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History of Rubik' sCube

� Inventedin late1970sin Hungary.

� In 1982,in CubikMath, SingmasterandFrey conjectured:

No one knows how many moves would be neededfor “God' s Algorithm”
assuminghe always usedthe fewest moves required to restore the cube. It
hasbeenproven that somepatternsmustexist that require at least seventeen
movesto restore but no oneknowswhat thosepatternsmaybe. Experienced
grouptheoristshaveconjecturedthatthesmallestnumberof moveswhich would
be suf�cient to restore any scrambledpattern— that is, the numberof moves
requiredfor “God' sAlgorithm” —is probablyin thelow twenties.

� CurrentBestGuess:20movessuf�ce

– Statesneeding20movesareknown



History of Rubik' sCube (cont.)

� Inventedin late1970sin Hungary.

� 1982:“God'sNumber”(numberof movesneeded)wasknown by authorsof conjecture
to bebetween17and52.

� 1990:C.,Finkelstein,andSarawagishowed11movessuf�ce for Rubik's2� 2� 2 cube
(cornercubiesonly)

� 1995:Reidshowed29movessuf�ce (lowerboundof 20alreadyknown)

� 2006:Radushowed27movessuf�ce

� 2007KunkleandC. showed26movessuf�ce (andcomputationis still proceeding)

� D. Kunkle and G. Cooperman,“Twenty-Size Moves Suf�ce for Rubik's Cube”,
InternationalSymposiumon SymbolicandAlgebraic Computation(ISSAC-07),2007,
ACM Press,pp.235–242.



Solution of Rubik' sCube: Humans

� 4:3� 1019 states

� Solutionsby humanbeings

1. Solveoneface(Now only 1:7� 109 statesremain.)

2. Memorizemovesequencesthatpreserve that®rst face.

3. Usethosesequencesto solvesecondface,
whilepreserving�r st face.

4. REPEAT for third face(while preserving®rst two faces),etc.



Notation

� Generators:Up (U), Down (D), Front(F), Back(B), Left (L), Right (R)

� Reachablestatesof cube:cube= hU;D;F;B;R;Li

� Numberof states:jcubej = 4:3� 1019



Solution of Rubik' sCubeby Computer: 1995

� jcubej = 4:3� 1019 states

� ConsidersubgroupS= hU;D;L2;R2;F2;B2i

� jcubej=jSj = 2:2� 109; jSj = 2:0� 1010

1. jcubej=jSj: Useshortestpossiblesequenceof movesin Rubik's cube
sothatremainingcon®gurationis reachablevia generators:
U, D, L2, R2, F2, B2

2. jSj: Starting from con®gurationin S = hU;D;L2;R2;F2;B2i , make
shortestpossiblemovesto solve it.



Solution of Rubik' sCube: Cosetsin Mathematical Group Theory

GROUP:
COSETS:

SUBGRP:



Optimization: UseSymmetriesof GeometricCube: 1995

� Optimization:Useup to 48 symmetriesof thegeometriccube.Notethat
thesesymmetriestakegenerators(U, D, L, R, F, B) to generators.

� Spreserves16 of the48 symmetriesof a geometriccube.So,only have
to solveproblemfor:

– jcubej=jSj = (2:2=16) � 109; jSj = (2:0=16) � 1010

– jcubej=jSj = 1:3� 108; jSj = 1:2� 109

– Only a billion cases(1:2� 109) to check!!



Solution of Rubik' sCubeby Computer (cont.): 1995

� jcubej = 4:3� 1019 states

� ConsidersubgroupS= hU;D;L2;R2;F2;B2i

� jcubej=jSj = 2:2� 109; jSj = 2� 1010

1. jcubej=jSj: 12possiblemoves

2. jSj: 18possiblemoves

3. 1995(Reid): Totalmoves:12+ 18= 30movessuf�ce

4. 1995 (Reid): Only a few casesneeding12 moves in jcubej=jSj; Solve them
individually: 11+ 18= 29movessuf�ces

5. 2006(Radu):27movessuf�ce
Show by directsolutionthatsomesmallercasesin jcubej=jSj canbesolveddirectly.
11+ 18 - 2 = 27movessuf�ce



Solution of Rubik' sCubeby Computer: 2007

� jcubej = 4:3� 1019 states

� ConsidersquaresubgroupQ = hU2;D2;L2;R2;F2;B2i

� jcubej=jQj = 6:5� 1013; jQj = 6:6� 105

1. jcubej=jQj: Useshortestpossiblesequenceof movesin Rubik's cube
sothatremainingcon®gurationis reachablevia generators:
U2, D2, L2, R2, F2, B2

2. jQj: Startingfrom con®gurationin Q = hU2;D2;L2;R2;F2;B2i , make
shortestpossiblemovesto solve it.



Optimization: UseSymmetriesof GeometricCube: 2007

� Optimization:Useup to 48 symmetriesof thegeometriccube.Notethat
thesesymmetriestakegenerators(U, D, L, R, F, B) to generators.

� Q preservesall 48symmetriesof ageometriccube.So,only haveto solve
problemfor:

– jcubej=jQj = (6:5=48) � 1013; jQj = (6:6=48) � 105

– jcubej=jQj = 1:4� 1012; jQj = 1:4� 104

– Only a trillion cases(1:4� 1012) to check!!



Solution of Rubik' sCubeby Computer (cont.): 2007

� jcubej = 4:3� 1019 states

� ConsidersubgroupQ = hU2;D2;L2;R2;F2;B2i

� jcubej=jQj = 6:5� 1013; jQj = 6:6� 105

1. jcubej=jQj: 16possiblemoves

2. jQj: 13possiblemoves

3. KunkleandCooperman:Totalmoves:16+ 13= 29suf�ce

4. 2007: Only a few casesneeding16 movesin jcubej=jQj; Solve themindividually:
15+ 13= 28movessuf�ces

5. 2007:26movessuf�ce
Show by directsolutionthatsomesmallercasesin jcubej=jQj canbesolveddirectly
using2 fewermoves.
15+ 13 - 2 = 26movessuf�ce



jcubej=jQj: symmetry classesof cosetsof squaresubgroup

Level Elements Level Elements Level Elements
0 1 6 38336 � 3:8� 104 12 140352357299 � 1:4� 1011

1 1 7 490879 � 4:9� 105 13 781415318341 � 7:8� 1011

2 3 8 6298864 � 6:3� 106 14 421980213679 � 4:2� 1011

3 23 9 80741117 � 8:1� 107 15 330036864 � 3:3� 108

4 241 10 1028869318 � 1:0� 109 16 17
5 3002 11 12787176355 � 1:3� 1010

Total 1357981544340� 1:36� 1012

Table1: Distributionof symmetrizedcosetsof thesquaresubgroup.
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Summary

SubgroupS SubgroupQ (squaresubgroup)
Largestsearch:2:0� 1010 Largestsearch:6:5� 1013

aftersymmetries: aftersymmetries:
(2:0=16) � 1010 = 1:2� 109 (6:5=48) � 1013 = 1:4� 1012

Year MovesNeeded Year MovesNeeded
1995 12+18= 30 2007 16+13= 29
1995 11+18= 29 2007 15+13= 28
2006 11+18-2= 27 2007 15+13-2= 26

� Timeusingsquaresubgroup(Q):

1. 63clusterhours(168-waynodes)to show 16+13= 29
(in aparallelcomputationusingTOP-C)

2. Many hoursonsequentialmachinesto reduceto 15+13-2= 26

� Furtherreductions?: : :



Two Primary TechniquesUsed

1. Fast multiplication of symmetrizedcosets(> 10,000,000
multipliespersecond)

2. Useof large amountsof intermediatedisk space(7 TB) for
hasharray(for duplicateelimination)



FastMultiplication: > 10,000,000mults/second

� Table-basedmultiplication; Form smallersubgroups,factoreachgroup
elementinto the smallersubgroups;Use tablesfor fast multiplication
amongthesmallsubgroups

� Tablesarekeptmostly in L1 cache;Most subgroupshave lessthan100
elements;Multiplication tablehas< (100)2 elements,or < 10;000.

� Groupof Rubik's cube

– Groupof permutationsactingonly oncornercubies

– Groupof permutationsactingonly onedgecubies

� Flips of the two facesof eachedgecubies(while holding location
of edgecubie®xed)

� Moving edgecubies(while ignoring�ips of thetwo faces)



FastMultiplication (cont.)

� Moving edgecubies(while ignoring�ips of thetwo faces)

– Moving edgecubiesusinghalf-twists(180degrees)only:

� Half-twistssplit the12edgecubiesinto threeinvariantsubsets,each
containing4 edgecubies(can't move edgecubiefrom onesubset
to theotherusingonly half-twists)

– Moving edgecubiesusingquarter-twists(but ªdividedbyºhalf-twists:
usingthegrouptheoryconceptof cosetsandnormalsubgroups)



LONGER-TERM GOALS

� Why did wedo it?

1. Becauseit' s there?(Yes,but : : :)

– State spacesearchoccurs acrossa huge number of scienti®c
disciplines. A popular challengeprovides a crossroadswhere
different disciplinescan comparethe power of their methodson
acommonground.

2. Becausetheworld is runningoutof RAM!

– A commoditymotherboardholdsonly 4 GB RAM.
– Wenow have4-and8-coremotherboards,butnoonewill beputting

eighttimesasmuchRAM onacommoditymotherboard.



LONGER-TERM GOALS (cont.)

� Theworld is changing,asweneartheendof Moore'sLaw.

– Memorychipsareno longertwiceasdenseevery18months.

– LargeRAM is still availableonserver-classmotherboards.

– But thecommoditymarketdoesn't wantto paythatpremium.

– So, thoseof usdoing largescienti®ccomputationsarebeingleft out
in thecold. We still needthoseever largermemories– especiallyas
thetrendtowardmulti-coreCPUsplacesevermorepressureonRAM.

� Oursolutionis to usediskasthenew RAM! (Seenext slide.)



Disk-BasedParallel Computing



Disk is the NewRAM

� Bandwidthof Disk: ˜ 100MB/s

� Bandwidthof 50Disks: 50� 100MB/s = 5 GB/s

� Bandwidthof RAM: approximately5 GB/s

� Conclusion:

1. CLAIM: A computerclusterof 50 quad-corenodes,eachwith 200GB of idle disk
space,is a goodapproximationto a sharedmemorycomputerwith 200CPUcores
andasinglesubsystemwith 10TB of sharedmemory.
(Theargumentsalso work for a SANwith multiple accessnodes,but we consider
local disksfor simplicity.)

2. The disksof a clustercanserve asif they wereRAM. (Seethe next slidesfor the
issueof disk latency.)

3. ThetraditionalRAM canthenserveasif it werecache.



What are the issuesin tr eatinga cluster

: : : asa 10TB sharedmemory computer?

1. We requirea parallel program.(We mustaccessthelocal disksof many
clusternodesin parallel.)

2. Thelatency problemof disk.

3. Canthenetwork keepupwith thedisk?

Threepreviouslargedisk-basedcomputationsin computationalalgebrahad
alreadybeenaccomplishedin joint work with E. Robinsonand J. Müller.
Thisgaveusthecon®denceto poseageneralprinciple.Only latency will be
discussedin this talk, but thereis goodreasonto believe that theothertwo
issuescanalsobeovercome.



OvercomingLatency

� Therearewell-understoodbuilding blocksfor usingdisk ef®ciency and
for replacingthelatency of diskby multiplestreamingpasses:

– externalsorting,B-trees,Bloom ®lters,DelayedDuplicateDetection,
DistributedHashTrees(DHT), andsomestill moreexotic algorithms.



Space-Time TradeoffsusingAdditional Disk

ªA Comparative Analysisof ParallelDisk-BasedMethodsfor EnumeratingImplicit Graphsº,Eric Robinson,

Daniel Kunkle and GeneCooperman,Proc. of 2007 InternationalWorkshopon Parallel Symbolic and

AlgebraicComputation(PASCO'07), ACM Press,2007,pp.78–87



Rubik' sCube: Sorting DelayedDuplicate Detection

1. Breadth-®rstsearch:storingnew frontier (openlist) ondisk

2. UseBucket Sortingto sort andeliminateduplicatestatesfrom the new
frontier
(Thebucket sizeis chosento ®t in RAM (thenew cache).

3. Storingthenew frontier requires6 terabytesof diskspace(andwewould
usemoreif wehadit). Saving a larg new frontierondiskprior to sorting
delaysduplicatedetection, but makes the routinemoreef®cient due to
economiesof scale.



Rubik' sCube: Two-Bit trick

1. The �nal representationof thestatespace(1:4� 1012 states)coulduseonly 2 bits per
state.(Weuse4 bitsperstatefor convenience.)

2. We usedmathematicalgrouptheoryto derive a highly dense,perfecthashfunction(no
collisions)for thestatesof jcubej=jSj.

3. Our hashfunction representssymmetrizedcosets(the union of all symmetricstatesof
jcubej=jSj underthesymmetriesof thecube).

4. Eachhashslot needonly store the level in the searchtree modulo3. This allows
the algorithmto distinguishstatesfrom the currentfrontier, the next frontier, andthe
previous frontier (currentlevel; currentlevel plus one; andcurrentlevel minusone).
This is all thatis needed.



QUESTIONS?


