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Abstract— In this paper, we proposea novel general technique,
based on renewal theory, for analyzing mobility models in ad
hoc networks. Our technique enables an accurate derivation
of the steady state distrib ution functions for node movement
parameters such as distance and speed. We �rst apply our
techniqueto the random waypoint model and provide alternative
proofs for previous claims about the discrepancy between the
steadystateaveragespeedand the averagespeedassociatedwith
the simulated distrib ution [1]. Our main contribution is a new
methodology for simulating mobility which guarantees steady
state for node movement distrib utions fr om the start of the
simulation. Our methodology enables the correct and ef�cient
simulation of a desired steady state distrib ution, and can be
implemented in a manner transparent to the user. We support
our claims thr ough both formal proofs as well as extensive
simulations.

I . INTRODUCTION

The de�ning characteristicsof mobile ad hoc networks
include the lack of a �x ed communicationinfrastructure,
limited resourcesfor computationandenergy, andthemobility
of thenetwork nodes.Consequently, adhocnetwork protocols
needto be decentralized,needto use limited computational
and energy power, and shouldbe robust to the movementof
thenodes.While thenotionsof “decentralized”protocols,and
energy- and computational-ef�ciency can be formalized and
indeedhas beendone in previous studies(e.g., see[2], [3],
[4]), the notion of robustnessto mobility is still vague.One
of the main hurdlesin making this notion preciseis the lack
of analyticalmodelsfor capturingmobility.

Simulationsprovide a valuablemeansto comparedifferent
protocolsand study their performancein termsof ef�ciency
androbustness.Indeed,network simulationenvironmentssuch
asns-2 [5], GloMoSim [6], Qualnet[7], or Opnet[8] are the
mostcommonlyusedtool to evaluateandcomparetheperfor-
manceof mobile ad hoc networks (MANET) protocols.Since
mobility modelsareinherentlyprobabilistic,theassumptionis
that averagingover suf�ciently many runswill leadto a good
estimate.One of the problemswith existing simulationsof
theunderlyingmobility modelsis that thesimulationmaynot
capturethe steadystatebehavior since the convergencetime
may exceedthe lengthof the simulation.This wasnotedin a
recentstudy of the randomwaypoint model that established
that even though the speedof a mobile station is chosen
uniformly at randomfrom a giveninterval, thespeedof a node
in steadystateis not necessarilyfrom the samedistribution;
indeed,it wasarguedthat the two maysigni�cantly differ [1].

The random waypoint model, which is widely used in
simulatingprotocolsdesignedfor mobileadhocnetworks[9],
[10], [11], is de�ned as follows. Each nodepicks a random
destinationuniformly within anunderlyingphysicalspace,and
travelswith a speed� whosevalueis uniformly chosenin the
interval �����	��

����� . ��
���� is someparameterthat canbe set to
re�ect the degreeof mobility. Upon reachingthe destination,
the nodepausesfor a time period � , and the processrepeats
itself afterwards. Several variants of the random waypoint
modelhave alsobeenstudied[12], [13], [14], [15].
Our results. In this paper, we presenta new framework for
analyzing randomwaypoint-like models and show how the
framework canbe usedfor providing accuratesimulationsof
the steadystatebehavior. Our contributionsare twofold:

� Analytical: We presentthe randomwaypointmodelasa
renewal processand derive an accuratecharacterization
of thesteady-statedistributionsof speedandresidualdis-
tance,givenarbitrarydistributionsfor speedanddistance
of individual node movements.Our analysis provides
a derivation of the steadystate averagespeedfor the
random waypoint model and con�rms previous claims
that theremay be signi�cant discrepanciesbetweenthe
steadystate averageand the averagespeci�ed by the
user[1].

� Methodological: A usefulpropertyof our analysisis that
we areableto quantitatively characterizethesteadystate
distributionsratherthanspeci�c parametersthereof,such
astheexpectationor particularmoments.We exploit this
generalityto provide a novel methodologyfor simulating
mobility with arbitrarysteadystatedistributions. Impor-
tantly, our methodologyguaranteessteadystatefor node
movementdistributions from the start of the simulation,
thus enabling the ef�cient simulation of large-scalead
hoc networks (seeTheorem3 and Corollary 3.1). Fur-
thermore,it canbe implementedin a mannertransparent
to the user.
We support our claims through both formal proofs as
well as extensive simulations.Finally, we illustrate the
generalityof our analysisand methodologyby applying
themto therandomwaypointmodelwith arbitrarypause
time distributions.

Related work . As discussedabove, simulation and experi-
mentalstudiesoftenmodelthemotionof a nodeasa mobility
vector, that gives the direction and speedof the node.Each



nodeindependentlychoosesa mobility vector that de�nes its
motion for a periodof time (“movementepoch”),after which
a new random mobility vector is assigned(e.g., see [16],
[17]). Recently, a mobility model that allows for varying
speedsduringa movementepochhasalsobeenproposed[18].
Models for groupmovement,wherebya groupof nodesmay
move in the samegeneraldirection have also beenrecently
studied [19], [16]. Idealized models of mobility have been
studiedin [20] wheretheeffect of mobility on thecapacityof
ad hoc networks wasanalyzed.

The randomwaypointis the mostcommonlyusedmobility
modelfor simulationpurpose.Recentlyseveral studiesof this
model have revealedvarious �a ws or unexpectedproperties.
In [1], it has beenshown that the averagespeedof mobile
nodes decayswith time. This is due to the fact that low
speednodesspendmore time traveling to their destination
than high speednodes.Other mobility models such as the
one proposedin [21] have been shown to suffer from the
samespeeddecayphenomenon.In [22], it has beenshown
throughsimulationthat the randomwaypointmodeldoesnot
lead to a uniform distribution of nodeslocation. This result
hasbeenanalytically con�rmed in [23], whereit was shown
that the nodesdistribution is higher within the centerof the
simulation area. It was shown that the variation in density
dependson the nodesaveragespeedandpausetime, andthat
higherspeedsleadto a moreuniform distribution. It wasalso
shown that increasingthe nodesspeedresultsin an increased
network connectivity. Recently, stochasticpropertiesof certain
characteristicsof the randomwaypoint model, including the
length,duration,andthedirectionof a movementepoch,have
beenanalyzed[24], [25].

Recenttheoreticalstudiesof adhocnetworkshavemeasured
mobility in termsof thechangesin theunderlyingtransmission
graph.For instance,we can analyzethe robustnessof an ad
hoc network routing protocol by consideringthe amountof
work neededto be done when an elementarychangein the
transmissiongraphoccurs;that is, when an edgeis removed
or addedor the neighborhoodof a nodechanges[26], [27].
Another interestingmodel for capturingnodemobility is the
recentlyproposedadversarialnetwork model[28], in which an
adversarymay alter the underlyinggraphin an unpredictable
manner. Arbitrary node movementscan be representedby
adversarialchangesin topology.
Outline of the paper. In SectionII, we considera slightly
modi�ed randomwaypoint model with zero pausetime. We
derive the steadystate distribution functions for the nodes
speedandresidualtravel distance.In SectionIII, we propose
a techniqueto simulate nodesmobility such that, from the
beginning of the simulation, the nodes' observed speedis
uniformly distributed within the interval � �




���

� �


���

�

. In
SectionIV, we show through simulation that our technique
addressesthe drawbacksassociatedwith previous simulations
of the randomwaypoint model, and con�rms our theoretical
results. In Section V, we extend our results to the case
wherethe pausetime is speci�ed by a probability distribution
functions.In SectionVI, we discussthe generalapplicability

of our approachandresults,andconcludein SectionVII.

I I . CHARACTERISTICS OF NODES' MOVEMENT AT STEADY

STATE

We startwith the de�nition of a simplemobility model.
Mobility Model S1A: Each node's movementis charac-

terized by nonoverlappingtime periods ��� ���
	 �����
� . During
eachperiod �

� , the nodetravels with somerandomspeed�

�

for somerandomdistance�

� . The distribution functions(dfs,
in short) of distance� and speed� are user-speci�ed, and
denotedby ��� ���

�

and ��� ���

� 1. Within eachperiod, �

� and
�

� areselectedindependently. �

� 's aremutually independent,
soare �

� . Hence,the randomvariables�

� , de�ned as ���

� �

, are
alsomutually independent.Thedf for time period � , denoted
as ��� ���

�

, is determinedby ��� and ��� andwill be discussed
againlater. Due to its frequentusage,we denotethe meanof

� as ������� � � .
In modelS1A, the randomvariable �

� 's are independently
and identically distributed (i.i.d.) with common distribution
function ��� � �

�

. Thus,
�

�

�

� is a renewal process(see,e.g.,
[29], chap XI). The connectionof such mobility models to
renewal processeswas also observed by [23]. We also note
that the randomwaypointmodelwith zeropausetime canbe
regardedas a specialcaseof S1A if the underlyingphysical
spaceis assumedto be a homogeneousmetric space(for
example,a two-dimensionaltorus,or thesurfaceof a sphere).
In this case,we canspecify the speeddistribution �

�
���

�

asa
uniformone.Many studiesonadhocnetworksadopta random
waypointmodel in which the underlyingspaceis a rectangle.
Such a spaceis not homogeneousand henceis not covered
by modelS1A. We discussthis casein SectionIV.

A. Speeddistribution at steadystate

Denoteby �"! the speedof the nodeat time instant #%$ � ,
and let �&!

�

���

�

and '(!

�

�)�

�

be its correspondingcumulative
distribution function(cdf, in short)andprobabilitydistribution
function (pdf, in short). We are interestedin the analytic
expressionsof thesefunctions,especiallyas #+*-, . We have
the following result.

Theorem 1: In Model S1A, �.! has the following limit
probability functions(cdf andpdf):
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where �7� � � and �7� � � are the meansof distance � and
renewal period � , respectively.

Proof: The proof is a standardrenewal argumentfol-
lowedby applicationof theRenewal Theorem.(see,e.g.,[29],
p363).

1Unlessexplicitly speci®ed,all randomvariablesconsideredin this article
arecontinuousandnonnegative.
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Hencewe have the renewal equation
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Equation 2 follows directly from Equation 1 and this
completesthe proof.

For convenience,we also write
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(e.g.,
considerthe derivation of �7� � � in termsof � and � ).

Corollary 1.1: The meanof the speedat time , is
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From the remarksfollowing Theorem
;

, as well as Corol-
lary 1.1, one can immediately see that the distribution of
speed �"! as #�* , is solely determinedby the provided
speeddistribution ��� ���

�

, and independentof the distanceor
traveling time. It may help to considerthe fact that, in Model
S1A, for eachrenewal period �

� , the nodesselect �

� and �

�

independentlyaccordingto their own dfs.
More importantly, Equation 2 tells us qualitatively that

' 4
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� 5
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5 , i.e., after the simulation
runsfor a while, the speedsof the inspectednodesarebiased
towardsmallervalues.This phenomenonwas�rst pointedout
by [1]. Intuitively, nodeswith higher speedstend to �nish
the correspondingrenewal period more quickly, while lower
speedstend to stay on. Hence,the speeds�.! we inspectat
large time # arebiasedtoward smallervalues.

We now apply Theorem1 to the randomwaypoint model
to gain some insights. For illustration purpose,we use the
slightly modi�ed randomwaypointusedin theanalysisof [1].
Let's call it Model RW1, wherethedestinationis chosenuni-
formly within a disk of radius #


���� centeringat the picking
node (implicit assumption:boundlessregion). The speedis
uniformly chosenfrom � �
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. We mentionthat theabove averageis equalto the time
averagespeed
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Consideringthe uniform speeddistribution in Model RW1,
we have

Corollary 1.2: UndermodelRW1, we have:
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wherethe constant
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.
Hence,as the simulationprogresses,the distribution of the

speeddeviatesfar away from originally expected(uniform).



Our experimentalresults,describedin Section IV, agree
with the analytical resultsobtainedhere. In SectionIII, we
addressthe problem of distribution deviation. But �rst, we
use our approachbasedon renewal theory to analyze the
distribution of the residualdistance.

B. Residualdistanceand residualtime at steadystate

Other than the speed �.! , anothercharacteristicof nodes'
movementat a giventime # is the remainingdistanceto travel
during the period �

� that contains # . We call this quantity
residualdistanceand denoteit by � ! . For example,suppose
renewal period �

� startsat time #

:

andendsat time # � , then
�(!�� � �

� and �

�

���

���

�

�

� �

	

. We have the following result,
whoseproof is similar to that of Theorem1, andprovided in
the Appendix.

Theorem 2: In Model S1A, residualdistance � ! has the
following limit probability functions(cdf andpdf):

/�012

! 3"4

�

!
	

� 5

�

�

;

��� � �

�

8

9 :

�

;

� �
�

���

�

�

=

� (7)

/�012

! 3.4

'

!
	

�65

�

�

;

�7� � �

�>�

;

� �
�

�65

�

� (8)

Observe thatthedistancelimit distribution is alsosolelyde-
terminedby theprovideddistancedf �
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. For convenience,
we alsowrite
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is a proper probability
densityfunction.

Similar to the de�nition of residualdistance,let residual
waiting time 
 ! be the remainingtraveling time from instant

# to the end of �

� for # 7 �

� . It is known that 
 ! has the
following distribution function [29], [30]. (This can also be
deriveddirectly usingthetechniquedemonstratedin theproof
of Theorem1):
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recall that �
�

���

�

standsfor the cdf of renewal period � .

I I I . SIMULATION WITH STABLE SPEED DISTRIBUTION

As observed in SectionII-A, as the simulationprogresses,
the expectedspeedof the nodesdecreases.This phenomenon
is quantitatively characterizedin Equations1 and 2. In what
follows,we addressthis problemandproposea solutionbased
on the conceptof stationaryrenewal process[29], [30].

If the simulationbegan inde�nitely far in the past ( � , ),
thenat #+� � , thenodewould have �.! with a limit distribution
given by Theorem1. And to the user, it appearsthat the
simulation has a stablespeeddistribution immediatelyfrom
thestart.This giveshertheadvantageof saving timeoriginally
necessaryfor the moving processto converge to somestable
speeddistribution. This is especially useful for simulating
large mobile networks and thus makes the simulation pro-
cessmore scalable.In contrast,the experimentalresults in
SectionIV aswell asthoseof [1] indicatethat for commonly-
used input parametersthe convergencetime of the original

randomwaypoint model may exceedhundredsof simulation
seconds,which is a signi�cant fractionof the lengthof typical
simulations[10].

Thenaturalquestionnow is, how canwe let our simulation
begin inde�nitely in thepast?Noticethatthe(movement)state
of a node at time # * , is completely characterizedby

� !	���(! and 
 ! , whosedistributionsarealreadyobtainedby our
previous discussion.For the �rst period �
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, we pick distance
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. As for thefollowing periods� � � �
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��� , we
useModel S1A ( �+� �)�

�

and ��� �)�

�

). We thusobtaina renewal
moving processwhich effectively started inde�nitely far in
the past.In the following, we rigorouslyjustify the preceding
intuition.

Mobility Model S1B: For the �rst period �

:
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#�� � ), the traveling speed,distance(hencetraveling time) are
randomchosenaccordingto � 4
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above, and the remainingperiodsare exactly the sameas in
Model 1A, usingdistributions �
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We proceedto prove that the given processin Model S1B

is stationary, i.e., �
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has the distribution function given by
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We have proved that the process
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in
Model S1Bis stationary. For this process,we denotethespeed
at time # as ��
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, andwe have thefollowing mainresult,whose
proof is provided in the Appendix:

Theorem 3: At any time # $ � , ��
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limit distribution of �"! in the original Model S1A.
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We stressthat the identitiesare valid for any time #.$ � .
This is quitedifferentfrom Theorems1 and2, which areonly
for large time # .

Theorem3 providesa methodologyfor simulatingmobility
with arbitrarysteadystatedistributions for speed(or residual
distance).If onewantsto achieve a target (stable)distribution
function of speed���

�

��
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� � � , then all shehas to do is to
derive an appropriatedf ��� ���

�

by solving Equation11, and
thenapplyModelS1B.As anillustrationfor this methodology,
we considerthe interestingcasein which the desiredsteady
statedistribution for speedis uniform. We invoke Theorem3
to obtain the following result.

Corollary 3.1: For Model S1B, if ' �����

�

� � � �"� 7

� �



���

�	�

����

� ��� �

	

�

�

& (+)

�

�

�

&
�-,

, the speed ��


!

is uniformly
distributedwithin � �




�1�

�	�

����

� at any time # $ � .
Proof: By the de�nition of '>� ���

�

, we have
=

�+� ���

�

�

� �

�

� . Pluggingthis term into Equation11, replacing � by the
valuespeci�ed, andcalculatingthe integral yields the desired
claim.

IV. SIMULATION RESULTS

In this section,we presentsomeMonteCarlosimulationre-
sults.Onemayneedto simulateaccordingto someprescribed
distribution function � ���

�

. One way of doing this is by the
inverse transformationmethod, which is describedbrie�y as
follows. Supposethe given � � �

�

is strictly increasing2, and �

is someuniform randomvariablein �����

;

�

. Then the random
variable � � �

�

�

���

�

hascdf � � �

�

because:

���

�

� � � � � ���

�

�
�

�

�	�

�

� � �

� ���

�

� � � �

�

���

� �

� � � �

�

�

� ���

�

��� � ���

�

�&� � � �

�

2All dfs in this papersatisfy this property.

A. Random Waypoint with Speci�ed Distance Distribution
Function

For the sake of testing the theoretical results developed
in the previous sections,Monte Carlo simulationswere per-
formed under two scenarios,where # 
���� �

;

� � ��� and
��


�1�

� � � ��

���.��� ���

!��

:
� Original: (cf. Model S1A) During eachrenewal period,

the node � picks distance � according to � � �	�

�

�

�

�

%

�

& (+)

. (This correspondsto themodelusedin [1], where
destinationis uniformly picked from a disk centeredat

� with radius # 
���� ). The speeddistribution is uniform
within � � 


���

�	� 
���� �

� Modi�ed: (cf. Model S1B) For the �rst period �

:

, pick
distance�

:

accordingto �

:
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�

�

$

	 % &�(+)

�	� �

�"!

$

%

�

&�(+)

�

.
Pick �

:

uniformly from � � 


�1�

� � 
���� � . For the following
periods �

�

�#� $ � , pick � accordingto ��� �	�

�

�

�

�

%

�

& (+)

andspeedaccordingto � � ���

�

�

�

�

�

�

�

& �-,

�

�

&�(")

�

�

�

& �-,
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Fig. 1. Averagespeedof simpli®ed randomwaypoint. ( $#%&%&% nodes)

Figure1 givestheaveragespeeddecayover time. It is clear
that the averagespeedin Model S1B is stableright from the
start of simulation,while that in Model S1A, which is close
to the original randomwaypoint,keepsdecreasingover time.
In particular, within � � � seconds,the averagespeedin Model
S1A dropsabout ' �)( from the expected

;

�*�

!��

.
In fact,theevolvementof thespeed�.! distribution behaves

aspredicted.Figure2 shows the �.! pdf (from histogramplot)
of Model S1A at the start of the simulation( # �

;

) as well
as at # �,+-' � . We �nd that at # �,+-' � secondsthe pdf of
the speed�"! alreadyconvergesreasonablycloseto the limit
distribution predictedby Corollary 1.2.

On the other hand, �"! 's pdf in Model S1B is stableand
uniform all alongwithin a simulationof length

;

� � � seconds.
For illustration, Figure3 shows the plots at two time instants

� and +.' � . And this agreeswith whatCorollary3.1 predicted.

B. RandomWaypointModel with uniform and stablespeeds

In this section,we discussthe simulation of the random
waypoint model to obtain a stablespeeddistribution within
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Fig. 3. Speeddensityhistogram(pdf) (modi®ed, $#%&%�� %&%&% samplepoints)

theentiresimulationwindow. We considerthemodelwhenthe
nodesmove within a rectangleareaof �

�

� (typical valuesof
� are

;

� � � m or
;

' � � m, say).Strictly speaking,the distance
�

� in eachperiod �

� is not independent.For example, for
nodesat thecornerof therectangle,thenext distanceis biased
toward larger averagevaluesthan nodesat the centerof the
region, becausethe destinationis selecteduniformly within
the entire region. Hence,the randomwaypoint model over a
non-homogeneousspace(suchasa rectangle)is not a renewal
processasdiscussedandanalyzedpreviously.

The formal analysis of the random waypoint within a
bounded rectangle is trickier due to the so-called “edge-
effects”. Fortunately, the dependenceamong distance �

� is
weak, and it is expectedthat the processcan still be reason-
ably approximatedby the renewal processwe developed.To
con�rm this, we appealto simulationwith the following setup
(rectangle:

;

' � ��� �

;

' � ��� and ��


�1�

� � � ��

��� � � �*�

!��

):
� Original: This is the unmodi�ed randomwaypoint.Pick

destinationuniformly within the simulationregion. Pick
speeduniformly from ���




���

� �


���

�

.
� Modi�ed: Pick destinationuniformly within the simu-

lation region. Pick �rst period' speeduniformly from

� � 


�1�

� ��
����

�

, pick thefollowing periods'speedsaccord-
ing to � � � �

�

�

�

�

�

�

�

& �1,

�

�

&�(+)

�

�

�

& �1,

.

Figure 4 gives the average speed decay. The modi�ed
randomwaypoint hasa very stableaveragespeed,while the
averagespeedin the unmodi�ed modeldecreasessteadily.

Figures5, 6 show the speeddensity function at two time
instants( #%�

;

secand #%� +.' � sec).It can be seenthat the
� ! in the original randomwaypointagainconvergesto some
pdf like

5

!

� , while thatof themodi�ed modelis closeto some
uniformdistributionwith only slightbiastowardsmallervalue.
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V. MOBIL ITY MODELS WITH NONZERO PAUSE TIME

In the previous sections,we analyzethe randomwaypoint
model with zero pausetime. In this section,we extend our
analysisandmethodologyto therandomwaypointmodelwith
nonzeropausetime.

ExtendedMobility Model E2A: This is anextendedmodel
of S1A,whereeachnodepausesfor arandom� unit timeafter
eachmove.Themobile intervalsaredeterminedin exactly the
sameway asin modelS1A. The pausetime � is independent
of � � � (hence� ) with distribution function �

8

�)�

�

.
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If we seeeachcombinedperiod of �

� and �

� as a new
variable

�

� , it is evident that
�

�

�

� is also a renewal process.
Hence the results we developedpreviously carry over with
only slight modi�cation.

Let � �7� �7� � � , � 	 � �7� ��� , and ��� ���

�

�%� � �

�

� 	 .
Then,

/�012

! 3"4

���

�

# falls within some �

�

� ���

�

�

(see,e.g.,
[30]), whichwedenoteby � . Thequantitiesspeed�.! , residual
distance� ! andresidualtime 
 ! arede�ned asin Model S1A,
relative to process

�

�

�

� .
Parallel to Theorems1, 2, we have
Theorem 4: Theprocess

�

�

�

� associatedwith Model E2A
hasthe following limit distributions:

/�012

! 3.4

���

�

�

!

� 5 �

� � �

�7� � �

�7� � �

�

8

9
:

;

��=

�
�

���

�

�

�

;

���

�

(13)
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!
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� � �

;

�7� � �

�
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9 :

�

;

� �
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� �

�

�

=

�

�
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;
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(14)
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!

� 5 �

� ���

�

8

9 :

�

;

� ��� ���

�

�

�

� (15)

where ��� ���

�

is the cdf of
�

� � �

�

�

�

, which has the
following identity in termsof ��� �)�

�

and ��� �)�

�

:

��� � #

�

� ���

�

�

�

� � #	� � ���
	 ��� � #

�

(16)

Here, 	 is the convolution betweendfs ��� and ��� : ����	

�
�

��#

�

�
�

!

:

�
�

��#�� �

�+�

�
�

���

�

.
The proof of the above theoremis technically similar to

thoseof Theorems1 and 2 (a standardrenewal argumentto
build a renewal equation,followed by applicationof Renewal
Theorem)and henceomitted. Here, we provide an intuitive
argumentto interpretthe results.Let's considerEquation13.
The �rst term of the right hand side is the probability of #

falling within somemobileinterval �

� timesthequantitygiven
by Equation1, and the secondterm is the probability of #

falling within somepauseinterval �

� when the speedis � .
A momentof re�ection will tell that the sum is exactly the
probability ���

�

�"! � 5 � . The interpretationfor the other two
equationsis similar.

We now proposeModel E2B, with the motivation that the
distribution of speedwould be stable immediatelyfrom the
startof the simulationusing the model.

Extended Mobility Model E2B: The �rst period
�

:

is
determinedasfollows. With probability � , determinea period

�

:

as in model S1B, which is followed by some random
pausetime �

:

with df �

8

���

�

. With probability �

;

���

�

,
�

:

consistssolely of the residual time of 
 !

8 with distribution
� �

�

	

�

!

:

�

;

� �

8

���

�

�

�

� . The remaining
�

�

�	� $ �

�

is determined
with �

� the sameasin Model S1B and �

� randomlyselected
accordingto distribution �

8

���

�

.
To analyzethepropertiesof Model E2B, we prove �rst that

Model E2B is stationary.
Lemma 5.1: The renewal process associated with

�

�

:

�

�

�����
��� � is stationary, i.e.,
�

:

has the distribution
function of residualtime 
 !

�

given by �

;

'

�

.
Proof:
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� #	�

� ��� ���
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:

�

� � #	�

�

�

;
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�
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:
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� #�� �
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�

�

The �rst two equalitiesfollow from the de�nition of Model
E2B, the third equality follows from easymanipulationof 	

andthefourth from thefactthat �

�

�

�
� ���
�

�

�

� �

;

���

�

� �
�

�

	

.
Comparingto Equation15, we only needto show that
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�
�

��#�� �

�+�

�

Let the left term be � ��#

�

andthe right onebe # ��#

�

. We have
� ���

�

� # ���

�

� � . It is obvious that ������#

�

� � ��	 ��� � #

�

.
Straightforward computationgives
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This completesthe proof.



Given that the renewal processassociatedwith Model E2B
is a stationaryone,we arein a positionto statethe following
result, whoseproof is identical to that of Theorem3, hence
omitted:

Theorem 5: For Model E2B, the speed � ! at time # and
theresidualdistance� ! have thefollowing identities( �(# $ � ):
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� 5 � � ���
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9 :

;
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(17)
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VI . DISCUSSION

In this paper, renewal theoryprovedto bea powerful tool to
analyzeandsolve the problemof speeddecayin the random
waypoint model. It allowed us to derive the steady state
distribution functionsfor the speedandresidualdistance.We
remark that our analyticalapproachappliesto a larger class
of modelsthantherandomwaypoint-like modelsthatwe have
focusedon in this paper. In fact, any mobility model that is
reasonablycapturedby a renewal processwill be amenableto
our analysis.For example,a mobility modelwhereafter each
pauseperiod the nodechoosesa randomspeedvalue, speed
direction and travel time (insteadof a randomdestinationas
in the randomwaypoint model) can be easily shown to have
a uniformly distributedspeed.

Anotherinterestingresultof ourapproachis thatwearenow
able to generatemobility patternsfor which we control the
steadystatedistribution.Wecanchoosethetargetspeedsteady
statedistribution, then using Theorem3, we can derive the
probability distribution functionsneededfor modelsS1Band
E2B. It is reasonableto believethatdifferentmobility patterns,
e.g.,speeddistribution, will have impactson the performance
of routing protocols.Armed with our results,oneis now able
to study thesekinds of effects, which may not be so easy
previously, and hopefully, get a better understandingof the
protocols.

More generally, mobility impactsthewholenetwork perfor-
mancein variousways.In [20], it hasbeenshown thatmobility
cansigni�cantly increasecapacity. In [23], it hasbeenshown
thatmobility hasanimpactonnetwork connectivity. For future
work we plan to investigatethe useof the renewal argument
in analyzingother multihop ad hoc networks characteristics
suchas their connectivity.

VI I . CONCLUSION

In this paper, we have analyzedthesteadystatedistribution
functionsof the randomwaypointmodel. In addition to con-
�rming the drawbacksof previous simulationsof the random
waypointmodel,our analysistechniqueallowedus to derive a
theoreticallysoundsolution to the speeddecayproblem.Our
solution hasseveral advantages.First, the simulationreaches

the steadystatefrom the startandthereforethe mobile nodes
speedis from the beginning as expectedby the user which
is not the caseof previous approaches.Second,our technique
is transparentto the user. Finally, our approachprovides a
generalframework for analyzing other mobility models. In
additionto the theoreticalproofs,we have alsosimulatedour
techniquesandveri�ed our claims.
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APPENDIX

A. PROOF OF THEOREM 2
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For 5�� � ,
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B. PROOF OF THEOREM 3

The following proof follows the lines of argumentsgiven
in [30], pp 199-200.
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is the renewal function for the delayed (in our case,
stationary)renewal process,and
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Thanks to the property of being stationaryrenewal process
(Lemma3.1),
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Substituting � �

;

�

and � �.�

�

into � � �

�

, we get the result to be
shown.

The proof for ��


!

is almostidentical,henceomitted.


