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Programmers shouldn't have to think
about compilers



Fully abstract compiler

Source Target
e:T ~» e:T’



Fully abstract compiler

Source Target
e:T ~» e:T’

preserves equivalence

elxgmeQ:T — 61%%5662!’7'




Fully abstract compiler

Source Target
e:T ~» e:T’

preserves equivalence
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Verifying a CPS translation fully abstract

Source




Outline

Finding a fully abstract CPS translation w/ U (. T

. Standard CPS 3§
. Polymorphic CPS (4 only in a pure setting)
. Linear + polymorphic CPS



Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

Int"” = int

(T1—72) " = T — ((72+% ans) — ans)



Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

,g).f0;g0;0
V2:>\(' ) gO,fOO



Standard CPS isn't fully abstract

e. 7T ~ €.

(77— ans) — ans

%g: int — int >

f,g).f 0;g 0;0
f,g).g 0;f 0;0
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Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

%g: int — int >

vi = A(f,g).f 0;g 0;0
vo = A(f,g).g 0;f 0; 0

vi =Af,g,k:int — ans).(f 0)(A_.(g 0)(A\_.k 0))
vo = Af, g,k :int — ans). (g 0)(A_.(f 0)(A_k 0))
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Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

%g: int — int >

Vi = )\(:7
Vo = )\(:7

g).f0;g0;0
g).g 0;f 0;0

@ . int — ((int — ans) — anD

—

vi = A(f, g,k :int — ans).
vo = Af, g,k : int — ans).

(f 0
(8



Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

C = Ak.[J(A_A(k 1), \_)_.(k 2),k)

vi =Af,g,k:int — ans).(f 0)(A_.(g 0)(A\_.k 0))
vo = Af, g,k :int — ans). (g 0)(A_.(f 0)(A_k 0))
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Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

C = Ak.[J(A_A.(k 1), \_)_.(k 2),k)

vi =Af,g,k:int — ans).(f 0)(A_.(g 0)(A\_.k 0))
vo = Af, g,k :int — ans). (g 0)(A_.(f 0)(A_k 0))



Standard CPS isn't fully abstract

e:7 ~ e: (77— ans) — ans

C = Ak.[J(A_A(k 1), \_)_.(k 2),k)

vi =Af,g,k:int — ans).(f 0)(A_.(g 0)(A\_.k 0))
vo = Af, g,k :int — ans). (g 0)(A_.(f 0)(A_k 0))
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How can we modify the standard
CPS translation to be fully abstract!?
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Standard CPS

e:7 ~ e: (77— ans) — ans

intT = int
(71%72)+ — 7T ((ngL% ans) — ans)

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va.(tr7— a) = «a
intt = int

(7'1%7'2)4_ — Tl_I_% (VO& . (TQ_F% Oé) — Ck)
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Standard CPS

e:7 ~ e: (77— ans) — ans

intT = int
(71%72)+ — 7= ((ngL% ans) — ans)

Ahmed & Blume's polymorphic CPS
e:7 ~ e:Va. (17— a) = «a
intt = int

(7'1%7'2)4_ — Tl_I_% (VCV . (TQ_F% Oé) — oz)

What happens when we add non-termination?

18



Standard CPS

e:7 ~ e: (77— ans) — ans

intT = int
(71%72)+ — 7T ((ngL% ans) — ans)

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va.(tr7— a) = «a

intt = int
(7'1%7'2)4_ — Tl_I_% (VCV . (TQ_F% Oé) — CY)

Linear + polymorphic CPS
e:7 ~ e:Va.(tT—= a) —«
intt = int
(’7’1%7’2)4_ = 7'1+% (VCX : (7’2+—> Ck) —O Oé)
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Outline

Finding a fully abstract CPS translation w/ [l C..T

Proving full-abstraction

. Polymorphic CPS proof
. Scaling to a non-terminating setting using linearity

Towards a semantic model for linearly-treated
functions

20



Proving polymorphic CPS fully abstract

Ahmed + Blume's approach relies on
a type isomorphism:

T 2Va.(tr = a) = «
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Proving polymorphic CPS fully abstract

The type isomorphism relies on
a parametric condition:

f Va.(r = a) = a
k:1m— T
d T —= T

flmlk =% k(f [r] id)

22



Parametric condition fails in
the presence of non-termination

23



Parametric condition fails in
the presence of non-termination

f:Va.(int = a) = «
f=Aa|(zg :int = a).(zg 0); (x 1)

k:int — 7%
k= X(n:int).if0 n then Q else n

flmel b =k (f [int] id) : 7
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Parametric condition fails in
the presence of non-termination

f:Va.(int = a) = «
f=Aa|(zg :int = a).(zg 0); (x 1)

k:int — 7%
k= AX(n:int).if0 n then Q) else n

flml kB =k (f [int] id) : 1
i g



Parametric condition fails in
the presence of non-termination

f:Va.(int = a) = «
f=Aal(xg :int = a).(zg 0); (xr 1)

k:int — 7%
k= A(n:int).if0 n then Q) else n

flmd ko # k () int] id) :
f 1 .



A step back

Ahmed & Blume's polymorphic CPS
e:7 ~ e:Va.(t1T— a) = «a

27



A step back

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va. (17— a) = «a

requires
T2 Va.(T = a) = «
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A step back

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va. (17— a) = «a

requires
T2 Va.(T = a) = «
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A step back

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va. (17— a) = «a

requires
T2 Va.(T = a) = «

Linear + polymorphic CPS

e:7 ~ e:Va. (17— a) —a
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A step back

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va. (17— a) = «a

requires
T2 Va.(T = a) = «

Linear + polymorphic CPS

e:7 ~ e:Va. (17— a) —a

requires

T2 Va. (T = a) — «
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A step back

Ahmed & Blume's polymorphic CPS

e:7 ~ e:Va. (17— a) = «a

requires
T2Va.(r — a) = «

Linear + polymorphic CPS

e:7 ~ e:Va.(tT—= a) —a

requires @r@

T2 Va. (T = a) — «
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A “linear” parametric condition
in presence of hon-termination

linear

f:Va.(r = a) -«
k:1m— T
d T —= T
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How do you prove this
new parametric condition,
which uses continuations linearly?

34



Free theorem: use a logical relation

e1 ' ey i T =

€1 ;jlog €o . T /N\ () ilog €1 . T
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Free theorem: use a logical relation

615}096227 —
Vv .e1 vy =
32}2.62UU2 N\ Ulﬁlagvng
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Free theorem: use a logical relation




Free theorem: use a logical relation




Free theorem: use a logical relation

flm) & =7 k(f [7] id) : 7

flm] k <log [ (f [7]id): 1, &

k(f[r]id) 39 flmelk:me ?




Proving k (f [7] id) =9 f [me] k: T



Proving & (f [7] id) =9 f ] k= 7

know f [7] id —" v;4
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Proving / (f [7] id) =9 f ] k= 7

know f [7] id —" v;4
kv,g —" vy

42



Proving k (f [] id) =9 [ [r.] k1

know f [7] id —™ vyq show [ 1] k —™ v9
kv,g —" v
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Proving k (f [7] id) =9 f [me] k: T

know f [7] id —™ v44 show [ [1x] k—" v
kv,g —" v V1 jlog Vo
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Proving k (f [7] id) =9 [ ] k: 7

know f [7] id —>™ vyq show [ 1] k —™ v9
kv,g —" v V1 jlag Vo
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Proving k (f [7] id) =9 ] k7

know f [7] id —™ vyq show [ 1] k —™ v9
kvigr—" v v1 399 o,

know: f 39 f:Va.(r = a) —o o

show: id =<9 k17—«
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Proving & (f [7]4d) =9 fln] k7

know f [7] id —>™ vyq show [ 1] k —™ v9
kvigr—" v v1 399 o,

know: f 39 f:Va.(r = a) —o o

show: d rjlog k:m—a|a— (1,7, R)
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Proving id <'9 k:7 — «
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Proving id <'9 k:7 — «

log .
know v1 3% vy i T
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Proving id <'9 k:7 — «

[ :
know v1 379 vy i T

know d v1 |
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Proving id <'9 k:7 — «

lo .
know v1 379 vy i T

know d vy | show k vs |
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Proving id <'9 k:7 — «

l
know v1 377 vg i T

know d vy | show k vs |

Ctmhavio@
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Proving id <'9 k:7 — «

lo .
know v1 379 vy i T

know d vy | show k vs |

f:Va.(r = a) — «
k(f [r]d) 379 f [m] bem
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Proving id <'9 k:7 — «

lo .
know v1 379 vy i T

know d vy | show k vs |

f:Va.(r = a) —«a
k(f () id) 30 f [m] kom

(f I7] id) —" vig
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Proving id <'9 k:7 — «
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Outline

Towards a semantic model for linearly-treated
functions
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Function semantics: case |

f:(’]'l%TQ)%Tg 979/37_1%7_2

fgﬁlogfgliTB
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Function semantics: case |

/

f:(’]'l%TQ)%Tg g, qg . T1 — T2

g 39 g

fgﬁlogfgliTs

T — T9 for all possible inputs
|

unrestricted
usage
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Function semantics: case 2

f : (7’1 —07'2) — T3

!/,
g, 4g . 71 —°T2

fgﬁlogfgliTB

[ /
g7 g T —om

unrestricted
usage

for all possible inputs &
treat inputs linearly
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Function semantics: case 3

f : (7’1 %TQ)—OTg

/
g, g . T1 —7 T2

fgﬁlogfgliTs

gﬁlag 9,371%72

linearly used

for particular inputs
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Function semantics: case 4
fi(T1—OT2)—OTS g, !]/3 T T2
l
fagzs?f 9’ . T3

<log /. A for particular inputs &
N g - 2 treat input linearly

linearly used
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Relating linearly-treated functions

idjlogk:’r%cv
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Relating linearly-treated functions

idjlogk:’r%cv

fjlog f :Va.(r = a) — «
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Relating linearly-treated functions

idjlogk:’r%cv

fjlog f :Va.(r = a) — «
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Relating linearly-treated functions

z’djl()gk:’r%cv

fjlog f :Va.(r = a) — «
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Relating linearly-treated functions

idjlogkt:’r%oz

l
v1 39 v9 : 7 where P(vi,v2)

P(vy,v9) iff v = w4y
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Linearity by default
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Kripke logical relation for linearity

<19 f) i1 —o 7! =
1 Sw J2

Wz = | |
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Kripke logical relation for linearity

f1 309 o o7 =

Wz = [Py ]
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Kripke logical relation for linearity

flrélongZT—OT/ —
V”Ul,vg . U1 ji/(‘)/g, Vo T N Pf(vl,vg) —

[
fior Sy fava i T

WI = [ P ]

/
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Kripke logical relation for linearity

flrélongZT—OT/ —
V”Ul,’vg . U1 ji/(‘)/g, Vo T N Pf(?)l,’vg) —

[
fior Sy fava i T

WL =18 [ |

/
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Kripke logical relation for linearity

flrélongZT—OT/ —
V”Ul,vg . U1 jij‘)/g, Vo . T N Pf(vl,vg) —

[
fior Sy fava i T

WL =[Br| [B]

/
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Kripke logical relation for linearity

f 39 £ o =
Y1, vg . U1 fjﬁ/g, vo: T A Pr(vi,v2) =

l
f1U1 ,ﬁv(y)/gf fQUQ . T

wz =11 [ |

/
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Kripke logical relation for linearity

f 39 £ o =
Y1, vg . U1 fjﬁ/g, vo: T A Pr(vi,v2) =

l
f1U1 ,ﬁv(y)/gf fQUQ . T

w1 =[]

/
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Kripke logical relation for linearity

FR T —r =

VYoi, ve . U1 =29 v i T A Pr(v1,v9) =

~ W/
l
f1711§v(1)//f2@227/
Wz =1|..| |Pr]
def
1 S lga W(m— 1) = i 3 geiT T
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Related Work

Fully abstract CPS for PCF  [Laird]

. Uses game semantics proof

Logical relation for linear free theorems
[Zhao et. al.]

. Open logical relation to ensure preservation of linear
resources

TT logical relation for Lily [Bierman et. al.]
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Conclusion

Fully abstract CPS in a language with rec. types
using operational proof techniques

Y

requires 7 = Va.(T = a) — «

which requires f [7x] & =" k (f [7] id) : %
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Conclusion

Fully abstract CPS in a language with rec. types
using operational proof techniques

requires 7 = Va.(T = a) — «

which requires f [7x] & =" k (f [7] id) : %

Kripke logical relation that can distinguish

linearly-treated: unrestricted:
f:711 —o Ty f:lWm — 1)
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Why polymorphism:
ST boundary semantics

v:TiT—= (Va. (7= a) = o)

STV —
M 71 2ST (let z =(T 8™ x)
in (v z)[T27] id)

80
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