU
ﬁo 0 0 1 ﬁ




Example 1: calculating the Jacobian

(00 ¢ e, +l3¢123% [0 5'1151 —1,s, _135123%
Jvl :020 x(003 _000) = %)%( 1Sy F o8, T 1585 il %) Dllcl e, Hie, []
HE

0 H #En B 0 H

[O0] o e, +l30123% [, g'lzslz _135123%
"]vz :021 x(003 _001) = %)%( ) T 181, Hs),s b %151 Dlzclz +1cpy3 []
HE

0 HHOE H 0

OO0 Hae, +hep, hepO e e, K PN

_0a _ [] ] []
Jv3 _022 x(003 _002) = %)%( E%Sl +1,s), H1s),; il %131 +1,s), Dl:scm []
HE ¢

£ 0 548 0 50 E

X

EI_ZISI =18, =181, —Ls, —ls,, — s, 0
J, = Dllcl thep they Loy they Lo []

z 0 0 0 B




Example 1: calculating the Jacobian

El_llsl =081, =18, s, —ls, - 351235
DZ1C1 +1,c, +scp,, e, +1ic ;s [N []
[] 0 0 0 E
[]

i 0 0 0 i
L] 0 0 o U
[] []
B 1 1 1 g




Example 2: calculating the Jacobian

The kinematics of this arm are
described by the following:

0

s, 0 ¢ 0
1
0

0

I =g O

0 0 I

ﬁ 0 0 1
gz -s, 0 lzcz B
i = ¥, ¢, 0 Ls, 0
>y 0 1 o0 E
@0 0 0 1
Bc3 -s; 0 L[
2 = ¥, ¢ 0 Lsi[O
3y o 1 o U
@0 0 0 1 ﬁ



Example 2: calculating the Jacobian

PE -
bp():[plg bz():%lj

- H
T N
- 1~ U& U
h 10 [
}-lclczz :_S1:
'pEOhsed 'z =gq O
;(Sz"'l: 10 ¢

Hy Cl(l C, t 13623)

P; = E'_Sl(lzcz +I3C23)

008, + sy +1,

N
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Example 2: calculating the Jacobian

iy

|II|§III

|II|§III

B Cl(lzcz t 13623)

Sl(lzcz + e,

Ls, *1s,, [
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[T 805095

[5$,,

LT IC]CT]

0,8, Hhsy +
y 01(1202 t 13623)

Hy Sl(lzcz t 13023) [

?3015 23

= 158,53

3 L1¢,5

Sl(lzcz t 13023)

) @: Hp Cl(lzcz + 13623)

0
}1(1202 + 10,5
Dgl(lzcz + 0,5

} le, ey
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Example 2: calculating the Jacobian

HS1(1262 t 13623) Cl(lzcz t 13623) L8 H

Hn Cl(lzcz t 13023) Sl(lzcz t 13023) sy O

J= E 0 L, + ey Ly E
] 0 -, -5, O
- 0 c, C -
H 1 0 0 ﬁ




Expressing the Jacobian in Different Reference
Frames

In the preceeding, the Jacobian has been
expressed in the base frame

* |t can be expressed in other reference
frames using rotation matrices

Velocity is transformed from one
reference frame to another using:

kp:kabp

R

Therefore, the velocity Jacobian can be
transformed using: . A
J=R"J



Expressing the Jacobian in Different Reference
Frames

First, let's express angular velocity in a
different reference frame:

bj? = S(ba))bp «+— Def'n of angular velocity
kabp:kaS(bw)bP

kp:kaS(bw)kaT f

'p= S( kabw)kp

"w:"Rb”w <« Angular velocity can also be rotated by a rotation
matrix

Therefore, the angular velocity Jacobian
can be transformed using: . -
Jw: Rb Ja)



Expressing the Jacobian in Different Reference
Frames

Therefore, the full Jacobian is rotated:

‘R, 0
=gt Ry
0 R,




Different Jacobian Reference Frames: Example

Express the Jacobian for the three-link arm in the, , «--
Y
reference frame of the end effector:

}123 —S53 0
OR3 =Fs Gz O
Ho 0 1

Fls, —1Ls, =181, —hs, —Ls,,  —Ls,, 0

LTI

] ]

Dllcl +c, e, lyep, ey 13¢5 0 g
7= S 0 0 0 S

0 0 0 0 0

U 0 0 o U

] ]

B 1 1 1 g



Different Jacobian Reference Frames: Example

Express the Jacobian for the three-link arm in they a-"
reference frame of the end effector:

gm ~ 8123 OH

OR3 =3 Gz 00

Ho 0o 1H

Hclzs Si;3 0 0 0 0 Lsy=1s, —Ls,y —1s, s, _Z3S123%
S €y O 0 0  OCRlLe +he, Hopy, Le, e, L3¢ ]
o 0 1 0 0 0 0 0 0 O
J =0 O
10 0 0 ¢y 8,p O 0 0 0
H0 0 0 -s, ¢ O 0 0 0 L
ﬁ 0 0O O 0 0 1 1 1 1 B
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