Using Parallel Disk-BasedComputing: a New Record for
Computer-GeneratedSolutionsto Rubik' s Cube

GeneCooperman
(Jointwork with DanielKunkle)
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History of Rubik's Cube —_—

Inventedin late 1970sin Hungary.
In 1982,in CubikMath, SingmasteandFrey conjectured.:

No one knows how many moves would be neededfor “God's Algorithm”
assuminghe always usedthe fewest movesrequired to restoe the cube It
has beenproventhat somepatternsmustexist that require at leastseventeen
movesto restoe but no one knowswhat thosepatternsmaybe Experienced
grouptheoristshaveconjectuedthatthesmallesnumberof moveswhich would
be sufcient to restoe any scrambledpattern— that is, the numberof moves
requiredfor “God' s Algorithm” —is probablyin the low twenties.

CurrentBestGuess20 movessufce

— Statemneeding20 movesareknown
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History of Rubik' s Cube (cont.)

Inventedin late 1970sin Hungary.

1982:“God's Number”(numberof movesneededywasknown by authorsof conjecture
to bebetweenl7 and52.

1990:C., Finkelstein,andSaravagishaoved11 movessufce for Rubik's2 2 2cube
(cornercubiesonly)

1995: Reidshaved 29 movessufce (lower boundof 20 alreadyknown)
2006: Radushaoved27 movessufce
2007KunkleandC. shaved 26 movessufce (andcomputations still proceeding)

D. Kunkle and G. Cooperman,“Twenty-Size Moves Sufce for Rubik's Cube”,
International Symposiunon Symbolicand Algebraic Computation(ISSAC-07), 2007,
ACM Presspp.235-242.
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Solution of Rubik' s Cube: Humans

4:3 10" states
Solutionsby humanbeings

1. Solve oneface(Now only 1:7 10 stategemain.)
2. Memorizemove sequencethatpresere that®rstface.

3. Usethosesequencet solve secondace,
while preservingr stface

4. REPEA for third face(while preserving®rst two faces) etc.
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Notation

GeneratorstUp (U), Down (D), Front(F), Back(B), Left (L), Right(R)
Reachabletatesof cube:cube= HJ;D;F;B; R; Li
Numberof statesjcubg = 4:3 10'°
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Solution of Rubik' s Cube by Computer: 1995

jcubg =4:3 10Y states

ConsidersubgroupgS= HJ;D; L% R? F?; B

jcubggg =22 10%j§=20 10%

1. jcubgTg: Useshortesipossiblesequenc®f movesin Rubik's cube
sothatremainingcon®gurations reachablevia generators:
U, D, L% R, F?, B?

2.i9: Starting from con®gurationin S= HJ;D; L% R* F? B%, make
shortespossiblemovesto solve it.
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Optimization: UseSymmetriesof Geometric Cube: 1995

Optimization:Useup to 48 symmetrieof the geometriccube.Notethat
thesesymmetriegake generatorgU, D, L, R, F, B) to generators.

Spreseres16 of the 48 symmetrief a geometriccube. So, only have
to solve problemfor:
—jcubgg9g = (2:2=16) 10°%jg§ = (2:0=16) 10%
—jcubg=j§=1:3 10%j§= 12 10°
— Only abillion caseq1:2 10°) to check!!
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Solution of Rubik' s Cube by Computer (cont.): 1995_

jcubg =4:3 10'° states
Considersubgroups= hJ;D; L% R* F? B
jcubgg§ =22 10%j§=2 100
1. jcubg=S: 12 possiblemoves
2.]9: 18 possiblemoves
3. 1995(Reid): Totalmoves: 12 + 18 = 30 movessufce

4.1995 (Reid): Only a few casesneedingl2 moves in jcubg=yg; Solwe them
individually: 11+ 18 =29 movessufces

5. 2006(Radu):27 movessufce
Shaw by directsolutionthatsomesmallercasesn jcubg=§ canbesolveddirectly.
11+ 18- 2 =27 movessufce
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Solution of Rubik' s Cube by Computer: 2007

jcubg =4:3 10Y states

Considersquae subgoupQ = HJ?;D?; L% R%; F?; B

jcubg=jQj= 6:5 103 jQj=6:6 10

1. jcubgTQj: Useshortespossiblesequenc®f movesin Rubik's cube
sothatremainingcon®gurations reachablevia generators:
U2, D2, L2, RZ, FZ, BZ

2.jQj: Startingfrom con®gurationn Q = HJF; D? L% R F2;,B?%, make
shortespossiblemovesto solve it.



Optimization: UseSymmetriesof Geometric Cube: 2007

Optimization:Useup to 48 symmetrieof the geometriccube.Notethat
thesesymmetriegake generatorgU, D, L, R, F, B) to generators.

Q preseresall 48 symmetrie®f ageometriccube.So,only haveto solve
problemfor:

—jcubggQj = (6:5=48) 10'3%jQj= (6:6=48 10°

—jcubg=jQj= 1:4 10*%jQj= 1.4 10

—Only atrillion caseq1:4 10')to check!!

UK IV E RS
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Solution of Rubik' s Cube by Computer (cont.): 2007

jcubg =4:3 10'° states
ConsidersubgroupQ = HJ?; D% L%, R* F?; B
jcubggQj= 6:5 10'3%jQj=6:6 10°
1. jcubg=Qj: 16 possiblemoves
2. ]Qj: 13 possiblemaoves
3. KunkleandCoopermanTotal moves:16 + 13 =29 sufce

4. 2007: Only afew caseseedingl6 movesin jcubg=Qj; Solve themindividually:
15+ 13 =28 movessufces

5. 2007:26 movessufce
Shaw by directsolutionthatsomesmallercasesn jcubg=Qj canbesolveddirectly
using2 fewer moves.
15+ 13- 2 =26 movessufce
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jcubg=Qj: symmetry classe®f cosetsof square subgroup

Level | Elements| Level Elements Level Elements
0 1 6 38336 38 10° 12| 140352357299 1.4 104
1 1 7 490879 49 10° 13| 781415318341 7:8 104
2 3 8 6208864 6:3 10° 14| 421980213679 4:2 1041
3 23 9 80741117 81 107 15 330036864 33 10°
4 241 10 1028869318 1.0 10° 16 17
5 3002 11| 12787176355 1:3 101°
Total | 1357981544340 1:36 102

Tablel: Distribution of symmetrizecdcosetf the squaresubgroup.

-
o

Number of Nodes
(not to scale)

»

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

/ / Level /

case analysis case analysis case analysis
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Summary
SubgroupS Subgroum (squaresubgroup)

Largestsearch2:0 10%° Largestsearch6:5 103
aftersymmetries: aftersymmetries:

(2.0=16) 109=1:2 10°| (6548 10%= 1.4 10%
Year | MovesNeeded Year | MovesNeeded
1995|12+18= 30 2007/16+13=29
1995 11+18=29 2007, 15+13=28
2006/ 11+18-2= 27 2007/ 15+13-2=26

Time usingsquaresubgroupQ):

1. 63 clusterhours(16 8-way nodes)o shav 16+13= 29
(in aparallelcomputatiorusingTOP-C)

2. Many hourson sequentiamachinego reduceto 15+13-2= 26

Furtherreductions?::
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1. Fast multiplication of symmetrizedcosets(> 10,000,000
multipliespersecond)

2. Useof large amountsof intermediatedisk space(7 TB) for
hasharray(for duplicateelimination)
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Table-basednultiplication; Form smallersubgroupsfactoreachgroup
elementinto the smallersubgroups;Use tablesfor fast multiplication
amongthe smallsubgroups

Tablesarekept mostlyin L1 cache;Most subgroupshave lessthan100
elementsMultiplication tablehas< (100)? elementspr < 10;000.

Groupof Rubik's cube

— Groupof permutationgctingonly on cornercubies
— Groupof permutationsctingonly on edgecubies

Flips of the two facesof eachedgecubies(while holdinglocation
of edgecubie®xed)

Moving edgecubies(while ignoring ips of thetwo faces)



Moving edgecubies(while ignoring ips of thetwo faces)
— Moving edgecubiesusinghalf-twists(180degrees)only:
Half-twistssplitthe12 edgecubieanto threeinvariantsubsetseach

containing4 edgecubies(cant move edgecubiefrom one subset
to the otherusingonly half-twists)

— Moving edgecubiesusingquartertwists (but 2dividedby® half-twists:
usingthe grouptheoryconcepif cosetsaandnormalsubgroups)



LONGER-TERM GOALS

Why did we doit?

1. Becausat'sthere?(Yes,but :::)

— State spacesearchoccurs acrossa huge number of scienti®c
disciplines. A popular challengeprovides a crossroadswvhere
different disciplinescan comparethe power of their methodson
acommonground.

2. Becauseheworld is runningout of RAM!

— A commoditymotherboardoldsonly 4 GB RAM.

— Wenow have4- and8-coremotherboarddyut noonewill beputting
eighttimesasmuchRAM onacommoditynotherboard.



LONGER-TERM GOALS (cont.)

Theworld is changingaswe neartheendof Moore's Law.

— Memorychipsareno longertwice asdenseavery 18 months.
— Large RAM is still availableon sener-classmotherboards.
— But thecommoditymarket doesnt wantto paythatpremium.

— S0, thoseof usdoinglarge scienti®ccomputationsare beingleft out
In the cold. We still needthoseever larger memories- especiallyas
thetrendtowardmulti-coreCPUsplacesever morepressuren RAM.

Our solutionis to usedisk asthenev RAM! (Seenext slide.)



Disk-BasedParallel Computing




Disk is the New RAM

Bandwidthof Disk: ~ 100MB/s
Bandwidthof 50 Disks: 50 100MB/s =5 GB/s
Bandwidthof RAM: approximatelys GB/s

Conclusion:

1. CLAIM: A computerclusterof 50 quad-corenodes gachwith 200GB of idle disk
spacejs a goodapproximatiorto a sharedmnemorycomputerwith 200 CPU cores
andasinglesubsystenwith 10 TB of sharednemory
(Theargumentsalso work for a SANwith multiple accessnodes,but we consider
local disksfor simplicity:)

2. The disksof a clustercansene asif they wereRAM. (Seethe next slidesfor the
issueof disk latengy.)

3. ThetraditionalRAM canthensene asif it werecache.



What arethe issuesn treatinga cluster

... asa 10 TB shared memory computer?

1. We requirea parallel program.(We mustaccesshelocal disksof mary
clusternodesn parallel.)

2. Thelateng problemof disk.
3. Canthenetwork keepup with thedisk?

Threepreviouslarge disk-baseacomputationsn computationahlgebrahad
alreadybeenaccomplishedn joint work with E. Robinsonand J. Mller.
This gave usthe con®denceo posea generalprinciple. Only lateng/ will be

discussedn this talk, but thereis goodreasorto believe thatthe othertwo
ISsuescanalsobeovercome.



Overcoming Latency

Therearewell-understoodouilding blocksfor usingdisk ef®ciengy and
for replacingthelateng of disk by multiple streamingpasses:

— externalsorting,B-trees ,Bloom ®lters, DelayedDuplicateDetection,
DistributedHashTrees(DHT), andsomestill moreexotic algorithms.



Space-Tme Tradeoffsusing Additional Disk

%A Comparatre Analysisof Parallel Disk-BasedMethodsfor Enumeratingmplicit Graphs®Eric Robinson,
Daniel Kunkle and Gene Cooperman,Proc. of 2007 InternationalWorkshop on Parallel Symbolic and
AlgebraicComputatior{PASCO'07), ACM Press2007,pp. 78-87



Rubik' s Cube: Sorting Delayed Duplicate Detection

1. Breadth-®rssearchstoringnew frontier (openlist) ondisk

2. Use Bucket Sortingto sort and eliminateduplicatestatesfrom the new
frontier
(Thebucket sizeis choserto ®t in RAM (the new cadhe)

3. Storingthe new frontierrequiress terabyteof disk spacgandwe would
usemoreif we hadit). Saving alarg new frontier on disk prior to sorting
delaysduplicatedetection but makesthe routine more ef®cient dueto
economie®f scale.



Rubik' s Cube: Two-Bit trick

1. The nal representationf the statespace(1:4 102 states)could useonly 2 bits per
state.(We use4 bits perstatefor corvenience.)

2. We usedmathematicagjrouptheoryto derive a highly dense perfecthashfunction(no
collisions)for the statesf jcubg=g.

3. Our hashfunction representsymmetrizedosetsthe union of all symmetricstatesof
jcubg@=§ underthe symmetrief thecube).

4. Eachhashslot needonly storethe level in the searchtree modulo 3. This allows
the algorithmto distinguishstatesfrom the currentfrontier, the next frontier, andthe
previous frontier (currentlevel; currentlevel plus one; and currentlevel minusone).
Thisis all thatis needed.



QUESTIONS?




