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Midterm&1&Review



Midterm&I&Topics

• Fundamentals:
• Induction
• Asymptotics
• Recurrences

• Stable&Matching
• Divide&and&Conquer
• Dynamic&Programming



Topics:&Induction

• Proof&by&Induction:
• Mathematical&formulas,&e.g.&∑ "#

$%& = # #(&
)

• Spot&the&bug
• Solutions&to&recurrences
• Correctness&of&dividePandPconquer&algorithms

• Good&way&to&study:
• LehmanPLeightonPMeyer,&Mathematics*for*CS
• Review&dividePandPconquer&in&KleinbergPTardos
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eg prove that mergesort is correct



Practice&Question:&Induction

• Suppose&you&have&an&unlimited&supply&of&3&and&7&cent&coins,&
prove&by&induction&that&you&can&make&any&amount&* ≥ 12.

Key observation If I can make change for n 3
I can make change for n add one com

Second observation If I can make change for n 3 n Z n

I can make change for any m n

L2 13 1,4 15 16 17 18 19 20
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Inductive Hypothesis

H n can make change for any 12 Ken

We're trying to prove
then Hln is true

Base Cases

H iz HC137 H M are true by inspection

for some n 14

Inductive Step Suppose H n is true Wewill show

that HInti is true

By Hln we can make change for 12 Ken

If we can make change fer n 2 then we

can make change for htt add a 3cest com

o we can make change for ntl b c n 2 12

e Hln117 is true



Topics:&Asymptotics

• Asymptotic&Notation
• ., 0, 1, Ω, Θ
• Relationships&between&common&function&types

• Good&way&to&study:
• KleinbergPTardos Chapter&2

Mostly use f n O gcn



Notation …&means&… Think… E.g.

f(n)=O(n) ∃5 > 0,*0 > 0, ∀* ≥ *0:
0 ≤ ; * ≤ 5<(*)

At&most&
“≤”

100n2 =&O(n3)

f(n)=Ω(g(n)) ∃5 > 0,*0 > 0, ∀* ≥ *0:
0 ≤ 5< * ≤ ;(*)

At&least&
“≥”

2n =&Ω(n100)

f(n)=Θ(g(n)) ; * = 0 < * ?and&
; * = @(< * )

Equals
“=”

log(n!)& =&Θ(n&log&n)

f(n)=o(g(n)) ∀5 > 0,∃*0 > 0, ∀* ≥ *0:
0 ≤ ; * < 5<(*)

Less&than
“<”

n2 =&o(2n)

f(n)=ω(g(n)) ∀5 > 0,∃*0 > 0, ∀* ≥ *0:
0 ≤ 5< * < ;(*)

Greater&than
“>”

n2 =&ω(log&n)

Topics:&Asymptotics
yes
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• Constant'factors'can'be'ignored
• ∀B > 0????B* = 0 *

• Smaller'exponents'are'Big6Oh'of'larger'exponents
• ∀C > D????*E = 0 *F

• Any'logarithm'is'Big6Oh'of'any'polynomial'
• ∀C, G > 0??? log)F ?* = 0 *K

• Any'polynomial'is'Big6Oh'of'any'exponential
• ∀?C > 0, D > 1???*F = 0 D#

• Lower'order'terms'can'be'dropped
• *) + *M/) + * = 0 *)

Topics:&Asymptotics



Practice&Question:&Asymptotics

• Put&these&functions&in&order&so&that&;$ = 0 ;$(&
• *OPQR S
• 8OPQR #
• 2M OPQR OPQR #
• 2 OPQR # R

• ∑ "#
$%&

• *) log)*
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Practice&Question:&Asymptotics

• Suppose&;& = 0 < and&;) = 0 < .&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&
Prove&that&;& + 4;) = 0 < .



Topics:&Recurrences

• Recurrences
• Representing&running&time&by&a&recurrence
• Solving&common&recurrences
• Master&Theorem

• Good&way&to&study:
• Erickson&book
• KleinbergPTardos dividePandPconquer&chapter&

0 Tfn T Fo TfE Cn

T n at E t end
Recursiontrees



Practice&Question:&Recurrences

• Write&a&recurrence&for&the&running&time&of&this&algorithm.&&
Write&the&asymptotic&running&time&given&by&the&recurrence.

F(n):
For i = 1,…,n2: Print “Hi”
For i = 1,…,3: F(n/3)

0cm
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Topics:&Recurrences

• Consder&the&recurrence&V * = * ⋅ V * + *
with&V 1 = 1.&&Solve&using&a&recursion&tree.
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Topics:&Stable&Matching

• Stable&Matching
• Definition&of&a&stable&matching
• The&GalePShapley&algorithm
• Consequences&of&the&GalePShapley&algorithm

• Good&way&to&study:
• KleinbergPTardos



Practice&Question:&Stable&Matching

• Give&an&example&of&3&doctors&and&3&hospitals&such&
that&there&exists&a&stable&matching&in&which&every&
hospital&gets&it&last&choice&of&doctor



Topics:&DividePandPConquer

• DividePandPConquer
• Writing&pseudocode
• Proving&correctness&by&induction
• Analyzing&running&time&via&recurrences

• Examples&we’ve&studied:&
• Mergesort,&Binary&Search,&Karatsuba’s,&Selection

• Good&way&to&study:
• Example&problems&from&KleinbergPTardos or&Erickson
• Practice,&practice,&practice!



Practice&Question:&DividePandPConquer



Practice&Question:&DividePandPConquer

• Describe&your&algorithm&in&pseudocode



Practice&Question:&DividePandPConquer

• Prove&by&induction&that&the&algorithm&is&correct



Practice&Question:&DividePandPConquer

• Analyze&your&algorithm’s&running&time&by&writing&a&
recurrence



Topics:&Dynamic&Programming

• Dynamic&Programming
• Identify&subPproblems
• Write&a&recurrence,&0XV * = max \# + 0XV * − 6 , 0XV(* − 1)
• Fill&the&dynamic&programming&table
• Find&the&optimal&solution
• Analyze&running&time

• Good&way&to&study:
• Example&problems&from&KleinbergPTardos or&Erickson
• Practice,&practice,&practice!



Practice&Question:&DP



Practice&Question:&DividePandPConquer

• What&is&the&set&of&subproblems you&will&use?

• Give&a&recurrence&for&this&problem.



Practice&Question:&DividePandPConquer

• Give&a&pseudocode description&of&your&algorithm



Practice&Question:&DividePandPConquer

• Analyze&the&running&time&and&space&usage



Practice&Question

• Design&an&0(*)Ptime&algorithm&that&takes&an&array&
_[1:*] and&returns&a&sorted&array&containing&the&
smallest& * elements&of&_



Practice&Question

• Consider&the&following&sorting&algorithm

• Prove&that&it&is&correct
• Analyze&its&running&time

A[1:n] is a global array
SillySort(1,n):
if (n <= 3): put A in order
else:
SillySort(1,2n/3)
SillySort(n/3,n)
SillySort(1,2n/3)



Practice&Question A[1:n] is a global array
SillySort(1,n):

if (n <= 3): put A in order
else:

SillySort(1,2n/3)
SillySort(n/3,n)
SillySort(1,2n/3)



Practice&Question

• Consider&the&following&sorting&algorithm

• Prove&that&it&is&correct
• Analyze&its&running&time

A[1:n] is a global array
SillySort(1,n):
if (n <= 3): put A in order
else:
SillySort(1,2n/3)
SillySort(n/3,n)
SillySort(1,2n/3)


