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CSU290 HVWK4, Due Wed Mar 12 2008 at 10 AM

Honewor k 4:

- You *have to* work in pairs for this honmework and you have to
work with soneone you have not worked with yet. Send the nane
of your partner to zZhifeng (austi n@cs. neu. edu) by the end of
the day, on Friday Mar 7th. If you do not do this, you
will get a 0 on your honeworKk.

- Each pair should submt their homework via blackboard. Each
pair should submt just once. That is, one person per team
shoul d subnmit the homework via their blackboard account. Your
subm ssion should be a text file. The format of the file should
be:

- the names of the team
- clear solutions to the problens

PROBLEM 1:
Let’s revisit the finite-set functions we saw i n Honewor k 2.
W take a set to a be a true list of elenents. Thus,

(defun setp (1)
(if (endp 1)
(equal I nil)
(setp (cdr 1))))

Set nenbership

(defun set-nmenberp (a l)
(if (endp I)
ni
(or (equal (car 1) a)
(set-menberp a (cdr 1)))))

Set inclusion:

(defun set-subsetp (I m
(if (endp I)
t
(and (set-nenberp (car |) m
(set-subsetp (cdr 1) m)))

Set equality:

(defun set-equalp (I m
(and (set-subsetp | m
(set-subsetp ml)))

Uni on and intersection are straightforward:

(defun set-union (I m
(if (endp I)
m
(cons (car 1)
(set-union (cdr 1) m)))

(defun set-inter (I m
(if (endp I)
ni
(if (set-nenmberp (car |) m
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(cons (car |) (set-inter (cdr |I) m)
(set-inter (cdr 1) m)))

Set size - recall that we do not count duplicate elements when we are
considering the size of a set, that is, {a,b,b,c,d} has size 4.

;; renove all occurrences of a from|l
(defun renove-elenent (a |)
(if (endp I)
ni
(if (equal (car 1) a)
(renmove-el erent a (cdr 1))
(cons (car 1) (renove-elenent a (cdr 1))))))

(defun set-size (1)
(if (endp I)
0

(+ 1 (set-size (renove-elenent (car |) (cdr 1))))))

We are asking you to fornalize and then prove the foll owi ng conjectures.

Thi s means that you should go through the follow ng steps for each of
the questions bel ow

1. Wite down a fornula that expresses the conjecture we are asking
you to prove

2. Then, try to prove the formula you came up with. Renenber, first
try to come up with counterexanmple to get a sense of whether what
you are trying to prove is actually true.

3. If you are proving the formula by induction, nmake sure that you
clearly identify the proof obligations.

Sone of these are hard, so make sure that you at |east get the formula
you are trying to prove right, and get the proof obligations right.

For (a), recall that recall that a relation Ris reflexive if x R X
for all x, arelation Ris symetric if x Ry inplies y Rx for al

X, ¥y, and a relation Ris transitive if x Ry andy Rz inplies x Rz
for all x,vy,z.

For (b)-(e), recall that a binary operation OP is commutative if

(x OPy) =(y OPx) for all x,y, and associative if (x OP (y OP 2))
= ((x OPy) OPz) for all x,y,z.

(a) Prove that set-equalp is an equivalence relation, that is, that it
is reflexive, symretric, and transitive.

(b) Prove that set-union is comutative

(c) Prove that set-inter is comutative

(d) Prove that set-union is associative.

(e) Prove that set-inter is associative

PROBLEM 2:

Using the definitions in the previous problem again formalize and
prove the foll ow ng conjectures.
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Agai n, sonme of these are hard, so nake sure that you at |east get the
formula you are trying to prove right, and get the proof obligations
ri ght.

(a) Prove that the size (as sets) of A union B is greater than or
equal to the size of A

(b) Prove that the size (as sets) of A union B is greater than or
equal to the size of B.

(c) Prove that the size (as sets) of Aintersection Bis |less than or
equal to the size of A

(d) Prove that the size (as sets) of Aintersection Bis |less than or
equal to the size of B.

(e) Prove that if Ais a subset of B, then the size of Ais |less than
or equal to the size of B.

(f) Prove that if A and B are equal sets, then A and B have the

same size.
PROBLEM 3:
Sets have the property that duplicate el enents are "irrelevant". In

particular, tw sets are equal if they have the same el enents,
irrespectively of how many times those el ements occur

Qur definition of union in Problem1 can lead to duplicate el enents
bei ng added to the resulting set. For instance, (set-union '(1 2 3)
"(1 2 3)) produces (1 2 31 2 3), which as a set is equal to the
simpler (1 2 3).

Here is a version of union that produces results guaranteed not to
have any duplicated elenents as |Iong as the input sets thensel ves do
not have any duplicated el ements:

(defun set-union-nd (I m
(if (endp I)
m
(cons (car 1)
(set-union-nd (cdr 1)
(remove-elerment (car 1) m))))

Note that this function cannot be obtained fromthe design reci pe we
have seen until now It is an instance of generative recursion

(a) Wite down a fornula that says that set-union and set-uni on-nd
return equal sets when given the sanme inputs.

(b) Wite down the proof obligations for the fornmula you wote down
in (a).

* (c) Prove that set-union and set-union-nd return equals sets when
gi ven the same inputs.

This question is nmuch harder than anything you ve had to
prove until now. But give it a stab.

Note that to prove that (and X Y) =1t, it suffices to prove that
X =1 and that Y =t (under the sanme hypot heses).
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* k%

If you hit a point in the proof where you need a particul ar
result but you don’t know how to prove it (but believe it’'s
true, and have not been able to find counter-exanples to it!),
feel free to posit it as a conjecture, and continue the

proof. Then try to see if you can prove the conjectures you have
accunul ated. Pl ease nake sure that you clearly wite down al

the conjectures you assune in your proof.

For instance, when proving the base cases of the induction, it
turns out it is handy to conjecture that

(set-subsetp (cdr b) b) =1t
And of course this is actually provable.

PROBLEM 4: (This is optional. It will not be graded.)

Formal i ze and prove at |least 2 interesting theorens using the
above functions. Wite a paragraph describing why the
theorens are interesting.

PROBLEM 5: (This is optional. Send directly to the TA running
your | ab)

Stunp your TA: Cone up with one conjecture (it can be true or
false), that can be expressed using 300 characters or |ess
and chal | enge your "TA" to either exhibit a counterexanple or
a proof. If you come up with a really challenging conjecture,
then you will get 20 extra points on your honmework

grade. Send this directly to the TA in charge of your |ab



