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Abstract
We study budgetconstrainednetworkupgradingproblems. We are given an undir ected

edge weighted graph ���
	���
���� where node ����� can be upgraded at a cost of ��	���� .
This upgrade reducesthe weight of eachedge incident on � . The goal is to �nd a min-
imum cost set of nodes to be upgraded so that the resulting network has a minimum
spanning tree of weight no more than a given budget � . The results obtained in the
paper include the following:

1. On the positive side, we provide a polynomial time approximation algorithm for
the above upgrading problem when the dif ference between the maximum and
minimum edge weights is bounded by a polynomial in � , the number of nodes in
the graph. The solution produced by the algorithm satis�es the budget constraint,
and the cost of the upgrading set produced by the algorithm is ��	 log ��� times the
minimum upgrading cost needed to obtain a spanning treeof weight at most � .

2. In contrast, we show that, unless NP  DTIME 	��"!$#

log log %�&

� , there can be no poly-
nomial time approximation algorithm for the problem that produces a solution
with upgrading cost at most ')( ln � times the optimal upgrading cost even if
the budget can be violated by a factor *+	,��� , for any polynomial time computable
function *+	,��� . This result continues to hold, with *+	����-�.�"/ being any polynomial,
even when the dif ferencebetween the maximum and minimum edge weights is
bounded by a polynomial in � .

3. Finally, we show that using a simple binary search over the set of admissible val-
ues,the dual problem can be solved with an appropriate performance guarantee.

AMS 1980subject classi�cation. 68R10,68Q15,68Q25
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1 Introduction and Problem Formulation

1.1 Motivation

Several problems arising in areassuch as communication networks and VLSI design can
be expressedin the following general form: Enhancethe performance of a given network
by upgrading a suitable subset of nodes. In communication networks, upgrading a node
corresponds to installing faster communication equipment at that node. Such an upgrade
reduces the communication delay along each edge emanating from the node. In signal
�ow networks used in VLSI design, upgrading a node corresponds to replacing a circuit
module at the node by a functionally equivalent module containing suitable drivers. Such
an upgrade decreasesthe signal transmission delay along the wir esconnectedto the module
[PS95]. Usually, there is a cost associatedwith upgrading a node, and this motivates the
study of problems of the following type: �nd an upgrading setof minimum costso that the
resulting network satis�es certain performance requirements.

The performance of the upgraded network can be quanti�ed in a number of ways. In
this paper, we consider the weight of a minimum spanning tree in the upgraded network
as the performance measure. We show that this network problem is NP-hard. So,the focus
of the paper is on the design of ef�cient approximation algorithms.

1.2 Preliminary De�nitions

1.2.1 Node upgrade model

The nodebasedupgradingmodeldiscussedin this paper can be formally described asfollows.
Let ���������
	�� be a connected undir ected graph. For each edge 
���	 , we are given three
integers ������
�����������
�����������
����! . The value �#"$��
�� representsthe length or delayof the
edge 
 if exactly % of its endpoints are upgraded.

Thus, the upgrade of anode & reducesthe delay of eachedgeincident on & . The (integral)
value '��(&�� speci�es how expensive it is to upgrade the node & . The cost of upgrading all
vertices in ) *+� , denoted by '#�,)-� , is equal to .0/21435'��(&�� .

Given a set ) *6� of vertices, denote by �

3 the edge weight function resulting from
the upgrade of the vertices in ) ; that is, for an edge �,78�9&��:�!	

�

3

�,7;�9&��=<>�?��"$�,78�9&�� where %:�A@ )CBEDF78�9&�G
@ .

Our model is a generalization of the node upgrade model intr oduced by Paik and Sahni
in [PS95].In their model, the reduction in edge weight resulting from an upgrade of nodes
is determined by a constant  IHKJLHNM in the following way: if exactly one endpoint of an
edgeis upgraded, then its weight is reduced by the factor J ; if both endpoints areupgraded,
the weight is reduced by the factor J

� . Clearly, the Paik-Sahni model is a special caseof the
node upgrade model used in this paper.

1.2.2 Background: Bicriteria Problems and Approximation

The problem considered in this paper involves two optimization objectives, namely, the
upgrading cost and the weight of a minimum spanning tree in the upgraded network.
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A framework for such bicriteria problems hasbeendeveloped in [MR � 95]. Sincethis frame-
work is usedthroughout this paper, we brie�y review the relevant de�nitions from [MR � 95].

A generic bicriteria problem can be speci�ed as a triple �

�

��� ��� � where
�

and � are two
objectivesand � speci�es a classof subgraphs. An instance of a bicriteria problem speci�es
a budget on the objective � . A subgraph in the class � is a valid solution if it satis�es this
budget constraint. The goal is to �nd a valid solution that minimizes the objective

�

.
Using this notation, the problem treated in this paper can be expressedas (N ODE UP-

GRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE). The interpr etation of this notation is
that the budgeted objective is the weight of a minimum spanning treein the upgraded net-
work, and the goal is to minimize the upgrade cost.

De�nition 1 (Approximation Algorithm) A (polynomialtime) algorithm for a bicriteria prob-
lem �

�

��� ���=� is saidto haveperformance � J:����� , if it hasthefollowingproperty:Forany instanceof
�

�

��� ���=� , thealgorithm

1. eitherproducesa solution from the subgraphclass � for which the valueof objective� is at
most � timesthespeci�edbudgetandthevalueof objective

�

is at most J timestheminimum
valueof asolutionfrom � that satis�esthebudgetconstraint,or

2. correctlyprovidestheinformationthat there is no subgraphfrom � whichsatis�esthebudget
constrainton � .

1.3 Problem De�nition

We denote the total length of a minimum spanning tree (MST) in � with respect to the
weight function �

3 by MST � � �$�

3

� .

De�nition 2 (Upgrading MST Problem) Given an edgeand nodeweightedgraph � � ��� �
	��

asaboveanda bound � , theupgrading minimum spanning treeproblem, denotedby (N ODE

UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE), is to upgradea set ) *N� of nodes
suchthat MST � � �$�

3

�
	�� and '#�,)-� is minimized.

The problem (N ODE UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE) is formu-
lated by specifying a budget on the weight of a treewhile the upgrading cost is to be mini-
mized. We will refer to this problem as the primal problem. It is also meaningful to consider
the corresponding dual problem, denoted by (TOTA L WEIGH T, N ODE UPGRA DIN G COST,
SPA N N IN G TREE), where we are given a budget on the upgrading cost and the goal is to
minimize the weight of a spanning treein the resulting graph.

De�nition 3 (Dual Upgrading MST Problem) Given an edgeand nodeweightedgraph � �

�����
	�� asaboveanda bound � on theupgradingcost,theproblem(TOTA L WEIGH T, N ODE UP-
GRA DIN G COST, SPA N N IN G TREE), is to upgradeaset ) *+� ofnodessuchthat '#�,)-�
	�� and
MST � � �$�

3

� is minimized.

There is a close relationship between the approximabilities of the primal and the dual
problems. We will show in Section3 that a good bicriteria approximation algorithm for one
of the problems can be used to design a good approximation algorithm for the other in a
generic way; that is, given an � J:����� -approximation algorithm for the problem (N ODE UP-
GRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE), one can obtain a ��� �$J � -approximation
algorithm for the problem (TOTA L WEIGH T, N ODE UPGRA DIN G COST, SPA N N IN G TREE).

3



2 Summary of Results and Related Work

2.1 Summary of Results

We derive our approximation results under the following assumption:

Assumption 4 There is a polynomial� suchthat � ��� � � 	��8��� � , where � ��<>� max �

1��

�#����
��

and � � <>� min �

1��

������
�� are themaximumandminimum edgeweightrespectively, and � denotes
thenumberof nodesin thegraph.

The main results of this paper are asfollows.

1. We present a polynomial time approximation algorithm, which for any �xed 	�
� ,
provides a performance guarantee of �
� M
��	2�

���

� log � � � M � for any instance of (N ODE

UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE) satisfying Assumption 4.

2. In contrast, we show that unless NP * DTIME �������

log log ���

� , there can be no polyno-
mial time approximation algorithm for (N ODE UPGRA DIN G COST, TOTA L WEIGH T,
SPA N N IN G TREE) with a performance of � J:�

�

��� �
� for any J H ln � and any polyno-
mial time computable function

�

. This result continues to hold, with
�

��� �:����� being
any polynomial, even when Assumption 4 holds.

3. We also show that using a simple binary search over the set of admissible values, an
approximation algorithm with a performance guaranteeof � M � � M���	 �

�
�

� log � �
� canbe
obtained for any instance of the dual problem (TOTA L WEIGH T, N ODE UPGRA DIN G

COST, SPA N N IN G TREE) satisfying Assumption 4.

It should be noted that our approximation algorithm for the problem (N ODE UPGRA DIN G

COST, TOTA L WEIGH T, SPA N N IN G TREE) producessolutions in which the budget constraint
is strictly satis�ed. This is unlike many bicriteria network design problems where it is nec-
essary to violate the budget constraint to ef�ciently obtain a solution that is near-optimal
with respectto the objective function [MR � 95].

2.2 Related Work

As mentioned earlier, a simpler node upgrading model has been considered by Paik and
Sahni [PS95]. Under their model, Paik and Sahnistudied the upgrading problem for several
performance measures including the maximum delay on an edge and the diameter of the
network. They presented NP-hardness results for several problems. Their focus was on
the development of polynomial time algorithms for special classesof networks (e.g. trees,
series-parallel graphs) rather than on the development of approximation algorithms. Our
constructions can be modi�ed to show that all the problems considered here remain NP-
hard even under the Paik-Sahni model.

While in this paper we choosethe total weight of a minimum spanning treeasa measure
of the performance of the upgraded network, there are other useful performance measures.
One of these measures, namely the bottleneck weight of a minimum bottleneck spanning
tree, leads to the problem (N ODE UPGRA DIN G COST, BOTTLEN ECK WEIGH T, SPA N N IN G

TREE). This bottleneck problem hasbeeninvestigated in [KM � 97].
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Edge-basednetwork upgrading problems have also been considered in the literatur e
[Ber92,KN � 96b, KN � 96a]. There, eachedge has a current weight and a minimum weight
(below which the edge weight cannot be decreased). Upgrading an edge corresponds to
decreasingthe weight of that particular edge,and there is a costassociatedwith such an up-
grade. The goal is to obtain an upgraded network with the best performance. In [KN

�

96b]
the authors consider the problem of edge-basedupgrading to obtain the bestpossible MST
subjectto a budget constraint on the upgrading costand presenta � M�� 	 � M�� M

�

	 � -approxima-
tion algorithm. Generalized versions where thereare other constraints (e.g.bound on maxi-
mum node degree)and the goal is to obtain a good Steiner tree,are considered in [KN � 96a].
Other referencesaddressing problems that can be interpr eted as edge-basedimpr ovement
problems include [FSO96, HT97, Phi93].

3 Dual Problems and Approximability

In this sectionwe formally stateand prove our claim from Section1.3that the dual problems
de�ned in this paper are closely related with respectto their approximability . We show that
a genericapproximation algorithm for oneproblem canbeconverted into an approximation
algorithm for the dual. The main tool for obtaining this result is a binary search over an
appropriate set of admissible values, which is a common technique for treating problems
when the objectivesare interchanged (seee.g. [AMO93 ]).

Lemma 5 If thereexistsanapproximationalgorithmfor theproblem(N ODE UPGRA DIN G COST,
TOTA L WEIGH T, SPA N N IN G TREE) with a performanceof � J:����� , thenthere is an approximation
algorithmfor theproblem(TOTA L WEIGH T, N ODE UPGRA DIN G COST, SPA N N IN G TREE) with
performanceof ��� �$J � .

Proof. Let A be an � J:����� -approximation algorithm for (N ODE UPGRA DIN G COST, TOTA L

WEIGH T, SPA N N IN G TREE). Wewill show how to useA to construct a ��� �$J � -approximation
algorithm for the dual problem.

An instance of (TOTA L WEIGH T, N ODE UPGRA DIN G COST, SPA N N IN G TREE) is spec-
i�ed by a graph �!� �����
	�� , the node cost function ' , the weight functions � " , %��! �� M ��� ,
on the edges and the bound � on the node upgrading cost. We denote by OPT the opti-
mum weight of an MST after upgrading a vertex set of cost at most � . Observe that OPT
is an integer such that ������M � ����	 OPT 	 ����� M � � � where � ��<>� min �

1��

������
�� and
� � <>� max �

1��

�#����
�� .
Weusebinary search to �nd the minimum integer � such that ��� �EM � � � 	�� 	 ��� � M � � �

and algorithm A applied to the instance of (N ODE UPGRA DIN G COST, TOTA L WEIGH T,
SPA N N IN G TREE) given by the weighted graph � asaboveand the bound � on the weight of
an MST after the upgrade, outputs an upgrading setof costat most J � . It is easyto seethat
this binary search indeed works and terminates with a value � 	 OPT. The corresponding
upgrading set ) then satis�es MST � � �$�

3

� 	 �
� 	 � OPT and '#�,)-�
	5J � . �

Using a similar technique, one can also establish the following result:

Lemma 6 If there existsan approximation algorithm for the problem(TOTA L WEIGH T, N ODE

UPGRA DIN G COST, SPA N N IN G TREE) with a performanceof � J:����� , thenthere is an approxima-
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tion algorithmfor theproblem(N ODE UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE)
with performanceof ��� �$J � . �

In view of Lemma 5, the next section focuseson the development of an approximation
algorithm for the problem (N ODE UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE).

4 The Algorithm

In this section we develop our approximation algorithm for the (N ODE UPGRA DIN G COST,
TOTA L WEIGH T, SPA N N IN G TREE) problem. Without loss of generality, we assume that
for a given instance of (N ODE UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE), the
bound � on the weight of the minimum spanning tree after the upgrade satis�es � �

MST � � �$�#��� , sinceno upgrade strategy canshorten an edge 
 � 	 below � ����
�� , and therefore
it is impossible to obtain a minimum spanning treeof weight strictly lower than MST � � �$� ���

in our upgrading model. Thus, we canassumethat therealways existsa subsetof the nodes
which, when upgraded, leads to an MST of weight at most � . We remind the reader that
our algorithm also usesAssumption 4 (stated in Section 2) regarding the edge weights in
the given instance.

4.1 Overview of the Algorithm

Our approximation algorithm can be thought of as a local improvementtype of algorithm.
To begin with, we compute an MST in the given graph with edge weights given by � ����
�� .
This value equals �

3

��
�� for the initial case ) ��� , where ) *�� is the set of upgraded
nodes maintained by the algorithm. During each iteration, we selecta node and a subset
of its neighbors and upgrade them by adding them to the set ) . The policy used in the
selectionprocessis that of �nding a setwhich gives us the best ratio impr ovement, which is
de�ned as the ratio of the impr ovement in the total weight of the spanning treeto the total
cost spent for upgrading the chosennodes. Having selectedsuch a set, we recompute the
MST and repeat our procedure. The procedure is halted when the weight of the MST is at
most the required bound � . To �nd a subset of nodes with the best ratio impr ovement in
eachiteration, we usean approximate solution to the TwoCostSpanningTreeProblemde�ned
below.

De�nition 7 (Two Cost Spanning TreeProblem) Givenaconnectedundirectedgraph ��� �����
	�� ,
two edgeweight functions, ' and � , anda bound � , �nd a spanningtree� of � suchthat the total
cost '#��� � is at most � andthetotal cost � ��� � is a minimum amongall spanningtreesthat obeythe
budgetconstraint.

In the framework of bicriteria problems, the above problem can be expressedas ( � -
TOTA L WEIGH T, ' -TOTA L WEIGH T, SPA N N IN G TREE). This problem has been addressed
by Ravi and Goemans[RG96] who obtained the following result.

Theorem 8 For all 	 
  , there is a polynomialtime approximationalgorithm for the Two Cost
SpanningTreeproblemwith a performanceof � M � M � 	2� . Therunning time of the algorithmis in

�

���

�����

��	 log
�

� � � log



� �
� . �
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We now explain in more detail the basic outline of our algorithm. As stated above, in
each iteration our algorithm selectsa node and a subset of its neighbors for upgrading.
Thesevertices are always contained in a claw, which is de�ned asfollows:

De�nition 9 (Claw, Marked Claw) A graph � � ��� �
	�� is calleda claw, if 	 is of the form
	 � D �(& ��� � <�� � ��� D &�G2G for somenode& � � . Thenode& is saidto bethecenter of theclaw. A
clawwith at leasttwo nodesis calledanontrivial claw.

A marked claw is aclaw � with asubset�A���8�	�
� of its verticesmarkedfor upgrading.

Notice that a claw's center is not uniquely determined if the claw contains less than three
nodes.

The reasonswhy our algorithm always choosesthe marked vertices in a marked claw for
upgrading in eachiteration are twofold. On the one hand, we can show how to decompose
an optimal solution into a set of marked claws one of which provides a “good” upgrading
set at the current stage (seeLemma 14). On the other hand, we are able to �nd a “good”
claw in each iteration by using the algorithm from [RG96] to solve a couple of auxiliary
instancesof the TwoCostSpanningTreeProblem(seeLemma 15).

In eachof theseinstancesof TwoCostSpanningTreeProblem, we add edgesderived from
one particular marked claw to the current MST to obtain an auxiliary graph � . Each edge
from the claw is added twice, once in an “original version” with old weight, and another
time as a parallel edge in an upgraded version. We then de�ne two edge weight functions
on the resulting graph � . One weight function re�ects the upgrading cost while the other
re�ects the resulting weight of the edges.Using the algorithm from [RG96] we �nd a span-
ning tree �
� in � which is light with respect to its weight and does not cost too much in
terms of upgrading. Depending on which edges(original or upgraded) from the claw are
contained in �
� , we derive a marked claw. The best of all these marked claws is used to
determine the upgrading setchosenin the current iteration.

4.2 Algorithm and Performance Guarantee

The remainder of Section4 is devoted to a proof of the following theorem.

Theorem 10 Forany �xed 	 
0 , thereis apolynomialtimeapproximationalgorithmthat provides
a performanceguaranteeof �
� M � 	 �

�
�

� log � � � M � for any instanceof (N ODE UPGRA DIN G COST,
TOTA L WEIGH T, SPA N N IN G TREE) satisfyingAssumption4.

The algorithm referred to in Theorem 10is obtained by executing Algorithm UPGRA DE-
M ST (seeFigures 1 and 2) for a polynomial number of values of the parameter � . (De-
tails regarding the values of � used by the algorithm appear in Section 4.5.) Algorithm
UPGRA DE-M ST usesProcedure COM PUTE-QC whose description appears in Figure 3. We
addressthe running time of our algorithm in Section4.7.

Before we embark on a proof of the performance guarantee stated in Theorem 10, we
give the overall idea behind the proof. Recall that eachbasic step of the algorithm consists
of �nding a marked claw (i.e. a node and a subsetof its neighbors) to upgrade.

Let ) be a subsetof the nodes upgraded so far and let � be an MST with respectto �

3 ;
that is, � � MST � � �$�

3

� . For a claw � with nodes �A���8� *�� marked, we de�ne its quotient

7



Algorithm UPGRA DE-M ST � � �

� Input: A graph � � ��� �
	�� , three edge weight functions � � � ��� � ��� , a node weight
function ' , and a number � , which is a bound on the weight of an MST in the upgraded
graph; a “guess value” � for the optimal upgrading cost.

1. Initialize the setof upgraded nodes: )A�:<>�

�

.
2. Let � � <>� MST � � �$�

3��

� .
3. Initialize the iteration count: % <>�AM .
4. Repeat the following steps until the current tree � "�� � and the weight function �

3��
	��

satisfy the condition �

3 �
	
�

���#"�� �
� 	 � :

(a) Let ��"�� � <>� MST � � �$�

3 �
	
�

� be an MST w.r.t. the weight function �

3 �
	
� .
(b) Call Procedure COM PUTE-QC to �nd a marked claw � with “good” quotient cost

�

���8� . Procedure COM PUTE-QC is called with the graph � , the current MST � "�� � ,
the current weight function �

3 �
	�� and the bound � .
(c) If Procedure COM PUTE-QC reports failur e, then report failur e and stop.
(d) Upgrade the marked vertices �A���8� in � : )?" <>�0) "�� ��� �A���8� .
(e) Increment the iteration count: % <>� % � M .

� Output: A spanning tree with weight at most � , such that total cost of upgrading the
nodes is no more than � M � 	 �����

�

� log � � , provided � � OPT. Here, OPT denotes the
optimal upgrading cost to reduce the weight of an MST to be at most � .

Figure 1: Appr oximation algorithm for node upgrading under total weight constraint.

Figure 2: Illustration of one iteration of Algorithm UPGRA DE-M ST. Left: Graph with up-
graded nodes (black) and MST (solid lines). Center: An optimal claw with marked nodes.
Right: MST after the additional upgrade of the marked nodes.
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Procedure COM PUTE-QC ��� �

� Input: A graph �?�N�����
	�� , a spanning tree � and a weight function � on 	 ; ) *?� is the
set of upgraded nodes;a “guess” � for the optimal upgrading cost.

1. Let � <>�

�

log
�

�

�

��� .
2. For eachnode &

�

� ) and all � � D M � � M�� 	 � � � M�� 	 �

�

������� � � M � 	2�	� G do

(a) Setup an instance 


/�� 
 of the TwoCostSpanningTreeProblemasfollows:
� The vertex setof the graph �

/ contains all the vertices in � and an additional
“dummy node” � .

� There is an edge �(& ����� joining & to the dummy node � of length �$�(& ����� �  

and cost '#�(& ����� � '#�(&�� thus modeling the upgrading cost of & .
� For each edge �(& ��� �I��	 , �

/ contains two parallel edges � and � up . The
edge � models the situation where � is not upgraded, while � up models an
upgrade of � :

'������ <>�  '#��� up � <>�� �� if ��� )

�$����� <>�?�����(& ��� � � if � � ) '#��� up � <>� '#� � � � if �

�

� )

�$����� <>�?�����(& ��� � � if �

�

� ) � ��� up � <>�5�����(& ��� ���

� For each edge �,78��� ��� � , there is one edge �,78��� � � 	 which has length
� �,78��� �=�?�=�,7;��� � and cost '��,7;��� � �  .

� The bound � on the ' -cost of the treeis set to � .
(b) Using the algorithm mentioned in Theorem 8, �nd a treeof ' -costat most � M � 	 �	�

and � -cost no more than that of a minimum budget � bounded spanning tree(if
one exists). Let �

/�� 
 be the treeproduced by the algorithm.

3. If the algorithm fails for all instances 


/�� 
 then report failur e and stop.
4. Among all the trees �

/�� 
 �nd a tree �

/

0

� 


0 which minimizes the ratio '#���

/

0

� 


0

�

�

� �=��� � �

� ���

/

0

� 


0

�
� .
5. Construct a marked claw � from �

/

0

� 


0 asfollows:
� The center of � is &�� and &�� is marked.
� The edge �(&�� ��� � is in the claw � if �

/

0

� 


0 contains an edgebetween &�� and � . The
node � is marked if and only if the edge in �

/

0

� 


0 between &
� and � has ' -cost

greater than zero.

� Output: A marked claw � (with its center also marked) with quotient cost �

���8� satisfying
�

���8� 	 � � M�� 	 �

� OPT
�

���

�

���

and cost '#� �A���8�
� satisfying '#� �A���8�
�
	 � M � 	2��� .

Figure 3: Algorithm for computing a good claw.
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��

Figure 4: Example of the auxiliary graph constructed by Procedure COM PUTE-QC. Left:
Graph with upgraded nodes(black) and MST (solid lines); node & is considered asthe center
of a claw. Right: Constructed instance of the Two CostSpanningTreeProblem; thick edges
have nonzero ' -cost and dashed edgeshave � -cost according to �=� .

cost �

���8� to be

�

���8� <>�

� �

��� ���

� �

���

���

�

� MST
� �
	��

�

�

�
���������

�

� if �A���8��� �

�

�

��� � otherwise.

In other wor ds, �

���8� is the costof the vertices in �A���8� divided by the decreasein the weight
of the MST when the vertices in �A���8� are also upgraded and edgesin the current tree � can
be exchanged for edges in the claw � . Notice that this way the real pro�t of upgrading
the vertices in �A���8� is underestimated, since the weights of edgesoutside of � may also
decrease.

Our analysis shows that in each iteration, there exists a claw of quotient cost at most
� OPT

���

� �

�

� �

, where � is an MST at the beginning of the iteration and ) is the set of nodes
upgraded sofar. Essentially, this meansthat in eachiteration, there is a claw whose quotient
cost is bounded by the ratio of twice the optimum cost and the remaining effort. We can
then use a potential function argument to show that this yields a logarithmic performance
guarantee.

4.3 Bounded Claw Decompositions

De�nition 11 Let ���������
	�� bea graphand ) *�� a subsetof markedvertices.Let � � M be
an integerconstant.A � -bounded claw decomposition of � with respectto ) is a collection

� �4�������=� ��� of nontrivial claws,whichareall subgraphsof � , with thefollowingproperties:

1. �

�

"�� �

� ��� " �=��� and �

�

"�� �

	 ��� " �=� 	 .
2. No nodefrom ) appearsin morethan � claws.
3. Theclawsareedge-disjoint.
4. If aclaw ��" containsnodesfrom ) , thenits centeralsobelongsto ) .

An example of a 2-bounded claw decomposition is shown in Figure 5.

Lemma 12 Let  bea forestin � � �����
	�� andlet ) *�� bea setof markednodes.Thenthere is a
� -boundedclawdecompositionof  with respectto ) .

10



Proof. We show how to decomposeeachtree � in the forest  to get a � -bounded decom-
position.

If eachnode in � has degreeone, then � consistsof a single edge which is a nontrivial
claw. Otherwise, let & be an arbitrary vertex of degreeat least two where at least one of its
neighbors is of degreeone. If all neighbors of & are of degreeone, then � is again already a
nontrivial claw and we are done.

Let �

/ be the neighbors of & in � which are of degree one. Construct a claw �

/ with
center & by selecting as its vertex set �

/

� D,&�G . Remove the vertices in �

/ from � . Call the
resulting tree ��� . Observe that ��� consistsof at least two vertices.

Repeatthe aboveprocedurewith � � until we end up with a single claw. Add this claw to
the collection of claws. If there are claws sharing the samecenter, join them into one single
claw. At this point, eachvertex appears in at least one and in at most two of the claws.

Condition (4) of De�nition 11 can be satis�ed by splitting a claw whose center does not
belong to ) into claws consisting of one edge each. �

Figure 5: Left: Tree with marked nodes. Right: 2-bounded claw decomposition resulting
from the construction described in the proof of Lemma 12.

For our proof we will make use of the following lemma.

Lemma 13 Let � and �
� betwo spanningtreesof � . Thenfor eachedgeset ��* � � �

� there is an
edgeset �

�
* �

�
� � suchthat ��� ����� ���

� and ���
�

���
�

� ��� ar bothspanningtreesof � . �

Lemma 14 Let � <>� ��"�� � beanMST at thebeginningof iteration % , i.e., � � MST � � �$�

3

� , where
) <>�+) "�� � is theupgradingsetconstructedsofar. Thenthere is a markedclaw � (whereits center

& is alsomarkedand &

�

� ) ) with quotientcost �

���8� satisfying

�

���8� 	

� OPT
�

3

��� � � �

and '�� �A���8�
�
	 OPT �

Proof. Let ��� � MST � � �$�

3

	

OPT � bean MST after the additional upgrade of the vertices in
OPT. Clearly, �

3

	

OPT ���
�

� 	 � . Apply Lemma 12 to �
� with the vertices in � <>� OPT �;)

marked. The lemma shows that there is a � -bounded claw decomposition of ��� with respect
to � . Let the claws be �8�4�������=� ��� . In eachclaw �
	 , the corresponding nodes �A����	 � <>� ��	 B
�

from � are marked. Sincethe decomposition is � -bounded with respectto � , it follows that

�

�

	�� �

'#� �A����	 �
�
	 � � OPT � (1)

11



Mor eover, the cost '#� �A���
	 �
� of the marked nodes in each single claw ��	 does not exceed
OPT, sincewe have marked only nodes from � .

For the remaining part of the proof, we denote by 	 the edge set of graph � with
weights given by �

3 ; in particular we have � � MST �9	�� . We denote by � �

	

those edges
from claw �
	 whose weight in the current graph � � �$�

3

� dif fer from the weight in the up-
graded graph � � �$�

3

	

OPT � . Then, � � is an MST in the graph with edge set 	 � �

�

	�� �

� �

	

. It is
convenient to denote by � or � � both the treeitself and the weight of the tree.Thus we have

MST �9	 � �

�

	����

�

�

	

� � �

�

�?�

3

	

OPT ���

�

� 	�� � (2)

We will now prove the following inequality

�

�

	����

MST �9	�� �

�

	

� 	 MST �9	 � �

�

	�� �

�

�

	

��� �

�

� M � � MST �9	��=� �

�

� �

�

� M � � � � (3)

At �rst, we swap edgesbetween the � treeson the right hand side of (3). We will start
with � �

�

<>� � � and apply Lemma 13 iteratively �

� M times. In step % , %:� M ������� �

�

� M , choose
� �

"

<>� � �

"�� �

B � �

"

. By Lemma 13 there existsa set ��" * � such that

�#" <>� ��� � ��" ��� �

�

"

and �

�

"

<>� ���

�

"�� �

� �

�

"

��� ��"

are both spanning trees.After �

�LM steps,we end up with the setof treesD � � ������� � �
�

� � � ���

�
� �

G

on the right hand side, while the total weight remains the same.
Since ��" � ��� � ��"
� � �����

"�� �

B � �

"

� , %:�?M ������� �

�

� M , we have ��" * 	 � � �

"

. Henceforth,

�#"�� MST �9	 � �

�

"

� � % �AM ������� �

�

� M � (4)

Mor eover, from the construction follows ���

�
� �

*�	 � � �

�

, since from the initial tree ���

�

, all
edgesfrom claws �

�

�

�������=� �
�

�
� �

have beenswapped out. Therefore,

�

�

�
� �

� MST �9	�� �

�

�

� � (5)

Summing up over (4) and (5), we get immediately Inequality (3). Equations (2) and (3) now
yield

�

�

	�� �

MST �9	 � �

�

	

�
	���� �

�

� M � � MST �9	�� (6)

���

MST �9	�� � � 	

�

�

	�� �

�

MST �9	�� � MST �9	�� �

�

	

���:� (7)

and consequently

.

�

	�� �

'#� �A����	 �
�

.

�

	�� �

�

MST �9	�� � MST �9	 � �
�

	

�
�

	

� � OPT
MST �9	���� �

� (8)

An averaging argument now shows the existanceof a claw with the desired properties. �
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4.4 Finding a good claw in each iteration

Lemma 14 implies the existenceof a marked claw with the required properties. We will
now deal with the problem of �nding such a claw.

Lemma 15 Supposethat the bound � given to Algorithm UPGRA DE-M ST satis�es � � OPT.
Then,during eachiteration % , thealgorithmchoosesamarkedclaw � � suchthat

�

���

�

� 	 � � M
� 	 �

�

OPT
�

3

��� � � �

and '#� �A���

�

�
� 	 � M � 	2��� �

where ��<>� �#"�� � is an MST at the beginningof iteration % and ) <>��)?"�� � is the setof nodes
upgradedsofar.

Proof. By Lemma 14, there is a marked claw � with quotient cost �

���8� at most �

OPT
���

� �

�

� �

.
Let & be the center of this claw. By Lemma 14, & is marked. Let '����8� <>�-'#� �A���8�
� be the
cost of the marked nodes in � and � <>� MST ��� � �;�$�

3

	�� ���

�

� be the weight of the MST in
� � � resulting from the upgrade of the marked vertices in � . Then, by the de�nition of the
quotient cost �

���8� we have

�

���8�=�

'#���8�

�

3

��� � ���

	 �

OPT
�

3

��� � � �

� (9)

Consider the iteration of Procedure COM PUTE-QC when it processesthe instance 


/�� 
 of
Two CostSpanningTreeProblemwith graph �

/ and '����8� 	 �-H � M � 	 � ��'#���8� . The tree
MST ��� � �;�$�

3

	�� ���

�

� induces a spanning treein �

/ of total ' -cost at most '#���8� (which is at
most � ) and of total � -length no more than � . Thus, the algorithm from Theorem 8 will �nd
a tree �

/�� 
 such that its total ' -cost '#���

/�� 


� is bounded from above by � M � 	 �	� 	A� M � 	 �

�

'#���8�

and of total � -length � ���

/ � 


� no more than � .
By construction, the marked claw �

� computed by Procedure COM PUTE-QC from �

/�� 


hasquotient costat most '#���

/ � 


�

�

� �

3

��� � � �$���

/ � 


�
� , which is at most � M�� 	 �

�

'#���8�

�

� �

3

��� � ����� .
The lemma now follows from (9). �

4.5 Guessing an Upper Bound on the Improvement Cost

We run our Algorithm UPGRA DE-M ST depicted in Figure 1 for all values of

��� D M � � M
� 	 � � � M
� 	 �

�

������� � � M � 	2��� G � where �;<>�

�

log
�

�

�

'#��� � � �

We then choosethe bestsolution among all the solutions produced. Our analysis shows
that when OPT 	 � H � M � 	 � � OPT, the algorithm will indeed produce a solution. In
the sequel, we estimate the quality of this solution. Assume that the algorithm uses

�

�AM

iterations and denote by �8�4�������=� ��� � ���

�

� the claws chosenin Step4b of the algorithm. Let
' "�<>��'#� �A��� " �
� denote the costof the vertices upgraded in iteration % . Then, by construction

' " 	 � M � 	2��� 	 � M � 	 �

�

OPT for % �AM �������=�

�

� M�� (10)
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4.6 Potential Function Argument

We are now ready to complete the proof of the performance stated in Theorem 10. Let
MST" denote the weight of the MST at the end of iteration % , i.e., MST "8<>�N�

3 �

���#" � . De�ne
�

" <>� MST" � � . Sincewe have assumed that the algorithm uses
�

�AM iterations, we have
�

" �!M for % �� ��������=�

�

and
�

�

�

� 	6 . As before, let '4" <>��'�� �A��� "$�
� denote the cost of the
vertices upgraded in iteration % . Then

�

"

�

� �

�

" � � MST" � MST"

�

� �

Lemma 15
	

�

M �

'4"

�

�

J � OPT �

�

" � (11)

where JL<>� � � M���	 �

� . We now use an analysis technique due to Leighton and Rao [LR88].
The recurrence(11) and the estimate ln � M ��� � 	 ��� give us

�

�

"�� �

'4"
	5J � OPT � ln
�

�

�

�

� (12)

Notice that the total cost of the nodes chosenby the algorithm is exactly the sum .

�

�

�

"����

'4" .
By (12)and (10)we have

�

�

�

�

"����

'4" � ' �

�

� �

�

�

"����

'4" 	 � M�� 	 �

�

OPT � � � M�� 	 �

�

OPT � ln
�

�

�

�

� (13)

We will now show how to bound ln �

�

���

. Notice that
�

� � MST� � � �?M , sincethe algorithm
uses

�

� M iterations and does not stop after the
�

th iteration. We have
�

�I� MST� � � 	

��� �5M � � � � � � ��� , where � � and � � denote the maximum and the minimum edge weight
in the graph. It now follows from Assumption 4 that ln

�

� �

�

� log ��� � ��� �
�
� *

�

� log � � .
Using this result in (13)yields

�

�

�

�

" ���

'4"
	 � M � 	 �

�

� OPT � � � M � 	 �

�

�

� log � � � OPT

�L� M � 	 �

�

�

� log � � � OPT �

This completes the proof. �

4.7 Running Time

In this section we consider the running time of our algorithm. Let ��� �����
	�� be the in-
put graph and denote by � <>� @ � @ and 	 <>� @ 	�@ the number of vertices and edges in � ,
respectively.

We �rst estimate the running time needed by Procedure COM PUTE-QC. When called
with parameter � � � M � 	 �

" for some integer % , Procedure COM PUTE-QC runs the algo-
rithm from [RG96] on � �2% instancesof Two CostSpanningTreeProblem. The total effort is
dominated by the � � % calls to the algorithm for TwoCostSpanningTreeProblem, which needs

�

���

�����

��	 log
�

� ��� log



� �
� *

�

���

�����

	 log



� � time. Thus, the total time effort for one
such call to COM PUTE-QC is in �

�,% � �

�

�

� ���

	 log



� � .
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Algorithm UPGRA DE-M ST usesat most � iterations. In each iteration, we compute an
MST and call Procedure COM PUTE-QC, which dominates the running time. This leads to a
bound of �

�,% � �

�

�

�����

� 	 log



� � for the running time of Algorithm UPGRA DE-M ST �
� M ��	 �

"

� .
As pointed out in Section4.5,this algorithm is run with test parameter � � � M�� 	 �

" , for
% �AM ��� ���������

�

log
�

�

�

'���� � � . This yields an overall running time of

�

log �

1��

�

���

���

�

"����

% �

�

���

�

�

�����

� 	 log



� � *

�

� log
�

�

�

�

'#���I� � �

�

�

�����

� 	 log



� �

for the algorithm.

5 Hardness Result

In this section we prove the hardness result stated in Section 2. The proof relies on the
following lemma.

Lemma 16 Let J and
�

betwo polynomialtime computablefunctions. Let J benondecreasing,
and let ' 
 M and � ��� beconstantssuchthat J ��� ��M � 	 '�� J ��� � for all � � � . Then
theexistenceof an � J ��� � �

�

��� �
� -approximation algorithmfor (N ODE UPGRA DIN G COST, TOTA L

WEIGH T, SPA N N IN G TREE) impliestheexistenceofa ' �2J ��� � -approximationalgorithmfor M IN -
IM UM DOM IN ATIN G SET. Here, � denotesthenumberof verticesin theinput graphs.

Note that requiring the existenceof the constant ' is not a serious restriction, since we
can always assumethat J ��� � 	 � .

Proof. We perform a reduction from M IN IM UM DOM IN ATIN G SET [GJ79, Problem GT2].
An instance of M IN IM UM DOM IN ATIN G SET is given by a undir ected graph �A�!�����
	�� . A
node set � * � is a minimum dominating set, if eachnode in � � � is incident to a node
in � , and � is of minimum cardinality among all node setswith the domination property.

Given an instance � � �����
	�� of M IN IM UM DOM IN ATIN G SET, add a new node � (the
root) to the graph and connect � to all the nodesin � . Let � � �A@ � @ �EM bethe resulting number
of nodes. For all edges,set the initial weights to � ��<>� � �

�

���
�

��� M , and the weights in the
upgrading caseto � ��<>� � � <>�?M . The upgrade costof the root is set to '#�

�

� <>�

�

� � ' � J ��� � � � M ,
all remaining nodes have upgrading cost M . The constraint on the total weight is �L<>�?@ � @ .

Now suppose there is an � J ���
�

� �

�

���
�

�
� -approximation algorithm for (N ODE UPGRA D-
IN G COST, TOTA L WEIGH T, SPA N N IN G TREE). Observethat for the instanceof this problem
constructed above, there is always a feasible solution, namely, the upgrading set consisting
of all vertices in the graph. Thus, if applied to this instance, the algorithm must output
an upgrading set of cost at most J ���

�
� times the optimum upgrading cost such that the

upgraded network contains an MST of weight at most
�

���
�

� � � .
It is easyto seethat upgrading a dominating set of size 7 in � yields a minimum span-

ning tree in �
� which ful�lls the weight constraint and has upgrade costsequal to 7 . Thus

the optimum upgrading cost OPT is at most the size of the minimum dominating set.
Conversely, each upgrading set in �

� not containing the root and resulting in an MST
of weight at most � is also a dominating set in � . Now observe that any spanning treeof
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weight more than � hasweight at least � � � � �

�

��� � � � M 
 � �

�

��� � � . Thus, to satisfy the weight
constraint within a factor of

�

��� �F� , the algorithm must output a spanning treeconsisting of
edgesof weight 1 only. Mor eover, due to the high cost of upgrading the root, the algorithm
can never choosethe root for upgrading: let 7 be the size of a smallest dominating set, then
OPT 	 7 by our observations from above. The algorithm produces a solution of cost at
most J ��� � � � OPT 	5J ��� � � � 7 	�' � J ��� � � 7 H '#�

�

� .
Thus, an � J ��� �F� �

�

��� �F�
� -approximation algorithm can be used to obtain a dominating set
in the original graph � whose size is at most ' ��J ��� � times the cardinality of an optimum
dominating set. �

Corollary 17 (Non-Approximability) Let
�

beany (polynomialtime computable)function, and
J ��� �8H-� M � 	 � ln � for �xed 	 
A . UnlessNP * DTIME ����� �

log log � �

� , there canbeno polyno-
mial timeapproximationalgorithmfor (N ODE UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G

TREE) with performanceguarantee� J ��� � �

�

��� �
� , where � denotesthe numberof verticesin the
input graph.

Proof. Feige [Fei96] has shown that, unless NP * DTIME ����� �

log log ���

� , there can be no
J ��� � -approximation algorithm for M IN IM UM DOM IN ATIN G SET when J ��� �=H ln � .

For some 	 
  , assumethat there is a �
� M�� 	 � ln � �

�

��� �
� -approximation algorithm for
(N ODE UPGRA DIN G COST, TOTA L WEIGH T, SPA N N IN G TREE). Then there are constants 	 � ,

' , and � , such that for ��� �

ln ��� � M � 	 ' � ln � and � M � 	 � ln ��	

M � 	
�

'

ln � �

With help of Lemma 16 we can conclude that there exists a �
� M � 	 �F� ln � � -approximation
algorithm for M IN IM UM DOM IN ATIN G SET, which contradicts Feige'sresult. �
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