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Mergesort

• A[1…n] : n numbers

• Sort A in non-decreasing order using divide-and-
conquer
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merge-sort(A, l, r) (sort A[l…r])
If l < r

merge-sort(A, l, mid)
merge-sort(A, mid+1, r)
merge(A, l, mid, r)

𝑚𝑖𝑑 = (𝑙 + 𝑟) / 2

merge(A, l, mid, r)
𝑎𝑢𝑥 𝑙, … ,𝑚𝑖𝑑 ← 𝑎 𝑙, … ,𝑚𝑖𝑑
𝑎𝑢𝑥 𝑚𝑖𝑑 + 1,… , 𝑟 ← 𝑎[𝑟, … ,𝑚𝑖𝑑 + 1]
𝑖 ← 𝑙, 𝑗 ← 𝑟
For 𝑘 ← 𝑙 𝑡𝑜 𝑟
if 𝑎𝑢𝑥[𝑖] < 𝑎𝑢𝑥[𝑗] then 
𝑎[𝑘] ← 𝑎𝑢𝑥[𝑖]
𝑖 ← 𝑖 + 1

else
𝑎[𝑘] ← 𝑎𝑢𝑥[𝑗]
𝑗 ← 𝑗 − 1

Subproblem of size n/2

Subproblem of size n/2

O(n) work



prove:

hypothesis:

base case:

inductive step:

𝑇 𝑛 = 2𝑇 𝑛/2 + 𝑐𝑛

𝑇 𝑛 ≤ 𝑐𝑛 (1 + log2 𝑛)

𝑇 𝑛 = 𝑂(𝑛 log 𝑛)

𝑇 1 ≤ 𝑐

𝑇 𝑘 = 2𝑇
𝑘

2
+ 𝑐𝑘

𝑇 𝑘 ≤ 2𝑐
𝑘

2
(1 + log2(𝑘/2)) + 𝑐𝑘

𝑇 𝑘 ≤ 𝑐𝑘 (1 + log2 𝑘 − 1) + 𝑐𝑘

𝑇 𝑘 ≤ 𝑐𝑘 (1 + log2 𝑘)



Recursion tree
T(n)
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Depth 
log2 𝑛



Amount of work
Cn

Cn/2Cn/2

Cn/4Cn/4

C

Cn

2Cn/2

4Cn/4

2log2 𝑛𝐶𝑛/2log2 𝑛

Total running time = sum over all merging time

= Cn

= Cn



Summing over all levels

• log2 𝑛 levels

• Running time of each level: Cn

• Total running time: 𝐶𝑛 log2 𝑛



Geometric series

• 𝑆 = 1 + 𝑎 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑘 =?

• 𝑎𝑆 = 𝑎 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑘 + 𝑎𝑘+1

• 𝑎𝑆 − 𝑆 = 𝑎𝑘+1 − 1

• 𝑆 =
𝑎𝑘+1−1

𝑎−1



Geometric series

• 𝑆 = 1 + 𝑎 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑘 =
𝑎𝑘+1−1

𝑎−1

...

...

...

a > 1

a =1

a < 1

Θ(𝑎𝑘)

Θ(𝑘)

Θ(1)



Karatsuba
T(n)

T(n/2)T(n/2) T(n/2)

T(n/4)T(n/4) T(n/4)

T(1)

Depth 
log2 𝑛

Karatsuba(X, Y, n)

• If n = 1 then return 𝑋 ∙ 𝑌

• Else:

• 𝑚 = 𝑛/2

• Rewrite 𝑋 = 10 𝑛/2 𝑎 + 𝑏

• 𝑌 = 10 𝑛/2 𝑐 + 𝑑

• 𝑒 = 𝐾𝑎𝑟𝑎𝑡𝑠𝑢𝑏𝑎 𝑎, 𝑐,𝑚

• 𝑓 = 𝐾𝑎𝑟𝑎𝑡𝑠𝑢𝑏𝑎 𝑏, 𝑑,𝑚

• 𝑔 = 𝐾𝑎𝑟𝑎𝑡𝑠𝑢𝑏𝑎 𝑎 − 𝑏, 𝑐 − 𝑑,𝑚
• Return 102𝑚𝑒 + 10𝑚(𝑒 + 𝑓 − 𝑔) + 𝑓



Additional work
Cn

Cn/2Cn/2 Cn/2

Cn/4Cn/4 Cn/4

C

Cn

3Cn/2

9Cn/4 = (3/2)2 Cn

(3/2)log2 𝑛𝐶𝑛



Summing over all levels
• log2 𝑛 levels

• Running time of each level: 

• Cn, (3/2)1 Cn, (3/2)2 Cn, …, (3/2)log2 𝑛𝐶𝑛

• Total running time:

• 𝐶𝑛 +
3

2

1
𝐶𝑛 +⋯+

3

2

log2 𝑛
𝐶𝑛 = ?

𝑆 = 1 + 𝑎 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑘 =
𝑎𝑘+1 − 1

𝑎 − 1

...

...

...

a > 1

a =1

a < 1

Θ(𝑎𝑘)

Θ(𝑘)

Θ(1)



Tricks with log

• 𝑎log𝑏 𝑐 = 𝑐log𝑏 𝑎. How to prove?

• Take the log base b of both sides

• log𝑏 𝑎 log𝑏 𝑐 = log𝑏 𝑐 log𝑏 𝑎

• Running time of Karatsuba
• 𝐶 ∙ 3log2 𝑛

• 𝐶 ∙ 𝑛log2 3

• The same!


