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High-dimensional data deluge

('] Tube facebook.

72 hrs new videos / minute 300M new photos / day

lazing AWES0OMe bad band beautiful berlin best better
book chocolate coffee come coming congrats cool creative
:h definitely dinner divx doing editing email end €pic-fu
feeling feels finished food forward @frankjonen free frier
ne gett'[]nag girl giving glad goes JOINQ google gr
hah halo PPY having nead heading hear hepring ho
stsetshow.com lll internet iphone @irinasiutsky isnt EtSE
left life listening little live lol long look I00KING looks
€ makes making man maybe media missed morning m
f nice nlght nyc obama old omg online panel park Party
phone pixelodeon play playing post pretty reading re
ey MgNL rock run said saw say says @seanbonner serio
Is @spin @spytap start Steve @stevewoolf stop strix
ting teh tell g an kS @thefemgeek theyre thing things
tthx time tiny today tomorrow tonight @tonykatz try
'O vote wait waiting WANT watch watching web week w

wondering WOIk working worid writers writing wrong yay




L ow-dimensional structures

® |ntrinsic structures are low-dimensional
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Basri-Jacobs’03, Tomasi-Kanade’'92, Deerwester et al '90, Goldberg-Nichols-Oki-Terry '92



High-dimensional data analysis

Embedding

*0—0—00—0—0 0 o-0—& 00—© —




Challenges

e (lustering and subset selection: Non-convex and NP-hard

e Real data are often corrupted

e Little prior knowledge about low-dim structures A

¢ Points in different groups can be very close

-----
- ~

- Ext YaleB dataset (38 subjects, 64 images)

6% | 14% | 23% | 31% | @ ==
K nearest
neighbors




This tutorial

Efficient, robust and provably correct algorithms for

(1) clustering, subset selection
(2) classification, dimension reduction

Tools:

- Sparse & low-rank representation

- High-dimensional statistics & geometry

- Convex programming & analysis




This tutorial

1) Clustering, Subset selection: algorithm, theory, applications

— Ehsan Elhamifar
— Rene Vidal

— Coffee Break 3:30pm — 4:15pm

2) Robust PCA, Learning low-rank transformations: algorithm,
theory, applications

— John Wright

— Guillermo Sapiro




Sparse Subspace Clustering

Ehsan Elhamifar




Subspace clustering problem

e Given points {y1,.--,Yx}in R” lyingin S;U...USy, , find
- Basis for each subspace

- Clustering of the data

e Challenging for multiple subspaces 5>
- Do not know subspace bases
- Do not know memberships of points

- Corruption by noise, missing entries, outliers, ...

mm==> Possible approach: Expectation Maximization, Issue: Local minima

Tomasi-Kanade’92, Tipping-Bishop’99, Tseng’00, Kanatani’'01, Vidal-Ma-Sastry’05, Yan-Pollefeys'’06, Chen-Lerman’09



Spectral clustering-based approach

® Spectral Clustering

- Represent points as graph nodes
- Connect?and j with weight C;;

- Infer clusters from graph Laplacian

e (Good similarity for subspaces? _
° 0? ° 90
- Points in the same subspace: ¢;; # 0 /3 ° ey ."/

S Yo %
- Points in different subspaces: ¢;; = 0 \
52/
- Ms

Fiedler'73, Shi-Malik’01, Belkin-Niyogi’01, Ng-Weiss-Jordan’01, Xing-Jordan’03, Von Luxburg’07




Subspace clustering: idea

o Seclf-Expressiveness Property (SEP) 83\.\
- Y; = Y ¢; mm=)> many solutions ° :\W‘,o/
5:0 80:0 ° ‘;:o
82/ \\

v () v

low column-rank

e In S of dim dy, a point can be reconstructed by dy other points
min HCZHO S. t. Y, = Y(Z?;, Cis — 0 NP-hard

- 50 . number of nonzero elements




Subspace clustering: idea

o Seclf-Expressiveness Property (SEP) 83\.\
- Y; = Y ¢; mm=)> many solutions ° :\W‘,o/
5:0 80:0 ° ‘;:o
82/ \\

v () v

low column-rank

e |In S, of dim dy, a point can be reconstructed by dy other points

min S. t. Yy, = YCZ', cii = 0 Convex

- 51 : sum of absolute values of elements




Sparse subspace clustering (SSC)

e 1: Solve the sparse optimization

min ||¢c;||1 s.t. y, =Yc¢;, ¢;; =0 c

e 2: Infer clustering from similarity graph

spectral
clustering

>

E. Elhamifar and R. Vidal, CVPR 2009; E. Elhamifar and R. Vidal, IEEE Trans. PAMI, 2013




L1 graph vs k-NN graph

e Conventional graph clustering , ° °
- 1) build a k-NN graph °. °. w2
Yi Cij = € 202
- 2)learn edge weights o
® ® ¢
- 3) partition the graph .
0"
e SSC algorithm ° 0.8
0
- 1) learn graph & weights ° ci =1 .
- 2) partition the graph . 0.3
0

SSC automatically selects the right number of neighbors!
SSC can deal with subspaces of different dimensions!

E. Elhamifar and R. Vidal, CVPR 2009; E. Elhamifar and R. Vidal, IEEE Trans. PAMI, 2013



Theoretical analysis

e \When does SSC succeed?

- /1 selects points from the correct subspace: no false discovery

C;

e More challenging than conventional sparse recovery
- Sparse representation from the correct subspace

- Sparse representation not unique

Donoho-Elad’03, La-Do’05, Candes-Romberg-Tao’06, Tropp-Gilbert'07, Wright-Ma’10, Sankaranarayanan-Turaga-Baraniuk-Chellappa’10



Geometry-based theoretical guarantees

r

e Theorem: SSC has zero false discovery forany y € S; if

max cos(f;;) <  max adi(Y;) [\ d;
JF#t rank(Y ' )=d;

L1 succeeds

SN

’ L1 fails

E. Elhamifar and R. Vidal, ICASSP 2010; E. Elhamifar and R. Vidal, IEEE Trans. PAMI, 2013



Geometry-based theoretical guarantees

r

e Theorem: SSC has zero false discovery forany y € S; if

max cos(f;;) <  max adi(Y;-) [\ d;
JF#t rank(Y ' )=d;

( No need to have many points; Need a few but well distributed! J

E. Elhamifar and R. Vidal, ICASSP 2010; E. Elhamifar and R. Vidal, IEEE Trans. PAMI, 2013




Clustering noisy data

e All points contaminated by noise

Y=Y+Z zij ~ N(0,0%/n) ii.d.

o Self-expressiveness implies

Yy, = YCZ' > yz YC@ + (Zi — Zci)

~_~ S St -

sparse sparse perturbation

e Solve Lasso
min Al|c;||1 + = H Y. — Y, H% s.t. ¢;; =0

) N J

? corrupted

M. Soltanolkotabi, E. Elhamifar and E. Candes, Annals of Stats, 2014; E. Elhamifar, M. Soltanolkotabi, S. Sastry, IEEE TSP, 2015



Robust SSC

(7 =)

e Theorem: Assume noise-free data is drawn uniformly at random
from the intersection of each subspace and hypersphere. Apply
the two-step procedure to y € §;. Under some assumptions, if

1?27?( \/Ave(COSQ(HZ-j)) < (log N)~*

with high prob, a) no false discovery, b) about subspace dim nonzeros.

e Algorithm: two-step approach

1
41187 I

1~
2) c; =argmin Alle;|l1 + §|| y, — Yeci|5 s.t. ¢y =0 data dependent!
C;

1) B; = argmin 811 .t 1§~ VBl < 20, B = 0w (=

M. Soltanolkotabi, E. Elhamifar and E. Candes, Annals of Stats, 2014; E. Elhamifar, M. Soltanolkotabi, S. Sastry, IEEE TSP, 2015



Application: motion segmentation

e Given feature trajectories of multiple rigid motions

¢ Find segmentation into underlying motions

Tomasi-Kanade’'92, Sugaya-Kanatani’'04, Vida-Ma-Sastry’05, Elhamifar-Vidal'09, Chen-Lerman’09, Zhao-Medioni’11



Experiments: motion segmentation

¢ Hopkins 155 dataset
- 155 sequences

- 2 and 3 motions

e (lustering errors

Algorithms | RANSAC | GPCA | MSL | LSA | SCC | LRR | LRSC | SSC
2 Motions
Mean 5.00 4.59 4.14 | 4.23 | 2.89 | 4.10 | 3.69 | 1.52
Median 1.18 0.38 0.00 | 0.56 | 0.00 | 0.22 | 0.29 | 0.00
3 Motions
Mean 22.94 28.66 | 823 | 7.02 | 825|989 | 7.69 | 4.40
Median 22.03 282060 | 1.76 | 1.45 |1 0.24 | 6.22 | 3.80 | 0.56
- honconvex, local min + convex, provable
- K-NN based + automatic selection
- sensitive to noise + robust to noise
- exponential complexity + computationally efficient

E. Elhamifar and R. Vidal, IEEE Trans. PAMI, 2013



Application: face clustering

— Laplace
=— Gaussian

e Corruption by sparse errors y, =y, + €;

min A||cilli + |9, — Yelli st ¢y =0

70¢

e SSC error on Ext YaleB faces 0l
gSO*

< 2.0% for 2 subjects 10

§ 30¢

< 11.0% for 10 subjects S 20

—_
o

o

Number of subjects

E. Elhamifar and R. Vidal, IEEE Trans. PAMI, 2013



Other extensions of SSC

¢ Extension to clustering and DR of nonlinear manifolds [Elhamifar-
Vidal NIPS™11]

e Scaling to large datasets
- Greedy algorithm, theory [Dyer-Sankaranarayanan-Baraniuk JMLR’13]

- Sampling + more a compact dictionary [Peng-Zhang-Yi CVPR’13]

e Dealing with sequential and spatial data [Tierney-Gao-Guo CVPR’13,
Pham et al CVPR’12]

e Enforcing block-diagonal structure on laplacian /adjacency [Feng-
Lin et al CVPR’14]

e (Connectivity of SSC graph [Nasihatkon-Hartley CVPR’11]




Conclusions

e Addressed clustering of data lying in multiple subspaces

e Proposed an efficient algorithm based on sparse modeling
- Proved theoretical guarantees of the algorithm
- Extended to deal with corrupted data
- Resolved challenges of the state of the art

- Showed it performs well in real-world problems




Sparse Subset Selection

Ehsan Elhamifar




Finding representatives

e A subset of data / models, efficiently representing the entire set

- Summarize and visualize images/videos/text/web datasets




Finding representatives

e A subset of data / models, efficiently representing the entire set

- Summarize and visualize images/videos/text/web datasets
- Improve computational time and memory

- Describe (complex) nonlinear models

submodel 1 J_
6
u(t) . - y(t) /
Ot : —
submodel s
B, | °




Column subset selection

e Given y1,Yy,...,yy € R", select a subset {¥y;,,---,Y;, | that
“‘well represent” the dataset

Y,

| ]
X* % >k Xk Xk X

N
, 1
argmin Ay [ Cll, +5|Y = YOI = |, . ...

C 1=1 X % k% %k k%

s.t. 1'C=1"

Yi,
Yis Representatives

1
argmin A|Clls + S |[Y = YO} = | -

*
C * %k
* %
| | * |

SSC via L1 graph

E. Elhamifar, G. Sapiro and R. Vidal, CVPR 2012



Column subset selection: theory

e Theorem: Let H be the convex hull of the columns of Y with k
vertices. Assume the columns of Y lie in a (k-1)-dim. affine
subspace. For p > 1, we obtain k representatives, corresponding

to the vertices of . i,
RN
* Ik' A k I,‘ ° \\‘~\
« =1 {0 0} Aclol) /® 0~ 0% ey,
S22
Yi,

N

e Theorem: For points lying in a union of independent subspaces
(dim(®;S;) = ) dim(S;)), we obtain at least dim(S;) + 1
representatives from each ;. $

\

E. Elhamifar, G. Sapiro and R. Vidal, CVPR 2012



Column subset selection

e Given y1,Yy,...,yy € R", select a subset {¥y;,,---,Y;, | that
“‘well represent” the dataset

Y,

| ]
X* % >k Xk Xk X

N
, 1
argmin Ay [ Cll, +5|Y = YOI = |, . ...

C 1=1 X % k% %k k%

s.t. 1'C=1"

Yi,
Yis Representatives

- What if data not in low-dim subspaces?

- What if no feature representation? e.g, social network graph

- What about summarization between two / multiple sets?
\_ J

E. Elhamifar, G. Sapiro and R. Vidal, CVPR 2012



Subset selection using dissimilarities

e Given: dissimilarities d: X x Y — R=C
b )

source target

e Goal: select a small subset of X that well represent Y w.r.t. d(-, -)

® d(x;,y;) =d;; : how well ; represents Y,
- X =models, Y=data ——> d(-, )= representation/coding error

- X =data, Y=data — d(-, )= Euclidean/ geodesic distance




Dissimilarity-based sparse subset selection (DS3)

e Let D= [d;], introduce Z = [z;]

- zij = Pz rep. y;)

e TJo select few elements of X that well represent Y, minimize

4 ) 4 )
1) Encoding of Y via representatives 2) Number of representatives
M N M
> D dijz; = (D' Z) > 1(1Zllp)
i=1 j=1 i=1
\_ J . J

e Solve the simultaneous sparse recovery program

4 )

Convex
p € {2,00}

M
j A D'Z) st. Z>0,1"Z=1"
I%HAZ;H |p + tx( ) s.t > 0,

\_ J

E. Elhamifar, G. Sapiro and R. Vidal, NIPS, 2012; E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015



Dissimilarity-based sparse subset selection (DS3)

¢ |dentical source and target

o daté points | | ® daté points | | ® daté points
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Theoretical analysis

M
: T
min A 2_1: |Zil|, +tx(D" Z) s.t. Z>0,1'Z=1"

(7 =

e Proposition 1: Assume X and Y are identical. If A is sufficiently
large, only one representative is selected. If A is sufficiently
small, each point chooses itself as a representative.

- A > Adaxp(D) > Z =ey1', where ¢ =argmin1' D,,
- A< )\min,p(D) > /£ =1

\ J

o \We determine [)\min,p(D) ; )\max,p(D)] to set the regularization

VN |[Dix — Del5
€.9., Amin,2(D) = min (mind,j — dj;) , Amax,2(D) = max Z 2
| 2D) = min (i ds; = dj5) 2 = S 1T Dy, - Do)

E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015



Theoretical analysis

M
: T
min A 2_1: |Zil|, +tx(D" Z) s.t. Z>0,1'Z=1"

(7 -

® Proposition 2: Assume X and Y are identical. Assume points
partition into L groups. If A < \,(D), the optimal Z is such that

= (1) each group will have representatives;

= (2) points in each group select representatives from that group only.

A (D — i i (i tin de — d.
o(D) = min min (min min d; — de, ;)

E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015



DS3 applications: Learning nonlinear models

e Nonlinear dynamical systems as switched linear models

- Human gaits / activities, motor control systems, ...

4 ) 4 )

submodel 1 W
u(t) S o /
e Ot . >
G_[submodel sw
5l . /

\_ J \_ J

¢ | earning switched dynamical models: Non-convex & NP-hard

Our convex X = {31, . ,BM} = ensemble of models

solution Y = {(u(1),y(1)),..., (w(N),y(N))}

E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015; E. Elhamifar, S. Burden and S. Sastry, IFAC, 2014



DS3 applications: Learning nonlinear models

e Experiments on segmentation of CMU motion capture data

- Discrete-time SS model via subspace ID, snippets of length 100

- d;; = Euclidean norm of representation error of j-th snippet via i-th
estimated submodel

Sequence number 1 2 3 4 5 6 7 8 9 10 11
# activities 4 8 7 7 7 10 6 9 4 4 7

SC error (%) 23.86(30.61| 19.02 | 40.60 | 26.43 | 47.77 | 14.85 | 38.09 | 9.02 | 8.31 | 3.47
SBiC error (%) |22.77(22.08| 18.94 | 28.40 | 29.85 | 30.96 | 30.50 | 24.78 [13.03|12.68|23.68
Kmedoids error (%) |18.26 [46.26 | 49.89 | 51.99 | 37.07 | 54.75 | 29.81 | 49.53 | 9.71 |33.50|33.80
AP error (%) 22.93141.22| 49.66 | 54.56 | 37.87 | 50.19 | 37.84 | 48.37 | 9.71 |26.05|23.84
DS3 error (%) 5.33 19.90 (12.2719.64|16.55|14.66|12.56|11.7311.18| 3.32 | 6.18

E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015



Dealing with outliers via DS3

e Add outlier representative node to source .y ke
: 1Yo
e; = P (outlier node < y) 2
e Solve the optimization
M 1T -
D VA
min)\ZHZi*Hp—l-tr<[ [ T]) T e
Z,e et do_ € | M /, WYy
A - A outlier rep C
S. t. 1 [e—r] =1 , [e—r Z 0
4 )
° ® dafa points : : | o data points}
oo O + representatives X outliers
[ .ﬁ’ o | I
00 ¢ %, o K
Qo. 7 =
.0. ! 4 ‘... | I
® o0
S Source set ‘ Target set )

E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015



Dealing with outliers via DS3: experiment

e Set outlier node weights w; = fe™ -

+=10.1 T=1.0
1
0.8 (0.91,0.06)
g = Punch g
= 0.91,0.01 =
gosf [ OITOOD
.g .g
o 0.4 O
= =
= =
0.2 0.2
O) ! ! ! L OJ ! ! ! !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
False positive rate False positive rate

E. Elhamifar, G. Sapiro and S. Sastry, IEEE Trans. PAMI, 2015



DS3 applications: Active learning

® Successively annotate the most informative unlabeled samples

oracle (e.g., human annotator)

X
. P 0
s ® g0d s O
o o
C m B '-_
E"--‘ n"‘€ a® .'qb.‘,
By ™ Kt L i 'ﬁ'-ﬁ’ .
) By pen (1) = .
‘‘‘‘‘ gl -.-d -‘0 (1)
“““““““ o ° ; ggz) “‘i- gl
we® °.® <% @
o 24 S 3
0°8 o Q¥ 9° d\;’
OWO o M
‘o.‘ n %O g(l) ™ -
‘00 ‘ [* ) 3 (2) ' ‘..
[*) Y gZ .‘l -.
P oL Rt

¢ For X =Y ={unlabeled samples }, solve

min A ||WZ|1,+tr(D"'Z) s.t. Z>0,1'Z=1" W £ diag(w,ws, ...

E(p;)

w; = min{o — (o — 1)

min e o djz'

o—(c—1)

log, (L)’ maXkey Miljer djk

o\

classifier uncertainty confidence sample diversity confidence

E. Elhamifar, G. Sapiro, A. Yang and S. Sastry, ICCV, 2013



DS3 applications: Active learning

e Pedestrian vs non-pedestrian ® Face recognition
- classifier: SVM - classifier: SRC

2
- dissimilarity: HOG X distances - dissimilarity: Euclidean dist.

i roposed method
0.957 | ~ccAL A 1o CCAL prop
5 0.0l ——RAND g :
% z ' proposed method _,-G:J 5
I = 0.85" o g
% g e 2085
@) 2 - 2
= I 8|z
2 075 | T oos
e
0.7
- 0657 | | | ! ! L o 0757
0 50 100 150 200 250 300 ; : : ‘ ‘
Labeled training set size 300 400 200 600 700

Labeled training set size

E. Elhamifar, G. Sapiro, A. Yang and S. Sastry, ICCV, 2013



Conclusions

e Studied the problem of subset selection
- Feature-space representations
- Pairwise similarities

¢ Proposed convex programs using simultaneous sparse recovery
- Extended to deal with outliers

¢ Proved the solution recovers representatives from each group
and correctly clusters data

¢ Addressed several problems effectively
= Active learning
= Learning nonlinear dynamical models

= Segmentation of time-series data




Codes: http://www.eecs.berkeley.edu/~ehsan.elhamifar/code.htm
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