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Abstract. In this article, w e presen t a small, complete, and e�cien t

SA T-solv er in the st yle of con
ict-driv en learning, as exempli�ed b y

CHAFF . W e aim to giv e su�cien t details ab out implemen tation to enable

the reader to construct his or her o wn solv er in a v ery short time. This

will allo w users of SA T-solv ers to mak e domain sp eci�c extensions or

adaptions of curren t state-of-the-art SA T-tec hniques, to meet the needs

of a particular application area. The presen ted solv er is designed with

this in mind, and includes among other things a mec hanism for adding

arbitrary b o olean constrain ts. It also supp orts solving a series of related

SA T-problems e�cien tly b y an incremen tal SA T-in terface.

1 In tro duction

The use of SA T-solv ers in v arious applications is on the marc h. As insigh t on ho w

to e�cien tly enco de problems in to SA T is increasing, a gro wing n um b er of prob-

lem domains are successfully b eing tac kled b y SA T-solv ers. This is particularly

true for the ele ctr onic design automation (ED A) industry [BCCFZ99 ,Lar92 ].

The success is further magni�ed b y curren t state-of-the-art solv ers b eing ex-

tended and adapted to meet the sp eci�c c haracteristics of these problem domains

[ARMS02,ES03 ].

Ho w ev er, mo difying an existing solv er, ev en with a thorough understanding

of b oth the problem domain and of mo dern SA T-tec hniques, can b ecome a time

consuming and b ewildering journey in to the m ysterious inner w orkings of a ten-

thousand-line soft w are pac k age. Lik ewise, writing a solv er from scratc h can also

b e a daun ting task, as there are n umerous pitfalls hidden in the in tricate details

of a correct and e�cien t solv er. The problem is that although the te chniques

used in a mo dern SA T-solv er are w ell do cumen ted, the details necessary for an

implementation ha v e not b een adequately presen ted b efore.

In the fall of 2002, the authors implemen ted the solv ers SATZOO and SAT-
NIK . In order to su�cien tly understand the implemen tation tric ks needed for a

mo dern SA T-solv er, it w as necessary to consult the source-co de of previous im-

plemen tations.

1

W e �nd that the material con tained therein can b e made more

accessible, whic h is desirable for the SA T-comm unit y . Th us, the principal goal of

this article is to bridge the gap b et w een existing descriptions of SA T-tec hniques

and their actual implemen tation.

W e will do this b y presen ting the co de of a minimal SA T-solv er M INI SAT ,

based on the ideas for con
ict-driv en bac ktrac king [MS96 ], together with w atc hed

literals and dynamic v ariable ordering [MZ01 ]. The original C++ source co de

1 L IMMAT at http://www.inf.ethz.ch/perso nal/ bier e/pro ject s/lim mat/

ZCHAFF at http://www.ee.princeton.edu/~ ch aff/z chaf f



(do wnloadable from http://www.cs.ch al mer s. se/ ~ e en ) for M INI SAT is under

600 lines (not coun ting commen ts), and is the result of rethinking and simplifying

the designs of SATZOO and SATNIK without sacri�cing e�ciency . W e will presen t

all the relev an t parts of the co de in a manner that should b e accessible to an y one

acquain ted with either C++ or Ja v a.

The presen ted co de includes an incremen tal SA T-in terface, whic h allo ws for

a series of related problems to b e solv ed with p oten tially h uge e�ciency gains

[ES03 ]. W e also generalize the expressiv eness of the SA T-problem form ulation

b y pro viding a mec hanism for arbitrary c onstr aints o v er b o olean v ariables to b e

de�ned. P aragraphs discussing implemen tation alternativ es are mark ed \[Dis-

cussion]" and can b e skipp ed on a �rst reading.

F rom the do cumen tation in this pap er w e hop e it is p ossible for you to

implemen t a fresh SA T-solv er in y our fa v orite language, or to grab the C++

v ersion of M INI SAT from the net and start mo difying it to include new and

in teresting ideas.

2 Application Programming In terface

W e start b y presen ting M INI SAT 's external in terface, with whic h a user appli-

cation can sp ecify and solv e SA T-problems. A basic kno wledge ab out SA T is

assumed (see for instance [MS96 ]). The t yp es var , lit , and V e c for v ariables,

literals, and v ectors resp ectiv ely are explained in detail in section 4.

class Solver { Public interfac e

var newV ar ()

b o ol addClause ( V e c h lit i literals)

b o ol add : : : ( : : : )

b o ol simplifyDB ()

b o ol solve ( V e c h lit i assumptions)

V e c h b o ol i mo del { If found, this ve ctor has the mo del.

The \ add : : : " metho d should b e understo o d as a place-holder for additional

constrain ts implemen ted in an extension of M INI SAT .

F or a standard SA T-problem, the in terface is used in the follo wing w a y: V ari-

ables are in tro duced b y calling newV ar() . F rom these v ariables, clauses are built

and added b y addClause() . T rivial con
icts, suc h as t w o unit clauses f x g and f x g

b eing added, can b e detected b y addClause() , in whic h case it returns F alse .

F rom this p oin t on, the solv er state is unde�ned and m ust not b e used further.

If no suc h trivial con
ict is detected during the clause insertion phase, solve()

is called with an empt y list of assumptions. It returns F alse if the problem is

unsatis�able , and Tr ue if it is satis�able , in whic h case the mo del can b e read

from the public v ector \mo del".

The simplifyDB() metho d can b e used b efore calling solve() to simplify the

set of problem constrain ts (often called the c onstr aint datab ase ). In our imple-

men tation, simplifyDB() will �rst propagate all unit information, then remo v e

all satis�ed constrain ts. As for addClause() , the simpli�er can sometimes detect a
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con
ict, in whic h case F alse is returned and the solv er state is, again, unde�ned

and m ust not b e used further.

If the solv er returns satis�able , new constrain ts can b e added rep eatedly to

the existing database and solve() run again. Ho w ev er, more in teresting sequences

of SA T-problems can b e solv ed b y the use of unit assumptions . When passing

a non-empt y list of assumptions to solve() , the solv er temp orarily assumes the

literals to b e true. After �nding a mo del or a con tradiction, these assumptions

are undone, and the solv er is returned to a usable state, ev en when solve() return

F alse , whic h no w should b e in terpreted as unsatis�able under assumptions .

F or this to w ork, calling simplifyDB() b efore solve() is no longer optional.

It is the mec hanism for detecting con
icts indep enden t of the assumptions {

referred to as a top-level con
ict from no w on { whic h puts the solv er in an

unde�ned state. W e wish to remark that the abilit y to pass unit assumptions to

solve() is more p o w erful than it migh t app ear at �rst. F or an example of its use,

see [ES03 ].

An alternativ e in terface w ould b e for solve() to return one of three v alues: [Discussion]

satis�able, unsatis�able, or unsatis�able under assumptions . This is indeed a less

error-prone in terface as there is no longer a pre-condition on the use of solve() .

The curren t in terface, ho w ev er, represen ts the smallest mo di�cation of a non-

incremen tal SA T-solv er. The early non-incremen tal v ersion of SATZOO w as made

complian t to the ab o v e in terface b y adding just 5 lines of co de.

3 Ov erview of the SA T-solv er

This article will treat the p opular st yle of SA T-solv ers based on the DPLL algo-

rithm [DLL62 ], bac ktrac king b y con
ict analysis and clause recording (also re-

ferred to as le arning ) [MS96 ], and b o olean constrain t propagation (BCP) using

watche d liter als [MZ01 ].

2

W e will refer to this st yle of solv er as a c on
ict-driven

SA T-solver .

The comp onen ts of suc h a solv er, and indeed a more general constrain t solv er,

can b e conceptually divided in to three categories:

� Represen tation. Someho w the SA T-instance m ust b e represen ted b y in ter-

nal data structures, as m ust an y deriv ed information.

� Inference . Brute force searc h is seldom go o d enough on its o wn. A solv er

also needs some mec hanism for computing and propagating the direct im-

plications of the curren t state of information.

� Searc h . Inference is almost alw a ys com bined with searc h to mak e the solv er

complete. The searc h can b e view ed as another w a y of deriving information.

A standard con
ict-driv en SA T-solv er can represen t clauses (with t w o literals or

more) and assignments . Although the assignmen ts can b e view ed as unit-clauses,

they are treated sp ecially in man y w a ys, and are b est view ed as a separate t yp e

of information.

The only inference mec hanism used b y a standard solv er is unit pr op agation .

As so on as a clause b ecomes unit under the curren t assignmen t (all literals except

2
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one are false), the remaining un b ound literal is set to true, p ossibly making

more clauses unit. The pro cess is con tin ued un til no more information can b e

propagated.

The searc h pro cedure of a mo dern solv er is the most complex part. Heuris-

tically , v ariables are pic k ed and assigned v alues ( assumptions are made), un til

the propagation detects a c on
ict (all literals of a clause ha v e b ecome false).

A t that p oin t, a so called c on
ict clause is constructed and added to the SA T

problem. Assumptions are then canceled b y bac ktrac king un til the con
ict clause

b ecomes unit, from whic h p oin t this unit clause is propagated and the searc h

pro cess con tin ues.

M INI SAT is extensible with arbitrary b o olean constrain ts. This will a�ect the

r epr esentation , whic h m ust b e able to store these constrain ts; the infer enc e ,

whic h m ust b e able to deriv e unit information from these constrain ts; and the

se ar ch , whic h m ust b e able to analyze and generate con
ict clauses from the

constrain ts. The mec hanism w e suggest for managing general constrain ts is v ery

ligh t w eigh t, and b y making the dep endencies b et w een the SA T-algorithm and

the constrain ts implemen tation explicit, w e feel it rather adds to the clarit y of

the solv er than obscures it.

Pr op agation. The propagation pro cedure of M INI SAT is largely inspired b y

that of CHAFF [MZ01 ]. F or eac h literal, a list of constrain ts is k ept. These are

the constrain ts that may propagate unit information (v ariable assignmen ts) if

the literal b ecomes Tr ue . F or clauses, no unit information can b e propagated

un til all literals except one ha v e b ecome F alse . Tw o un b ound literals p and q of

the clause are therefore selected, and references to the clause are added to the

lists of p and q resp ectiv ely . The literals are said to b e watche d and the lists of

constrain ts are referred to as watcher lists . As so on as a w atc hed literal b ecomes

Tr ue , the constrain t is in v ok ed to see if information ma y b e propagated, or to

select new un b ound literals to b e w atc hed.

A feature of the w atc her system for clauses is that on bac ktrac king, no adjust-

men t to the w atc her lists need to b e done. Bac ktrac king is therefore v ery c heap.

Ho w ev er, for other constrain t t yp es, this is not necessarily a go o d approac h.

M INI SAT therefore supp orts the optional use of undo lists for those constrain ts;

storing what constrain ts need to b e up dated when a v ariable b ecomes un b ound

b y bac ktrac king.

L e arning. The learning pro cedure of M INI SAT follo ws the ideas of Marques-

Silv a and Sak allah in [MS96]. The pro cess starts when a constrain t b ecomes

con
icting (imp ossible to satisfy) under the curren t assignmen t. The con
icting

constrain t is then ask ed for a set of v ariable assignmen ts that mak e it con tradic-

tory . F or a clause, this w ould b e all the literals of the clause (whic h are F alse

under a con
ict). Eac h of the v ariable assignmen ts returned m ust b e either an

assumption of the searc h pro cedure, or the result of some pr op agation of a con-

strain t. The propagating constrain ts are in turn ask ed for the set of v ariable

assignmen ts that forced the propagation to o ccur, con tin uing the analysis bac k-

w ards. The pro cedure is rep eated un til some termination condition is ful�lled,

resulting in a set of v ariable assignmen ts that implies the con
ict. A clause pro-

hibiting that particular assignmen t is added to the clause database. This le arnt

4



clause m ust alw a ys, b y construction, b e implied b y the original problem con-

strain ts.

Learn t clauses serv e t w o purp oses: they driv e the bac ktrac king (as w e shall

see) and they sp eed up future con
icts b y \cac hing" the reason for the con
ict.

Eac h clause will prev en t only a constan t n um b er of inferences, but as the recorded

clauses start to build on eac h other and participate in the unit propagation, the

accum ulated e�ect of learning can b e massiv e. Ho w ev er, as the set of learn t

clauses increase, propagation is slo w ed do wn. Therefore, the n um b er of learn t

clauses is p erio dically reduced, k eeping only the clauses that seem useful b y some

heuristic.

Se ar ch. The searc h pro cedure of a con
ict-driv en SA T-solv er is somewhat im-

plicit. Although a recursiv e de�nition of the pro cedure migh t b e more elegan t,

it is t ypically describ ed (and implemen ted) iterativ ely . The pro cedure will start

b y selecting an unassigned v ariable x (called the de cision variable ) and assume

a v alue for it, sa y Tr ue . The consequences of x = Tr ue will then b e propa-

gated, p ossibly resulting in more v ariable assignmen ts. All v ariables assigned as

a consequence of x is said to b e from the same de cision level , coun ting from 1

for the �rst assumption made and so forth. Assignmen ts made b efore the �rst

assumption (decision lev el 0) are called top-level .

All assignmen ts will b e stored on a stac k in the order they w ere made; from

no w on referred to as the tr ail . The trail is divided in to decision lev els and is

used to undo information during bac ktrac king.

The decision phase will con tin ue un til either all v ariables ha v e b een assigned,

in whic h case w e ha v e a mo del, or a con
ict has o ccurred. On con
icts, the

learning pro cedure will b e in v ok ed and a con
ict clause pro duced. The trail will

b e used to undo decisions, one lev el at a time, un til precisely one of the literals of

the learn t clause b ecomes un b ound (they are all F alse at the p oin t of con
ict).

By construction, the con
ict clause cannot go directly from con
icting to a clause

with t w o or more un b ound literals. If the clause remains unit for sev eral decision

lev els, it is adv an tageous to c hose the lo w est lev el (referred to as b ackjumping or

non-chr onolo gic al b acktr acking [MS96 ]).

lo op

pr op agate () { pr op agate unit clauses

if not con
ict then

if all v ariables assigned then

return Sa tisfiable

else

de cide () { pick a new variable and assign it

else

analyze () { analyze c on
ict and add a c on
ict clause

if top-lev el con
ict found then

return Unsa tisfiable

else

b acktr ack () { undo assignments until c on
ict clause is unit
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An imp ortan t part of the pro cedure is the heuristic for de cide() . Lik e CHAFF ,

M INI SAT uses a dynamic v ariable order that giv es priorit y to v ariables in v olv ed

in recen t con
icts.

Although this is a go o d default order, domain sp eci�c heuristics ha v e success-[Discussion]

fully b een used in v arious areas to impro v e the p erformance [Stri00 ]. V ariable

ordering is a traditional target for impro ving SA T-solv ers.

A ctivity heuristics. One imp ortan t tec hnique in tro duced b y CHAFF [MZ01 ] is

a dynamic v ariable ordering based on activit y (referred to as the VSIDS heuris-

tic). The original heuristic imp oses an order on liter als , but b orro wing from

SATZOO , w e mak e no distinction b et w een p and p in M INI SAT .

Eac h v ariable has an activity attac hed to it. Ev ery time a v ariable o ccurs in a

recorded con
ict clause, its activit y is increased. W e will refer to this as bumping .

After recording the con
ict, the activit y of all the v ariables in the system are

m ultiplied b y a constan t less than 1, th us de c aying the activit y of v ariables o v er

time. Recen t incremen ts coun t more than old. The curren t sum determines the

activit y of a v ariable.

In M INI SAT w e use a similar idea for clauses. When a learn t clause is used

in the analysis pro cess of a con
ict, its activit y is bump ed. Inactiv e clauses are

p erio dically remo v ed.

Constr aint r emoval. The constrain t database is divided in to t w o parts: the

pr oblem c onstr aints and the le arnt clauses . As w e ha v e noted, the set of learn t

clauses can b e p erio dically reduced to increase the p erformance of propagation.

Learn t clauses are used to crop future branc hes in the searc h tree, so w e risk

getting a bigger searc h space instead. The balance b et w een the t w o forces is

delicate, and there are SA T-instances for whic h a big learn t clause set is ad-

v an tageous, and others where a small set is b etter. M INI SAT 's default heuristic

starts with a small set and gradually increases the size.

Problem constrain ts can also b e remo v ed if they are satis�ed at the top-lev el.

The API metho d simplifyDB() is resp onsible for this. The pro cedure is par-

ticularly imp ortan t for incremen tal SA T-problems, where tec hniques for clause

remo v al build on this feature.

T op-level solver. Although the pseudo-co de for the searc h pro cedure presen ted

ab o v e su�ces for a simple con
ict-driv en SA T-solv er, a solv er str ate gy can im-

pro v e the p erformance. A t ypical strategy applied b y mo dern con
ict-driv en

SA T-solv ers is the use of r estarts to escap e from futile parts of the searc h tree.

In M INI SAT w e also v ary the n um b er of learn t clauses k ept at a giv en time.

F urthermore, the solve() metho d of the API supp orts incremen tal assumptions,

not handled b y the ab o v e pseudo-co de.

4 Implemen tation

The follo wing con v en tions are used in the co de. A tomic t yp es start with a lo w er-

case letter and are passed b y v alue. Comp osite t yp es start with a capital letter

and are passed b y reference. Blo c ks are mark ed only b y inden tation lev el. The
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class V e c h T i { Public interfac e

{ Constructors:

V e c ()

V e c ( int size)

V e c ( int size, T pad)

{ Size op er ations:

int size ()

void shrink ( int nof elems)

void p op ()

void gr owT o ( int size)

void gr owT o ( int size, T pad)

void cle ar ()

{ Stack interfac e:

void push ()

void push ( T elem)

T last ()

{ V e ctor interfac e:

T op [ ] ( int index)

{ Duplic atation:

void c opyT o ( V e c h T i cop y)

void moveT o ( V e c h T i dest)

class lit { Public interfac e

lit ( var x)

{ Glob al functions:

lit op : ( lit p)

b o ol sign ( lit p)

int var ( lit p)

int index ( lit p)

class lb o ol { Public interfac e

lb o ol () lb o ol ( b o ol x)

{ Glob al functions:

lb o ol op : ( lb o ol x)

{ Glob al c onstants:

lb o ol F alse

?

, Tr ue

?

, ?

class Queue h T i { Public interfac e

Queue ()

void insert ( T x)

T de queue ()

void cle ar ()

int size ()

Fig. 1. Basic abstr act data typ es use d thr oughout the c o de. The v ector data t yp e can

push a default constructed elemen t b y the push () metho d with no argumen t. The

moveT o () metho d will mo v e the con ten ts of a v ector to another v ector in constan t

time, clearing the source v ector. The literal data t yp e has an index () metho d whic h

con v erts the literal to a \small" in teger suitable for arra y indexing. The var () metho d

returns the underlying v ariable of the literal, and the sign () metho d if the literal is

signed ( F alse for x and Tr ue for x ).

b ottom sym b ol ? will alw a ys mean unde�ne d ; the sym b ol F alse will b e used

to denote the b o olean false.

W e will use, but not sp ecify an implemen tation of, the follo wing abstract data

t yp es: V e c h T i an extensible v ector of t yp e T ; lit the t yp e of literals con taining

a sp ecial literal ?

lit

; lb o ol for the lifted b o olean domain con taining elemen ts

Tr ue

?

, F alse

?

, and ? ; Queue h T i a queue of t yp e T . W e also use var as

a t yp e synon ym for int (for implicit do cumen tation) with the sp ecial constan t

?

v ar

. The in terfaces of the abstract data t yp es are presen ted in Figure 1 .

4.1 The solv er state

A n um b er of things need to b e stored in the solv er state. Figure 2 sho ws the

complete set of mem b er v ariables of the solv er t yp e of M INI SAT . T ogether with

the state v ariables w e de�ne some short help er metho ds in Figure 3 , as w ell as

the in terface of V arOr der ( Figure 4 ), explained in section 4.6.

The state do es not con tain a b o olean \con
ict" to remem b er if a top-lev el [Discussion]

con
ict has b een reac hed. Instead w e imp ose as an in v arian t that the solv er m ust

nev er b e in a con
icting state. As a consequence, an y metho d that puts the solv er
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in a con
icting state m ust comm unicate this. Using the solv er ob ject after this

p oin t is illegal. The in v arian t mak es the in terface sligh tly more cum b ersome to

use, but simpli�es the implemen tation, whic h is imp ortan t when extending and

exp erimen ting with new tec hniques.

4.2 Constrain ts

M INI SAT can handle arbitrary constrain ts o v er b o olean v ariables through the

abstraction presen ted in Figure 5 . Eac h constrain t t yp e needs to implemen t

metho ds for constructing, remo ving, propagating and calculating reasons. In

addition, metho ds for simplifying the constrain t and up dating the constrain t on

bac ktrac k can b e sp eci�ed. W e explain the meaning and resp onsibilities of these

metho ds in detail:

Constructor. The constructor ma y only b e called at the top-lev el. It m ust

create and add the constrain t to appropriate w atc her lists after enqueu-

ing an y unit information deriv able under the curren t top-lev el assignmen t.

Should a con
ict arise, this m ust b e comm unicated to the caller.

Remo v e. The remo v e metho d supplan ts the destructor b y receiving the

solv er state as a parameter. It should disp ose the constrain t and remo v e it

from the w atc her lists.

Propagate. The propagate metho d is called if the constrain t is found in

a w atc her list during propagation of unit information p . The constrain t is

remo v ed from the list and is required to insert itself in to a new or the same

w atc her list. An y unit information deriv able as a consequence of p should b e

enqueued. If successful, Tr ue is returned; if a con
ict is detected, F alse is

returned. The constrain t ma y add itself to the undo list of var ( p ) if it needs

to b e up dated when p b ecomes un b ound.

Simplify . A t the top-lev el, a constrain t ma y b e giv en the opp ortunit y to

simplify its represen tation (returns F alse ) or state that the constrain t is

satis�ed under the curren t assignmen t and can b e remo v ed (returns Tr ue ).

A constrain t m ust not b e simpli�able to pro duce unit information or to b e

con
icting; in that case the propagation has not b een correctly de�ned.

Undo. During bac ktrac king, this metho d is called if the constrain t added

itself to the undo list of var ( p ) in pr op agate() . The curren t v ariable assign-

men ts are guaran teed to b e iden tical to that of the momen t b efore pr op a-

gate() w as called.

Calculate Reason. This metho d is giv en a literal p and an empt y v ector.

The constrain t is the r e ason for p b eing true, that is, during propagation, the

curren t constrain t enqueued p . The receiv ed v ector is extended to include a

set of assignmen ts (represen ted as literals) implying p . The curren t v ariable

assignmen ts are guaran teed to b e iden tical to that of the momen t b efore

the constrain t propagated p . The literal p is also allo w ed to b e the sp ecial

constan t ?

lit

in whic h case the reason for the clause b eing c on
icting should

b e returned through the v ector.
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class Solv er

{ Constr aint datab ase

V e c h Constr i constrs { List of pr oblem c onstr aints.

V e c h Clause i learn ts { List of le arnt clauses.

double cla inc { Clause activity incr ement { amount to bump with.

double cla deca y { De c ay factor for clause activity.

{ V ariable or der

V e c h double i activit y { Heuristic me asur ement of the activity of a variable.

double v ar inc { V ariable activity incr ement { amount to bump with.

double v ar deca y { De c ay factor for variable activity.

V arOr der order { Ke eps tr ack of the dynamic variable or der.

{ Pr op agation

V e c h V e c h Constr ii { F or e ach liter al 'p', a list of c onstr aints watching 'p'.

w atc hes A c onstr aint wil l b e insp e cte d when 'p' b e c omes true.

V e c h V e c h Constr ii { F or e ach variable 'x', a list of c onstr aints that ne e d to

undos up date when 'x' b e c omes unb ound by b acktr acking.

Queue h lit i propQ { Pr op agation queue.

{ Assignments

V e c h lb o ol i assigns { The curr ent assignments indexe d on variables.

V e c h lit i trail { List of assignments in chr onolo gic al or der.

V e c h int i trail lim { Sep ar ator indic es for di�er ent de cision levels in 'tr ail'.

V e c h Constr i reason { F or e ach variable, the c onstr aint that implie d its value.

V e c h int i lev el { F or e ach variable, the de cision level it was assigne d.

int ro ot lev el { Sep ar ates incr emental and se ar ch assumptions.

Fig. 2. In ternal state of the solv er.

int Solver.nV ars () return assigns. size ()

int Solver.nAssigns () return trail. size ()

int Solver.nConstr aints () return constrs. size ()

int Solver.nL e arnts () return learn ts. size ()

lb o ol Solver.value ( var x) return assigns[x]

lb o ol Solver.value ( lit p) return sign (p) ? : assigns[ var (p)] : assigns[ var (p)]

int Solver.de cisionL evel () return trail lim.size()

Fig. 3. Small help er metho ds. F or instance, nL e arnts() returns the n um b er of learn t

clauses.

class V arOr der { Public interfac e

V arOr der ( V e c h lb o ol i ref to assigns, V e c h double i ref to activit y)

void newV ar () { Cal le d when a new variable is cr e ate d.

void up date ( var x) { Cal le d when variable has incr e ase d in activity.

void up dateA l l () { Cal le d when al l variables have b e en assigne d new activities.

void undo ( var x) { Cal le d when variable is unb ound (may b e sele cte d again).

var sele ct () { Cal le d to sele ct a new, unassigne d variable.

Fig. 4. Assisting ADT for the dynamic v ariable ordering of the solv er. The constructor

tak es references to the assignmen t v ector and the activit y v ector of the solv er. The

metho d sele ct() will return the unassigned v ariable with the highest activit y .
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class Constr

virtual void r emove ( Solver S) { must b e de�ne d

virtual b o ol pr op agate ( Solver S, lit p) { must b e de�ne d

virtual b o ol simplify ( Solver S) { defaults to r eturn false

virtual void undo ( Solver S, lit p) { defaults to do nothing

virtual void c alcR e ason ( Solver S, lit p, V e c h lit i out reason) { must b e de�ne d

Fig. 5. Abstract base class for constrain ts.

The co de for the Clause constrain t is presen ted in Figure 7 . It is also used for

learn t clauses, whic h are unique in that they can b e added to the clause database

while the solv er is not at top-lev el. This mak es the constructor co de a bit more

complicated than it w ould b e for a normal constrain t.

Implemen ting the addClause() metho d of the

var Solver.newV ar ()

int index

index = nV ars ()

w atc hes . push ()

w atc hes . push ()

undos . push ()

reason . push ( Null )

assigns . push ( ? )

lev el . push (-1)

activit y . push (0)

order . newV ar ()

return index

Fig. 6. Creates a new SA T

v ariable in the solv er.

solv er API is just a matter of calling Clause -

new() and pushing the new constrain t on the

\constrs" v ector, storing the list of problem con-

strain ts. F or completeness, w e also displa y the

co de for creating v ariables in the solv er ( Fig-

ure 6 ).

There are a n um b er of tric ks for smart-co ding[Discussion]

that can b e used in a C++ implemen tation of

Clause . In particularly the \lits" v ector can b e

implemen ted as an zero-sized arra y placed last

in the class, and then extra memory allo cated

for the clause to con tain the data. W e observ ed

a 20% sp eedup for this tric k. F urthermore, mem-

ory can b e sa v ed b y not storing activit y for prob-

lem clauses.

Of the metho ds de�ning a constrain t, pr op agate() should b e the primary tar-[Discussion]

get for e�cien t implemen tation. The SA T-solv er sp ends ab out 80% of the time

propagating, so the metho d will b e called frequen tly . In SATZOO a p erformance

gain w as ac hiev ed b y remem b ering the p osition of the last w atc hed literal and

start lo oking for a new literal to w atc h from that p osition. F urther sp eedups

ma y b e ac hiev ed b y sp ecializing the co de for small clause sizes.

4.3 Propagation

Giv en the mec hanism for adding constrain ts, w e no w mo v e on to describ e the

propagation of unit information on these constrain ts.

The propagation routine k eeps a set of literals (unit information) that is to

b e propagated. W e call this the pr op agation queue . When a literal is inserted in to

the queue, the corresp onding v ariable is immediately assigned. F or eac h literal

in the queue, the w atc her list of that literal determines the constrain ts that ma y

b e a�ected b y the assignmen t. Through the in terface describ ed in the previous

section, eac h constrain t is ask ed b y a call to its pr op agate() metho d if more unit

information can b e inferred, whic h will then b e enqueued. The pro cess con tin ues

un til either the queue is empt y or a con
ict is found.
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class Clause : public Constr

b o ol learn t


o at activit y

V e c h lit i lits

{ Constructor { cr e ates a new clause and adds it to watcher lists:

static b o ol Clause new ( Solver S, V e c h lit i ps, b o ol learn t, Clause out clause)

\Implemen tation in Figure 8 "

{ L e arnt clauses only:

b o ol lo cke d ( Solver S)

return S.reason[ var (lits[0])] == this

{ Constr aint interfac e:

void r emove ( Solver S)

remo v eElem( this , S.w atc hes[index( : lits[0])])

remo v eElem( this , S.w atc hes[index( : lits[1])])

delete this

b o ol simplify ( Solver S) { only c al le d at top-level with empty pr op. queue

int j = 0

for ( int i = 0; i < lits. size (); i++)

if (S. value (lits[i]) == Tr ue

?

)

return Tr ue

else if (S. value (lits[i]) == ? )

lits[j++] = lits[i] { false liter als ar e not c opie d (only o c cur for i � 2)

lits.shrink(lits. size () � j)

return F alse

b o ol pr op agate ( Solver S, lit p)

{ Make sur e the false liter al is lits[1]:

if (lits[0] == : p)

lits[0] = lits[1], lits[1] = : p

{ If 0th watch is true, then clause is alr e ady satis�e d.

if (S. value (lits[0]) == Tr ue

?

)

S.w atc hes[ index (p)]. push ( this ) { r e-insert clause into watcher list

return Tr ue

{ L o ok for a new liter al to watch:

for ( int i = 2; i < size (); i++)

if (S. value (lits[i]) != F alse

?

)

lits[1] = lits[i], lits[i] = : p

S.w atc hes[ index ( : lits[1])]. push ( this ) { insert clause into watcher list

return Tr ue

{ Clause is unit under assignment:

S.w atc hes[ index (p)]. push ( this )

return S. enqueue (lits[0], this ) { enqueue for pr op agation

void c alcR e ason ( Solver S, lit p, ve c h lit i out reason)

{ invariant: (p == ? ) or (p == lits[0] )

for ( int i = ((p == ? ) ? 0 : 1); i < size (); i++)

out reason. push ( : lits[i]) { invariant: S.value(lits[i]) == F alse

?

if ( le arnt ) S.claBumpActivit y( this )

Fig. 7. Implemen tation of the Clause constrain t.
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b o ol Clause new ( Solver S, V e c h lit i ps, b o ol learn t, Clause out clause)

out clause = Null

{ Normalize clause:

if (!learn t)

if ("an y literal in ps is true") return Tr ue

if ("b oth p and : p o ccurs in ps") return Tr ue

"remo v e all false literals from ps"

"remo v e all duplicates from ps"

if (ps. size () == 0)

return F alse

else if (ps. size () == 1)

return S. enqueue (ps[0]) { unit facts ar e enqueue d

else

{ A l lo c ate clause:

Clause c = new Clause

ps. moveT o (c.lits)

c.learn t = learn t

c.activit y = 0 { only r elevant for le arnt clauses

if (learn t)

{ Pick a se c ond liter al to watch:

"Let max i b e the index of the literal with highest decision lev el"

c.lits[1] = ps[max i], c.lits[max i] = ps[1]

{ Bumping:

S. claBumpA ctivity (c) { new ly le arnt clauses should b e c onsider e d active

for ( int i = 0; i < ps. size (); i++)

S. varBumpA ctivity (ps[i]) { variables in c on
ict clauses ar e bump e d

{ A dd clause to watcher lists:

S.w atc hes[ index ( : c.lits[0])]. push (c)

S.w atc hes[ index ( : c.lits[1])]. push (c)

out clause = c

return Tr ue

Fig. 8. Constructor function for clauses. Returns F alse if top-lev el con
ict is detected.

'out clause' ma y b e set to Null if the new clause is already satis�ed under the curren t

top-lev el assignmen t. P ost-condition: 'ps' is cleared. F or learn t clauses, all literals will

b e false except `lits[0]' (this b y design of the analyze () metho d). F or the propagation

to w ork, the second w atc h m ust b e put on the literal whic h will �rst b e un b ound b y

bac ktrac king. (Note that none of the learn t-clause sp eci�c things needs to b e done for

a user de�ned constrain t t yp e.)
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An implemen tation of this pro cedure is displa y ed in Figure 9 . It starts b y

dequeuing a literal and clearing the w atc her list for that literal b y mo ving it to

\tmp". The propagate metho d is then called for eac h constrain t of \tmp". This

will re-insert w atc hes in to new lists. Should a con
ict b e detected during the

tra v ersal of \tmp", the remaining w atc hes will b e copied bac k to the original

w atc her list, and the propagation queue cleared.

The metho d for enqueuing unit information is relativ ely straigh tforw ard.

Note that the same fact can b e enqueued sev eral times, as it ma y b e prop-

agated from di�eren t constrain ts, but it will only b e put on the propagation

queue once.

It ma y b e that later enqueuings ha v e a \b etter" reason (determined heuristi- [Discussion]

cally) and a small p erformance gain w as ac hiev ed in SATZOO b y c hanging reason

if the new reason w as smaller than the previously stored. The c hanging a�ects

the con
ict clause generation describ ed in the next section.

4.4 Learning

This section describ es the con
ict-driv en clause learning. It w as �rst describ ed

in [MS96 ] and is one of the ma jor adv ances of SA T-tec hnology in the last decade.

W e describ e the basic con
ict-analysis algorithm b y an example. Assume

the database con tains the clause f x; y ; z g whic h just b ecame unsatis�ed during

propagation. This is our con
ict. W e call x ^ y ^ z the reason set of the con
ict.

No w x is false b ecause x w as propagated from some constrain t. W e ask that

constrain t to giv e us the reason for propagating x (the c alcR e ason() metho d).

It will resp ond with another conjunction of literals, sa y u ^ v . These w ere the

v ariable assignmen t that implied x . The constrain t ma y in fact ha v e b een the

clause f u ; v ; x g . F rom this little analysis w e kno w that u ^ v ^ y ^ z m ust also

lead to a con
ict. W e ma y prohibit this con
ict b y adding the clause f u ; v ; y ; z g

to the clause database. This w ould b e an example of a le arnt con
ict clause.

In the example, w e pic k ed only one literal and analyzed it one step. The

pro cess of expanding literals with their reason sets can b e con tin ued, in the

extreme case un til all the literals of the con
ict set are decision v ariables (whic h

w ere not propagated b y an y constrain ts). Di�eren t learning sc hemes based on

this pro cess ha v e b een prop osed. Exp erimen tally the \First Unique Implication

P oin t" (First UIP) heuristic has b een sho wn e�ectiv e [ZM01 ]. W e will not giv e the

de�nition of UIPs here, but just state the algorithm: In a breadth-�rst manner,

con tin ue to expand literals of the curren t decision lev el, un til there is just one

left.

In the co de for analyze() , displa y ed in Figure 10 , w e mak e use of the fact

that a breadth-�rst tra v ersal can b e ac hiev ed b y insp ecting the trail bac kw ards.

Esp ecially , the v ariables of the reason set of p is alw a ys b efore p in the trail. F ur-

thermore, in the algorithm w e initialize p to ?

lit

, whic h will mak e c alcR e ason()

return the reason for the con
ict.

Assuming x to b e the unit information that causes the con
ict, an alternativ e [Discussion]

implemen tation w ould b e to calculate the reason for x and just add x to that set.

The co de w ould b e sligh tly more cum b ersome but the con tract for c alcR e ason()

w ould b e simpler, as w e no longer need the sp ecial case for ?

lit

.
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Constr Solver.pr op agate ()

while (propQ. size () > 0)

lit p = propQ. de queue () { 'p' is now the enqueue d fact to pr op agate

V e c h Constr i tmp { 'tmp' wil l c ontain the watcher list for 'p'

w atc hes[ index (p)]. moveT o (tmp)

for ( int i = 0; i < tmp. size (); i++)

if (!tmp[i]. pr op agate ( this , p))

{ Constr aint is c on
icting; c opy r emaining watches to 'watches[p]'

{ and r eturn c onstr aint:

for ( int j = i+1; j < tmp. size (); j++)

w atc hes[ index (p)]. push (tmp[j])

propQ. cle ar ()

return tmp[i]

return Null

b o ol Solver.enqueue ( lit p, Constr from = Null )

if ( value (p) != ? )

if ( value (p) == F alse

?

)

{ Con
icting enqueue d assignment

return F alse

else

{ Existing c onsistent assignment { don 't enqueue

return Tr ue

else

{ New fact, stor e it

assigns [ var (p)] = lb o ol (! sign (p))

lev el [ var (p)] = de cisionL evel ()

reason [ var (p)] = from

trail. push (p)

propQ. insert (p)

return Tr ue

Fig. 9. pr op agate(): Propagates all enqueued facts. If a con
ict arises, the c on
icting

clause is returned, otherwise Null . enqueue(): Puts a new fact on the propagation

queue, as w ell as immediately up dating the v ariable's v alue in the assignmen t v ector. If

a con
ict arises, F alse is returned and the propagation queue is cleared. The parameter

'from' con tains a reference to the constrain t from whic h 'p' w as propagated (defaults

to Null if omitted).

Finally , the analysis not only returns a con
ict clause, but also the bac k-

trac king lev el. This is the lo w est decision lev el for whic h the con
ict clause is

unit. It is adv an tageous to bac ktrac k as far as p ossible [MS96 ], and is referred

to as b ack-jumping or non-chr onolo gic al b acktr acking in the literature.

4.5 Searc h

The searc h metho d in Figure 13 w orks basically as describ ed in section 3 but

with the follo wing additions:

Restarts. The �rst argumen t of the searc h metho d is \nof con
icts". The

searc h for a mo del or a con tradiction will only b e conducted for this man y
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void Solver.analyze ( Constr con
, V e c h lit i out learn t, Int out btlev el)

V e c h b o ol i seen( nV ars (), F alse )

int coun ter = 0

lit p = ?

lit

V e c h lit i p reason

out learn t. push () { le ave r o om for the asserting liter al

out btlev el = 0

do

p reason. cle ar ()

con
. c alcR e ason ( this , p, p reason) { invariant her e: c on
 != NULL

{ Tra ce reason f or p:

for ( int j = 0; j < p reason.size(); j++)

lit q = p reason[j]

if (!seen[ var (q)])

seen[ var (q)] = Tr ue

if (lev el[ var (q)] == de cisionL evel ())

coun ter++

else if (lev el[ var (q)] > 0) { exclude variables fr om de cision level 0

out learn t. push ( : q)

out btlev el = max (out btlev el, lev el[ var (q)])

{ Select next literal to look a t:

do

p = trail. last ()

con
 = reason[ var (p)]

undoOne ()

while (!seen[ var (p)])

coun ter ��

while (coun ter > 0)

out learn t[0] = : p

Fig. 10. Analyze a con
ict and pro duce a reason clause. Pre-conditions: (1)

'out learn t' is assumed to b e cleared. (2) Curren t decision lev el m ust b e greater

than ro ot lev el. P ost-conditions: (1) 'out learn t[0]' is the asserting literal at lev el

'out btlev el'. E�ect: Will undo part of the trail, but not b ey ond last decision lev el.

void Solver.r e c or d ( V e c h lit i clause)

Clause c { wil l b e set to cr e ate d clause, or NULL if 'clause[]' is unit

Clause new ( this , clause, Tr ue , c) { c annot fail at this p oint

enqueue (clause[0], c) { c annot fail at this p oint

if (c != Null ) learn ts. push (c)

Fig. 11. Record a clause and driv e bac ktrac king. Pre-condition: 'clause[0]' m ust con tain

the asserting literal. In particular, 'clause[]' m ust not b e empt y .
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con
icts. If failing to solv e the SA T-problem within the b ound, all assump-

tions will b e canceled and ? returned. The surrounding solv er strategy will

then restart the searc h, p ossibly with a new set of parameters.

Reduce. The second argumen t, \nof learn ts", sets an upp er limit on the

n um b er of learn t clauses that are k ept. Once this n um b er is reac hed, r e-

duc eDB() is called. Clauses that are curren tly the reason for a v ariable as-

signmen t are said to b e lo cke d and cannot b e remo v ed b y r e duc eDB() . F or

this reason, the limit is extended b y the n um b er of assigned v ariables, whic h

appro ximates the n um b er of lo c k ed clauses.

P arameters. The third argumen t to the searc h metho d groups some tuning

constan ts. In the curren t v ersion of M INI SAT , it only con tains the deca y

factors for v ariables and clauses.

Ro ot-lev el. T o supp ort incremen tal SA T, the concept of a r o ot-level is in-

tro duced. The ro ot-lev el acts a bit as a new top-lev el. Ab o v e the ro ot-lev el

are the incremen tal assumptions passed to solve() (if an y). The searc h pro-

cedure is not allo w ed to bac ktrac k ab o v e the ro ot-lev el, as this w ould c hange

the incremen tal assumptions. If w e reac h a con
ict at ro ot-lev el, the searc h

will return F alse .

A problem with the approac h presen ted here is con
ict clauses that are

unit. F or these, analyze() will alw a ys return a bac ktrac k lev el of 0 (top-

lev el). As unit clauses are treated sp ecially , they are nev er added to the

clause database. Instead they are enqueued as facts to b e propagated (see

the co de of Clause new() ). There w ould b e no problem if this w as done

at top-lev el. Ho w ev er, the searc h pro cedure will only undo un til ro ot-lev el,

whic h means that the unit fact will b e enqueued there. Once se ar ch() has

solv ed the curren t SA T-problem, the surrounding solv er strategy will undo

an y incremen tal assumption and put the solv er bac k at the top-lev el. By this

the unit clause will b e forgotten, and the next incremen tal SA T problem will

ha v e to infer it again.

A solution to this is to store the learn t unit clauses in a v ector and

re-insert them at top-lev el b efore the next call to solve() . The reason for

omitting this in M INI SAT is that w e ha v e not seen an y p erformance gain b y

this extra handling in our applications [ES03 ,CS03 ]. Simplicit y th us dictates

that w e lea v e it out of the presen tation.

Simplify . Pro vided the ro ot-lev el is 0 (no assumptions w ere passed to solve() )

the searc h will return to the top-lev el ev ery time a unit clause is learn t. A t

that p oin t it is legal to call simplifyDB() to simplify the problem constrain ts

according to the top-lev el assignmen t. If a stronger simpli�er than presen ted

here is implemen ted, a con tradiction ma y b e found, in whic h case the searc h

should b e ab orted. As our simpli�er is not stronger than normal propaga-

tion, it can nev er reac h a con tradiction, so w e ignore the return v alue of

simplify() .
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void Solver.undoOne ()

lit p = trail. last ()

var x = var (p)

assigns [x] = ?

reason [x] = Null

lev el [x] = -1

order. undo (x)

trail. p op ()

while (undos[x]. size () > 0)

undos[x]. last (). undo ( this , p)

undos[x]. p op ()

b o ol Solver.assume ( lit p)

trail lim. push (trail. size ())

return enqueue (p)

void Solver.c anc el ()

int c = trail. size () � trail lim. last ()

for (; c != 0; c �� )

undoOne ()

trail lim. p op ()

void Solver.c anc elUntil ( int lev el)

while ( de cisionL evel () > lev el)

c anc el ()

Fig. 12. assume(): returns F alse if immediate con
ict. Pre-condition: propaga-

tion queue is empt y . undoOne(): un binds the last v ariable on the trail. c anc el():

rev erts to the state b efore last push (). Pre-condition: propagation queue is empt y .

c anc elUntil(): cancels sev eral lev els of assumptions.

4.6 Activit y heuristics

The implemen tation of activit y is sho wn in Figure 14 . Instead of actually m ulti-

plying all v ariables b y a deca y factor after eac h con
ict, w e bump v ariables with

larger and larger n um b ers. Only relativ e v alues matter. Ev en tually w e will reac h

the limit of what is represen table b y a 
oating p oin t n um b er. A t that p oin t, all

activities are scaled do wn.

In the V arOr der data t yp e of M INI SAT , the list of v ariables is k ept sorted

on activit y at all time. The bac ktrac king will alw a ys accurately c ho ose the most

activ e v ariable. The original suggestion for the VSIDS dynamic v ariable ordering

w as to sort p erio dically .

The p olarit y of a literal is ignored in M INI SAT . Ho w ev er, storing the latest [Discussion]

p olarit y of a v ariable migh t impro v e the searc h when restarts are used, but it

remains to b e empirically supp orted. F urthermore, the in terface of V arOr der

can b e used for other v ariable heuristics. In SATZOO , an initial static v ariable

order computed from the clause structure w as particularly successful on man y

problems.

4.7 Constrain t remo v al

The metho ds for reducing the set of learn t clauses as w ell as the top-lev el sim-

pli�cation pro cedure can b e found in Figure 15 .

When remo ving learn t clauses, it is imp ortan t not to remo v e so called lo cke d

clauses. Lo c k ed clauses are those participating in the curren t bac ktrac king branc h

b y b eing the reason (through propagation) for a v ariable assignmen t. The reduce

pro cedure k eeps half of the learn t clauses, except for those whic h ha v e deca y ed

b elo w a threshold limit. Suc h clauses can o ccur if the set of activ e constrain ts is

v ery small.

T op-lev el simpli�cation can b e seen as a sp ecial case of propagation. Since [Discussion]
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lb o ol Solver.se ar ch ( int nof con
icts, int nof learn ts, Se ar chPar ams params)

int con
ictC = 0

v ar deca y = 1 / params.v ar deca y

cla deca y = 1 / params.cla deca y

mo del. cle ar ()

lo op

Constr con
 = pr op agate ()

if (con
 != Null )

{ Conflict

con
ictC++

V e c h lit i learn t clause

int bac ktrac k lev el

if ( de cisionL evel () == ro ot lev el)

return F alse

?

analyze (con
, learn t clause, bac ktrac k lev el)

c anc elUntil ( max (bac ktrac k lev el, ro ot lev el))

r e c or d (learn t clause)

de c ayA ctivities ()

else

{ No conflict

if ( de cisionL evel () == 0)

{ Simplify the set of pr oblem clauses:

simplifyDB () { our simpli�er c annot r eturn false her e

if (learn ts. size () � nAssigns () � nof learn ts)

{ R e duc e the set of le arnt clauses:

r e duc eDB ()

if ( nAssigns () == nV ars ())

{ Mo del found:

mo del. gr owT o ( nV ars ())

for ( int i = 0; i < nV ars (); i++)

mo del[i] = ( value (i) == Tr ue

?

)

c anc elUntil (ro ot lev el)

return Tr ue

?

else if (con
ictC � nof con
icts)

{ R e ache d b ound on numb er of c on
icts:

c anc elUntil (ro ot lev el) { for c e a r estart

return ?

else

{ New variable de cision:

lit p = lit (order. sele ct ()) { may have heuristic for p olarity her e

assume (p) { c annot r eturn false

Fig. 13. Searc h metho d. Assumes and propagates un til a con
ict is found, from whic h

a con
ict clause is learn t and bac ktrac king p erformed un til searc h can con tin ue. Pre-

condition: ro ot lev el == de cisionL evel ().
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void Solver.varBumpA ctivity ( var x)

if ((activit y[x] += v ar inc) > 1e100)

varR esc aleA ctivity ()

order. up date (x)

void Solver.varDe c ayA ctivity ()

v ar inc *= v ar deca y

void Solver.varR esc aleA ctivity ()

for ( int i = 0; i < nV ars (); i++)

activit y[i] *= 1e-100

v ar inc *= 1e-100

void Solver.claBumpA ctivity ( Clause c)

void Solver.claDe c ayA ctivity ()

void Solver.claR esc aleA ctivity ()

{ Similarly implemente d.

void Solver.de c ayA ctivities ()

varDe c ayA ctivity ()

claDe c ayA ctivity ()

Fig. 14. Bumping of v ariable and clause activities.

it is p erformed under no assumption, an ything learn t can b e k ept forev er. The

freedom of not ha ving to store deriv ed information separately , with the abilit y

to undo it later, mak es it easier to implemen t stronger propagation.

4.8 T op-lev el solv er

The metho d implemen ting M INI SAT 's top-lev el strategy can b e found in Figure

16 . It is resp onsible for making the incremen tal assumptions and setting the ro ot

lev el. F urthermore, it completes the simple bac ktrac king searc h with restarts,

whic h are p erformed less and less frequen tly . After eac h restart, the n um b er of

allo w ed learn t clauses is increased.

The co de con tains a n um b er of hand-tuned constan ts that ha v e sho wn to p er-

form reasonable on our applications [ES03 ,CS03 ]. The top-lev el strategy , ho w-

ev er, is a pro ductiv e target for impro v emen ts (p ossibly application dep enden t).

In SATZOO , the top-lev el strategy con tains an initial phase where a static v ari-

able ordering is used.

5 Conclusions and Related W ork

By this pap er, w e ha v e pro vided a minimal reference implemen tation of a mo dern

con
ict-driv en SA T-solv er. Despite the abstraction la y er for b o olean constrain ts,

and the lac k of more sophisticated heuristics, the p erformance of M INI SAT is

comparable to state-of-the-art SA T-solv ers. W e ha v e tested M INI SAT against

ZCHAFF and BERKMIN 5.61 on 177 SA T-instances. These instances w ere used to

tune SATZOO for the SA T 2003 Comp etition . As SATZOO solv ed more instances

and series of problems, ranging o v er all three categories ( industrial, handmade,

and r andom ), than an y other solv er in the comp etition, w e feel that this is a

go o d test-set for the o v erall p erformance. No extra tuning w as done in M INI SAT ;

it w as just run once with the constan ts presen ted in the co de. A t a time-out of

10 min utes, M INI SAT solv ed 158 instances, while ZCHAFF solv ed 147 instances

and BERKMIN 157 instances.

Another approac h to incremen tal SA T and non-clausal constrain ts w as pre-

sen ted b y Aloul, Ramani, Mark o v, and Sak allah in their w ork on SATIRE and

PBS [WKS01,ARMS02 ]. Our implemen tation di�ers in that it has a simpler
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void Solver.r e duc eDB ()

int i, j

double lim = cla inc / learn ts.size()

sortOnA ctivity (learn ts)

for (i=j=0; i < learn ts. size ()/2; i++)

if (!learn ts[i]. lo cke d ( this ))

learn ts[i]. r emove ( this )

else

learn ts[j++] = learn ts[i]

for (; i < learn ts. size (); i++)

if (!learn ts[i]. lo cke d ( this )

&& learn ts[i]. activity () < lim)

learn ts[i]. r emove ( this )

else

learn ts[j++] = learn ts[i]

learn ts. shrink (i � j)

b o ol Solver.simplifyDB ()

if ( pr op agate () != Null )

return F alse

for ( int t yp e = 0; t yp e < 2; t yp e++)

V e c h Constr i cs = t yp e ?

( V e c h Constr i )learn ts : constrs

int j = 0

for ( int i = 0; i < cs. size (); i++)

if (cs[i]. simplify ( this ))

cs[i]. r emove ( this )

else

cs[j++] = cs[i]

cs. shrink (cs. size () � j)

r eturn Tr ue

Fig. 15. r e duc eDB(): Remo v e half of the learn t clauses min us some lo c k ed clauses.

A lo c k ed clause is a clauses that is reason to a curren t assignmen t. Clauses b elo w a

certain lo w er b ound activit y are also b e remo v ed. simplifyDB(): T op-lev el simplify

of constrain t database. Will remo v e an y satis�ed constrain t and simplify remaining

constrain ts under curren t (partial) assignmen t. If a top-lev el con
ict is found, F alse is

returned. Pre-condition: Decision lev el m ust b e zero. P ost-condition: Propagation

queue is empt y .

b o ol Solver.solve ( V e c h lit i assumps)

Se ar chPar ams params(0.95, 0.999)

double nof con
icts = 100

double nof learn ts = nConstr aints ()/3

lb o ol status = ?

{ Push increment al assumptions:

for ( int i = 0; i < assumps. size (); i++)

if (! assume (assumps[i]) j j pr op agate () != Null )

c anc elUntil (0)

return F alse

ro ot lev el = de cisionL evel ()

{ Sol ve:

while (status == ? )

status = se ar ch (( int )nof con
icts, ( int )nof learn ts, params)

nof con
icts *= 1.5

nof learn ts *= 1.1

cancelUn til(0)

return status == Tr ue

?

Fig. 16. Main solv e metho d. Pre-condition: If assumptions are used, simplifyDB ()

m ust b e called righ t b efore using this metho d. If not, a top-lev el con
ict (resulting in a

non-usable in ternal state) cannot b e distinguished from a con
ict under assumptions.
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notion of incremen talit y , and that it con tains a w ell do cumen ted in terface for

non-clausal constrain ts.

Finally , a set of reference implemen tations of mo dern SA T-tec hniques is

presen t in the OPENSAT pro ject.

3

Ho w ev er, the pro ject aim for completeness

rather than minimal exp osition, as w e ha v e c hosen in this pap er.

6 Exercises

1. W rite the co de for an A tMost constrain t. The constrain t is satis�ed if at

most n out of m sp eci�ed literals are true.

2. Implemen t a generator for (generalized) pigeon-hole form ulas using the new

constrain ts. The generator should tak e three argumen ts: n um b er of pigeons,

n um b er of holes, and hole capacit y . Eac h pigeon m ust reside in some pigeon-

hole. No hole ma y con tain more pigeons than its capacit y .

3. Mak e an incremen tal v ersion that adds one pigeon to the problem at a time

un til the problem b ecomes unsatis�able.
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App endix { What is missing from Satzo o?

In order to reduce the size of M INI SAT to a minim um, all non-essen tial parts of

SATZOO / SATNIK w ere left out. Since SATZOO w on t w o categories of the SA T

2003 Comp etition , w e c hose to presen t the missing parts here for completeness.

Initial strategies:

� Burst of r andom variable or ders. Before an ything else, SATZOO runs sev eral

passes of ab out 10-100 con
icts eac h with the v ariable order initiated to

random. F or satis�able problems, SATZOO can sometimes stum ble up on the

solution b y this strategy . F or hard (t ypically unsatis�able) problems, imp or-

tan t clauses can b e learn t in this phase that is outside the "lo cal optim um"

that the activit y driv en v ariable heuristic will later get stuc k in.

� Static variable or dering. The second phase of SATZOO is to compute a static

v ariable ordering taking in to accoun t ho w the v ariables of di�eren t clauses

relates to eac h other (see Figure 17 ). V ariables often o ccurring together in

clauses will b e put close in the v ariable order. SATZOO uses this static or-

dering for at least 5000 con
icts and do es not stop un til progress is halted

sev erely . The static ordering often coun ters the e�ect of "sh u�ing" the prob-

lem (c hanging the order of clauses). The authors b eliev e this phase to b e the

most imp ortan t feature left out of M INI SAT , and an imp ortan t part of the

success of SATZOO in the comp etition.

4

Extra v ariable decision heuristics:

� V ariable of r e c ent imp ortanc e. Inspired b y the SA T-solv er BERKMIN , o cca-

sionally v ariables from recen t (unsatis�ed) recorded clauses are pic k ed.

� R andom. Ab out 1% of the time, a random v ariable is selected for branc hing.

This simple strategy seems to crac k some extra problems without incurring

an y substan tial o v erhead for other problems. Giv e it a try!

Other:

� Equivalent variable substitution. The binary clauses are c hec k ed for cyclic

implications. If a cycle is found, a represen tativ e is selected and all other

v ariables in the cycle is replaced b y this represen tativ e in the clause database.

This yields a smaller database and few er v ariables. The simpli�cation is done

p erio dically , but is most imp ortan t in the initial phase (some problems can

b e v ery redundan t).

� Garb age c ol le ction. SATZOO implemen ts its o wn memory managemen t whic h

allo ws clauses to b e stored more compactly .

� 0-1-pr o gr amming. Pseudo-b o olean constrain ts are supp orted b y SATZOO .

This can of course easily b e added to M INI SAT through the constrain t in-

terface.

4

The pro vided co de curren tly has no further motiv ation b ey ond the authors' in tuition.

Indeed it w as added as a quic k hac k t w o da ys b efore the comp etition.
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void Solver.staticV arOr der ()

{ Clear a ctivity:

for ( int i = 0; i < nV ars (); i++) activit y[i] = 0

{ Do simple v ariable a ctivity heuristic:

for ( int i = 0; i < clauses. size (); i++)

Clause c = clauses[i]

double add = p ow2 ( � size (c))

for ( int j = 0; j < size (c); j++) activit y[ var (c[j])] += add

{ Calcula te the initial "hea t" of all cla uses:

V e c h V e c h int ii o ccurs(2* nV ars ()) { Map liter al to list of clause indic es

V e c h Pair h double , int ii heat(clauses. size ()) { Pairs of he at and clause index

for ( int i = 0; i < clauses. size (); i++)

Clause c = clauses[i]

double sum = 0

for ( int j = 0; j < size (c); j++)

o ccurs[ index (c[j])]. push (i)

sum += activit y[ var (c[j])]

heat[i] = Pair new (sum, i)

{ Bump hea t f or cla uses whose v ariables occur in other hot cla uses:

double iter size = 0

for ( int i = 0; i < clauses. size (); i++)

Clause c = clauses[i]

for ( int j = 0; j < size (c); j++) iter size += o ccurs[ index (c[j])]. size ()

int iterations = min (( int )((( double )literals / iter size) * 100), 10)

double disapation = 1.0 / iterations

for ( int c = 0; c < iterations; c++)

for ( int i = 0; i < clauses. size (); i++)

Clause c = clauses[i]

for ( int j = 0; j < size (c); j++)

V e c h int i os = o ccurs[ index (c[j])]

for ( int k = 0; k < os. size (); k++)

heat[i].fst += heat[os[k]].fst * disapation

{ Set a ctivity a ccording to hot cla uses:

sort (heat)

for ( int i = 0; i < nV ars (); i++) activit y[i] = 0

double extra = 1e200

for ( int i = 0; i < heat. size (); i++)

Clause & c = clauses[heat[i].snd]

for ( int j = 0; j < size (c); j++)

if (activit y[ var (c[j])] == 0)

activit y[ var (c[j])] = extra

extra *= 0.995

order. up dateA l l ()

v ar inc = 1

Fig. 17. The static v ariable ordering of SATZOO . The co de is de�ned only for clauses,

not for arbitrary constrain ts. It m ust b e adapted b efore it can b e used in M INI SAT .
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