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One theorem to rule them all



Master theorem

𝑇 𝑛 = 𝑎 ∙ 𝑇 𝑛/𝑏 + 𝑓(𝑛)
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𝑇 𝑛 = 𝑎 ∙ 𝑇 𝑛/𝑏 + 𝑓(𝑛)
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Case 1:

𝑇 𝑛 = 𝑓 𝑛 + 𝑎𝑓
𝑛

𝑏
+ 𝑎2𝑓

𝑛
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...

𝑓 𝑛 = 𝑂(𝑛log𝑏 𝑎−𝜖)

𝑇 𝑛 = 4𝑇
𝑛

2
+ 𝑂(𝑛)

Example:



Case 1: 𝑓 𝑛 ≤ 𝑐 ∙ 𝑛log𝑏 𝑎−𝜖

We have:

𝑇 𝑛 = 𝑓 𝑛 + 𝑎𝑓
𝑛
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+ 𝑎2𝑓
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𝑇(𝑛) ≤ 𝑐𝑛log𝑏 𝑎−𝜖 1 +
𝑎

𝑏log𝑏 𝑎−𝜖 +
𝑎2
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𝑇(𝑛) ≤ 𝑐𝑛log𝑏 𝑎−𝜖 1 + 𝑏𝜖 + 𝑏2𝜖 +⋯+ 𝑏𝜖𝑑

𝑇 𝑛 ≤ 𝑐𝑛log𝑏 𝑎−𝜖
𝑏𝜖 log𝑏 𝑛 − 1

𝑏 − 1

𝑇 𝑛 ≤ 𝑐𝑛log𝑏 𝑎−𝜖 ∙ 𝑂 𝑛𝜖 − 1 = 𝑂 𝑛log𝑏 𝑎

𝑇 𝑛 ≤ 𝑐𝑛log𝑏 𝑎−𝜖 + 𝑐𝑎
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Case 1: Lower bound

We have:

𝑇(𝑛) ≥ 𝑎𝑑𝑓
𝑛

𝑏𝑑

≥ 𝑎log𝑏 𝑛 = 𝑛log𝑏 𝑎



Case 2:

𝑇 𝑛 = 𝑓 𝑛 + 𝑎𝑓
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𝑏
+ 𝑎2𝑓
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𝑓 𝑛 = Θ(𝑛log𝑏 𝑎)

𝑇 𝑛 = 2𝑇
𝑛

2
+ 𝑂(𝑛)Example:

...

T 𝑛 = Θ(𝑛log𝑏 𝑎 log 𝑛)



Case 3:

𝑇 𝑛 = 𝑓 𝑛 + 𝑎𝑓
𝑛

𝑏
+ 𝑎2𝑓
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+…+𝑎𝑑𝑓
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𝑐𝑓 𝑛 > 𝑎 𝑓
𝑛

𝑏
for c < 1, suff. large n

𝑇 𝑛 = 2𝑇
𝑛

3
+ 𝑛Example:

...

T 𝑛 = Θ(𝑓(𝑛))



Then:

and c<1 s.t 𝑐 ∙ 𝑓 𝑛 > 𝑎 𝑓
𝑛

𝑏

case 1:

case 2:

case 3:

.

.

.

.

.

.

.

.

.

𝑇 𝑛 = 𝑎 ∙ 𝑇 𝑛/𝑏 + 𝑓(𝑛)

𝑓 𝑛 = 𝑂(𝑛log𝑏 𝑎−𝜖)

𝑓 𝑛 = Θ(𝑛log𝑏 𝑎)

𝑓 𝑛 = Ω(𝑛log𝑏 𝑎+𝜖)

T 𝑛 = Θ(𝑛log𝑏 𝑎)

T 𝑛 = Θ(𝑛log𝑏 𝑎 log 𝑛)

T 𝑛 = Θ(𝑓(𝑛))



and c<1 s.t 𝑐 ∙ 𝑓 𝑛 > 𝑎 𝑓
𝑛

𝑏

case 1:

case 2:

case 3:

.

.

.

.

.

.

.

.

.

𝑇 𝑛 = 𝑎 ∙ 𝑇 𝑛/𝑏 + 𝑓(𝑛)

𝑓 𝑛 = 𝑂(𝑛log𝑏 𝑎−𝜖)

𝑓 𝑛 = Θ(𝑛log𝑏 𝑎)

𝑓 𝑛 = Ω(𝑛log𝑏 𝑎+𝜖)

T 𝑛 = Θ(𝑛log𝑏 𝑎)

T 𝑛 = Θ(𝑛log𝑏 𝑎 log 𝑛)

T 𝑛 = Θ(𝑓(𝑛))

1. 𝑇 𝑛 = 8𝑇
𝑛

2
+ Θ(𝑛2)

2. 𝑇 𝑛 = 3𝑇
𝑛

2
+ Θ(𝑛)

3. 𝑇 𝑛 = 𝑇
7𝑛

9
+ 15

4. 𝑇 𝑛 = 2𝑇
𝑛

2
+ Θ(𝑛3)

1. 𝑇 𝑛 = Θ(𝑛3)

2. 𝑇 𝑛 = Θ(𝑛log2 3)
3. 𝑇 𝑛 = Θ(log𝑛)
4. 𝑇 𝑛 = Θ(𝑛3)





𝑇 𝑛 = 2𝑇 𝑛 + log 𝑛

• m = log 𝑛
• 𝐹 𝑚 = 𝑇 𝑛

• 𝐹 𝑚 = 2𝐹
𝑚

2
+𝑚

• 𝐹 𝑚 = Θ 𝑚 log𝑚
• 𝑇 𝑛 = 𝐹 𝑚 = Θ 𝑚 log𝑚 = Θ(log 𝑛 log log 𝑛)


