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Pet e Manolios, CSU290 Lecture Notes, Wed Jan 16 2008

- Next Thursday, we have exani.
- It will cover everything we until the end of this week.
- To hel p you prepare, check the Wb page for HA.

- It will be up this evening.

- It will be due on Wdnesday.
- Lab sessions will also include a review of the materi al
Revi ew

Review. Last time we started | ooking at the basic data types in
ACL2.

What are the bool eans? t, nil

What’' s the recognizer for bool eans? bool eanp

VWhat is (nunerator 8/12)?

VWhat is the recognizer for integers? (integerp) naturals? (natp).
Does ACL2 have inexact nunbers? No.

The ACL2 | anguage: Totality

Today: ACL2 is a |language of *total* functions. Wuat this neans
is that *every* function is defined for every input. W'l see
what this means and how to design ACL2 prograns.

Let’s start by tying this in to errors.

Syntax Errors

Just like in Schene, not all parenthesized expressions are ACL2
expr essi ons.

For exanpl e:

(10 + 20) (should be (+ 10 20))
This is not a | egal expression.
Anot her exanpl e:

(define (f x) x)

shoul d be

(defun f(x) x)

Runtinme errors

However, there are expressions such as (/ x y) that are "l ega
expressions" and yet, for sone values, Schene will give an error

For exanple (/ 1 0)

In contrast to Schene, all "legal" ACL2 expressions *have* a
value (i.e., do not result in an error). W sonetinmes say that
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ACL2 is "total" or "untyped" to nean that all ACL2 functions
accept anything as input. Put another way, the domain of every
function in ACL2 is the whole of the ACL2 universe.

A "nice" consequence is that no errors (like the above) ever
occur. However, designing progranms for a total |anguage requires
a nental adjustnent.

W' Il see how to nmake that adjustnment today.

Totality

Again, don’t fight totality. Accept it.

oK?

ACL2 fuctions are total; their domain is the ACL2 universe.

Let us look at an exanple.

Let us define the factorial function, !

I: natural -> natura

;; conputes the factorial of its input, e.g., if the input is x,
;o (P x) 1if xis 0, elseit is x (x-1) (x-2) ... 1.

;; (assert-event (= (! 0) 1))

7, (assert-event (= (! 1) 1))

;; (assert-event (= (! 5) 120))

;; (assert-event (= (! -1) 1))

; | don’t expect themto come up the above test, so add it |ater
The function we will define is:

(defun ! (x)
(cond ((=x 0) 1
(t (* x (! (1- x))))))

but they don’t know about zp, so they will instead probably check
if x=0, which will be bad; non-termnation

Is this OKin Schenme (checking for (= x 0) in the base case)?
Maybe, because the contract says that the input should be a
natural nunber, and if the contract is satisfied, then we don't
have a probl em

But, in ACL2, your functions are? *total*!, neaning that they
have to work given any input.

For exanple, what happens if x=-1? Try it and show t hem how to
i nterrupt ACL2.

How do we deal with this?

Desi gn gui deline 1:

Test your programs with values that are outside of their intended
domai n.

So, let’s add:

;; (assert-event (= (! -1) ??))
7, (assert-event (= (! 2/3) ??))
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This principle doesn't give guidance on how to define ! outside
the i ntended domai n, which is why we have ??’s for now.

Let’s address that next.

Desi gn gui del i ne 2:

Atomi ¢ data outside the intended domai n should be recogni zed and
handl ed in a non-recursive way with the proper idiom

Let’s expand this to nmake clear what is neant.

Let’s start by looking at idionms for "testing for 0".

An idiomis an expression that solves a comobnly occurring
programm ng probl em

If the expected domain is the natural nunbers, then one idea is
to *coerce* non-naturals to naturals. There are functions to do
this in ACL2. For exanpl e,

(nfix x) =x if x is a natural nunber and O otherw se.
(ifix x) =x if x is an integer and 0 otherw se.
(rfix x) =x if x is a rational number and O ot herw se.

So, the test above should have been
(equal (nfix x) 0)
VWhy? consi der the cases: natural number, not natural nunber.

Since this happens so often, there are idions for testing for O:

I di om I nt ended donain Conpl eti on
(zp x) (natp x) (= (nfix x) 0)
(zip x) (integerp x) (= (ifix x) 0)

where nfix is defined as:

(cond ((natp x) Xx)
(t 0))

and ifix is defined as:

(cond ((integerp x) Xx)
(t 0))

Let’s apply design principle 2.

We are testing atomic data in the cond, so let’'s recogni ze and
handl e data outside the intended domain with the proper idiom
which is? zp

(defun ! (x)
(cond ((zp x) 1)
(t (* x (! (1- x))))))

This idea of coercing input outside the intended domain to sone
el emrent of the intended domai n cones up over and over.

So, now let’s replace the "???" in our asserts with the right
answer, which is? 1.

Note that the above definition is equivalent to the follow ng
definition:
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(defun ! (x)
(cond ((not (natp x)) 1)
((=x0) 1)

(t ( x (! (1- x)))))

But, notice how much nicer the code using the zp idiomis
Using the right idiomallowd us to to wite code that:

- works for *any* input

- looks like code we were witing before: same structure

- provided totality while mnimzing the nunber of changes
(viol ence) done to the original code

Desi gn check 1:
After designing a program performa totality check

Thi s includes checking not only your code, but your entire
design, including the exanples.

One nore coment: Note the asymmetry between the donmain and range
of a function. Wen we say that the domain of ! is natp, then we
really nmean that ! should behave according to the contract on
*al |l * natural nunbers given as input. But, when we say that the
range of ! is natp, then we don’t nean (or require) that every
natural nunber can be the output of !. For exanple, ! can
*never* return 3. Qur only obligation is to show that whatever
returns is a natural nunber.

Let’ s design another program

Let’s design a programto construct pascal’s triangle.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

pascal : natural, natural -> positive natural

conputes the i,j th entry of Pascal’s triangle, e.g.

if the input is i, j, then we conpute the entry in the
ith row, jth colum of Pascal’'s triangle, where rows
and col um nunbers start at O.

;; (assert-event (= (pascal 0 0) 1))
;; (assert-event (= (pascal 2 0) 1))
;; (assert-event (= (pascal 5 2) 10))
;; (assert-event (= (pascal -1 2) ??))
;; (assert-event (= (pascal 2 -1) ??))
;; (assert-event (= (pascal -1 -1) ??))

(defun pascal (i j)

((zpj) 1)
((=j 1) 1) , ,
(t (+ (pascal (- i 1) (- j 1))

(pascal (- i 1) j)))))

What’'s the rel ationship between pascal and !?
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Well, (pascal i j) is the binomal coefficient (i j) (i choose
j). You've seen this in discrete math. It is the nunber of ways
to choose j out of i elenents.

And (i j) is just it/(j! (i-j)!).

It is also the case that (i j) = (i-1j-1) + (i-1j). Wy?

Wel |, pick one of the i elenments. Either you can choose it or
not. If you choose it, then what remains is to choose the j-1 of
i-1 elements (i-1j-1). If you don't then what remains is to
choose j of i-1 elements (i-1j), sothat is (i-1j-1) + (i-17j).
so, we could have added nore test cases, e.g.

(assert-event (= (pascal 6 2)

(/e (x (2 (t(-62)))))



