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type-checks object extension examples more flexibly than any existing language.

Polymonads
Michael Hicks — UMD

From their semantic origins to their use in structuring effectful computations, monads are now also
used as a programming pattern to structure code in a number of important scenarios, including for
program verification, for information flow tracking, to compute complexity bounds, and for
defining precise type-and-effect analyses. However, whilst these examples are inspired by monads
they are not strictly speaking monadic but rather something more general. The first contribution of
this paper is the definition of a new categorical structure, the polymonad, which explains these
not-quite-monadic constructions, and subsumes well-known concepts including monads, layered
monads, and systems of monads and monad morphisms, among others.

We show how to interpret polymonads in the setting of System Fω. While this interpretaion enables
several useful programming idioms, programming directly with polymonads in Fω is far from
convenient. Addressing this concern, the second contribution of this paper is core ML-like
programming language, λPM, with a polymorphic type inference algorithm that infers a principal
polymonadic type for a program and elaborates it to Fω in a coherent way---all unambiguous
typing derivations produce elaborated programs with the same semantics. The resulting
programming style in λPM is powerful and lightweight, as we demonstrate through a series of
examples.

Abstracting Definitional Interpreters
David Van Horn — Northeastern University

Definitional interpreters written in monadic style can express a wide variety of interpreters for
languages with effects. In this talk, we show that such interpreters, under a slight reworking, can
also express a diverse set of abstract interpretations from flow analysis to symbolic execution.

We give a rational reconstruction of a definitional abstract interpreter for a higher-order language
by constructing a series of units implementing monadic operations. We implement units realizing
reachable state semantics, trace semantics, dead-code elimination, symbolic execution, and a finite
store abstraction. The denouement of our story is a sound and computable abstract interpreter that
arises from the composition of simple, independent components. Remarkably, this interpreter
implements a form of pushdown control flow analysis (PDCFA) in which calls and returns are
always properly matched in the abstract semantics. True to the definitional style of Reynolds, the
evaluator involves no explicit mechanics to achieve this property; it is simply inherited from the
defining language.

HyperLTL
Masoud Koleini — George Washington University

In this work, we introduce HyperLTL, a logic based on LTL that is capable of expressing security
properties, such as noninterference, generalized noninterference, and observational determinism.
LTL cannot directly express such properties, but HyperLTL can, because it extends LTL with
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Warm-up:#lang racket

(define (eval e ρ)
  (match e
    [(vbl x) (lookup ρ x)]
    [(app e0 e1)
     ((eval e0 ρ)
      (eval e1 ρ))]
    [(lam x e)
     (λ (v) (eval e (extend ρ x v)))]))

(require monadic-eval/syntax)

(define (lookup ρ x) (hash-ref ρ x))
(define (extend ρ x v) (hash-set ρ x v))
     

call-by-?
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abstract
^



An Abstract interpreter is a
sound (& computable)
approximation of evaluation



Contributions:

1) Abstract interpreters
   in Definitional Style

2) An observation on
   inherited properties



Outline:
* Constraint-based analyses
* Definitional abstract interpreters
* Inheriting the Control stack



Abstract interpreters
in Constraint Style



Sub-exp Constraint



Sub-exp Constraint

But where is the interpreter?



Abstract interpreters
in Definitional Style



#lang racket
(require "../signatures.rkt"

 "../syntax.rkt")
(provide ev@)

(define-unit ev@
  (import unit^ bind^ rec^ δ^ env^)
  (export ev^)

  (define (ev e ρ)
    (match e
      [(vbl x) (get ρ x)]
      [(num n) (unit n)]
      [(lam x e) (unit (cons (lam x e) ρ))]
      [(ifz e0 e1 e2)
       (do v ← (rec e0 ρ)

 (match v
   [0 (rec e1 ρ)]
   [n (rec e2 ρ)]))]

      [(op1 o e0)
       (do v ← (rec e0 ρ)

 (δ o v))]
      [(op2 o e0 e1)
       (do v0 ← (rec e0 ρ)
           v1 ← (rec e1 ρ)

 (δ o v0 v1))]
      [(lrc f (lam x e0) e)
       (do a ← (ralloc f (cons (lam x e0) ρ))
         (rec e (extend-env ρ f a)))]
      [(app e0 e1)
       (do v0 ← (rec e0 ρ)
           v1 ← (rec e1 ρ)
         (match v0
           [(cons (lam x e) ρ0)

    (do a ← (alloc v0 v1)
      (rec e (extend-env ρ0 x a)))]))]))

  
   (define-syntax do

definitional interpreter
in monadic style
w/ explicit fixpoint

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))



“Demo”



#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
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#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))

run of the mill evaluator



#lang racket/unit
(require racket/match

 "../signatures.rkt")
 
(import ev^)
(export eval^ unit^ rec^ bind^ err^)

(define (eval e) ((ev e (hash)) (hash)))
(define (rec e r) (ev e r))
(define ((unit v) s) (cons v s))
(define ((err) s) (cons 'err s))
(define ((bind a f) s)
  (match (a s)
    [(cons 'err s) (cons 'err s)]
    [(cons v s)    ((f v) s)]))

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
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((λ (q) (if0 (sub1 1) (* q q) 4))
 5)
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    (if0 n
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#lang racket
(require "../signatures.rkt")

(provide δ@ abs-δ@ pres-δ@ symbolic-δ@)

;; Concrete δ
(define-unit δ@
  (import unit^ err^)
  (export δ^)
  (define (δ o . vs)   
    (match* (o vs)
      [('add1 (list n))  (unit (add1 n))]
      [('sub1 (list n))  (unit (sub1 n))]
      [('- (list n))     (unit (- n))]
      [('+ (list n1 n2)) (unit (+ n1 n2))]
      [('- (list n1 n2)) (unit (- n1 n2))]
      [('* (list n1 n2)) (unit (* n1 n2))]
      [('quotient (list n1 n2))
       (if (zero? n2) (err) (quotient n1 n2))])))
  
  

;; Abstract δ
(define-unit abs-δ@
  (import unit^ symbolic^ err^)
  (export δ^)
  (define (δ o . vs)
    (match* (o vs)
      [('add1 (list n))  (unit 'N)]
      [('sub1 (list n))  (unit 'N)]
      [('+ (list n1 n2)) (unit 'N)]
      [('- (list n1 n2)) (unit 'N)]
      [('* (list n1 n2)) (unit 'N)]
      [('quotient (list n1 (? number? n2)))
       (if (zero? n2)
           (err)
           (unit 'N))]
      [('quotient (list n1 n2)) (both (unit 'N) (err))]

interpretation of primitives



#lang racket/unit
(require racket/match

 "../syntax.rkt"
 "../store.rkt"
 "../signatures.rkt")

(import unit^)
(export env^)

(define ((get ρ x) σ)
  ((unit (hash-ref σ (hash-ref ρ x))) σ))

(define ((alloc f v) σ)
  (match f
    [(cons (lam x e) ρ)
     (define a (next σ))
     ((unit a) (update-sto σ a v))]))

(define ((ralloc x v) σ)
  (match v
    [(cons e ρ)
     (define a (next σ))
     ((unit a)
      (update-sto σ a
        (cons e (hash-set ρ x a))))]))

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))

environment & heap





#lang monadic-eval
(link trace@ ev@ δ@ env-sto@)
((λ (n) (* n n)) 5)

#;
(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))

trace semantics



#lang racket/unit
(require racket/match
         racket/list

 "../signatures.rkt")

(import ev^)
(export eval^ unit^ bind^ rec^ err^)

(define (eval e) (((rec e (hash)) (hash)) empty))

(define (((rec e r) s) t)
  (((ev e r) s) (cons (list e r s) t)))

(define (((unit v) s) t) (cons (cons v s) t))
(define (((err) s) t) (cons (cons 'err s) t))
(define (((bind a f) s) t)
  (match ((a s) t)
    [(cons (cons 'err s) t) (cons (cons 'err s) t)]
    [(cons (cons v s) t)
     (((f v) s) t)]))

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))





#lang monadic-eval
(link reach@ ev@ δ@ env-sto@)
((λ (n) (* n n)) 5)

#;
(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))

reachable state semantics



#lang racket/unit
(require racket/match
         racket/set

 "../signatures.rkt")

(import ev^)
(export eval^ unit^ bind^ rec^ err^)

(define (eval e)
  (match (((rec e (hash)) (hash)) (set))
    [(cons v reach)
     (cons v (set->list reach))]))

(define (((rec e r) s) t)
  (((ev e r) s) (set-add t (list e r s))))

(define (((unit v) s) t) (cons (cons v s) t))
(define (((err) s) t) (cons (cons 'err s) t))
(define (((bind a f) s) t)
  (match ((a s) t)
    [(cons (cons 'err s) t) (cons (cons 'err s) t)]
    [(cons (cons v s) t)
     (((f v) s) t)]))

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))





#lang monadic-eval
(link dead@ ev@ δ@ env-sto@)
((λ (n) (if0 n 7 8)) 3)

dead code semantics



#lang racket/unit
(require racket/match
         racket/set

 "../subexp.rkt"
 "../signatures.rkt")

;; Computes dead code

(import ev^)
(export eval^ unit^ bind^ rec^ err^)

(define (eval e)
  (match (((rec e (hash)) (hash)) (subexps e))
    [(cons v dead)
     (cons v (set->list dead))]))

(define (((rec e r) s) t)
  (((ev e r) s) (set-remove t e)))

(define (((unit v) s) t) (cons (cons v s) t))
(define (((err) s) t) (cons (cons 'err s) t))
(define (((bind a f) s) t)
  (match ((a s) t)
    [(cons (cons 'err s) t) (cons (cons 'err s) t)]
    [(cons (cons v s) t)
     (((f v) s) t)]))

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))



answer is 8; 7 is dead



#lang monadic-eval
(link eval-symbolic@ ev@ δ@ env-sto@)
(add1 ((λ (n) (if0 n 7 8)) 3))

king-style symbolic execution



#lang racket/unit
(require racket/match
         "../syntax.rkt"

 "../signatures.rkt")

(import ev^)
(export eval^ unit^ bind^ rec^ err^)

(struct branch (vc t f) #:transparent)

(define (eval e) ((rec e (hash)) (hash)))

(define ((rec e r) s)
  (match e
    [(ifz e0 e1 e2)
     (branch (list e0 r s)
             ((rec e1 r) s)
             ((rec e2 r) s))]
    [_  ((ev e r) s)]))

(define ((unit v) s) (cons v s))
(define ((err) s) (cons 'err s))
(define ((bind a f) s)
  (let loop ([res (a s)])
    (match res
      [(branch vc a1 a2)
       (branch vc (loop a1) (loop a2))]
      [(cons 'err s) (cons 'err s)]
      [(cons v s)
       ((f v) s)])))

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))





#lang monadic-eval
(link eval-symbol@ ev@ abs-δ@ env-sto@)
((λ (n) (if0 (sub1 n) 7 8)) 3)

symbolic values &
abstract operations



#lang racket/unit
(require racket/match
         racket/set
         "../syntax.rkt"

 "../signatures.rkt")

(import ev^)
(export eval^ unit^ bind^ rec^ err^)

(define (eval e) ((rec e (hash)) (hash)))

(define ((unit v) s) (set (cons v s)))
(define ((err) s) (set (cons (set 'err s))))

(define ((both c0 c1) s)
  (set-union (c0 s) (c1 s)))

(define (rec e r)
  (match e
    [(ifz e0 e1 e2)
     (do v ← (rec e0 r)
       (match v
         [0           (ev e1 r)]
         [(? number?) (ev e2 r)]
         [(? symbolic?)
          (both (ev e1 r)
                (ev e2 r))]))]
    [_  (ev e r)]))

(define ((bind a f) s)
  (for*/fold ([rs (set)])
    ([ans (a s)])
    (set-union rs
      (match ans
        [(cons 'err s)
         (set (cons 'err s))]
        [(cons v s)
         ((f v) s)]))))
  

; symbolic^ unit-ans^ unit-vals^

#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))



#lang monadic-eval
(link eval@ ev@ δ@ env-sto@)

#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)

((λ (q) (if0 (sub1 1) (* q q) 4))
 5)

(rec fact
  (λ (n)
    (if0 n
         1
         (* n (fact (- n 1)))))
  (fact 5))

#lang racket
(require "../signatures.rkt")

(provide δ@ abs-δ@ pres-δ@ symbolic-δ@)

;; Concrete δ
(define-unit δ@
  (import unit^ err^)
  (export δ^)
  (define (δ o . vs)   
    (match* (o vs)
      [('add1 (list n))  (unit (add1 n))]
      [('sub1 (list n))  (unit (sub1 n))]
      [('- (list n))     (unit (- n))]
      [('+ (list n1 n2)) (unit (+ n1 n2))]
      [('- (list n1 n2)) (unit (- n1 n2))]
      [('* (list n1 n2)) (unit (* n1 n2))]
      [('quotient (list n1 n2))
       (if (zero? n2) (err) (quotient n1 n2))])))
  
  

;; Abstract δ
(define-unit abs-δ@
  (import unit^ symbolic^ err^)
  (export δ^)
  (define (δ o . vs)
    (match* (o vs)
      [('add1 (list n))  (unit 'N)]
      [('sub1 (list n))  (unit 'N)]
      [('+ (list n1 n2)) (unit 'N)]
      [('- (list n1 n2)) (unit 'N)]
      [('* (list n1 n2)) (unit 'N)]
      [('quotient (list n1 (? number? n2)))
       (if (zero? n2)
           (err)
           (unit 'N))]
      [('quotient (list n1 n2)) 
       (both (unit 'N) (err))]))              )

;; Precision preserving abstract δ
(define-unit pres-δ@
  (import unit^ symbolic^ err^)



either 7 or 8



#lang monadic-eval
(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
((λ (n) (if0 (sub1 n) 7 8)) 3)

symbolic values &
abstract operations +
finite heap



#lang monadic-eval
(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
((λ (n) (if0 (sub1 n) 7 8)) 3)

#lang racket/unit
(require racket/match
         "../signatures.rkt"
         "../store.rkt"
         "../syntax.rkt")

(import unit^ unit-vals^ unit-ans^)
(export env^ sto^)

(define ((get r x) s)
  ((unit-vals (lookup s r x)) s))

(define ((alloc f v) s)
  (match f
    [(cons (lam x e) r)
     (define a x) ; 0CFA-like abstraction
     (unit-ans a (join-sto s a v))]))

(define ((ralloc x v) s)
  (match v
    [(cons e r)
     (define a x)
     ((unit a) 
      (join-sto s a
        (cons e (hash-set r x a))))]))

(define ((new v) s)
  (define a 'box) ; One box per program abstraction
  (unit-ans a (join-sto s a v)))

(define ((sbox a v) s)
  (unit-ans a (join-sto s a v)))

(define ((ubox a) s)
  ((unit-vals (lookup-sto s a)) s))





1 0r 2 due to 
finite heap...



...but can still diverge



#lang monadic-eval
(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
((λ (f) ((λ (_) (f 2)) (f 1)))
 (λ (n) n))
   

symbolic values &
abstract operations +
finite heap +
co-inductive memoization



#lang monadic-eval
(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
((λ (f) ((λ (_) (f 2)) (f 1)))
 (λ (n) n))
   

symbolic values &
abstract operations +
finite heap +
co-inductive memoization

TOT
AL



#lang racket/unit
(require racket/match

 racket/set
 "../signatures.rkt"

         "../store.rkt"
         "../syntax.rkt"
         #;"../gc.rkt")

;; Bounded store, memoizing abstract set interpreter
;; aka PDCFA

;; eval : E ->_total [Setof Ans]

; unit-ans^ unit-vals^

(import ev^)
(export eval^ symbolic^ rec^ unit^ bind^ err^)

;; iterates ev until reaching a fixed point in the memo-table
(define (eval e)
  (let loop ([m* (hash)] [anss (set)])
    (match ((((rec e (hash)) (hash)) (hash)) m*)
      [(and r (cons anss1 m1))
       (if (equal? r (cons anss m*))

   anss1
   (loop m1 anss1))])))

;; like ev but takes both branches on abstract values
(define (ev* e r)
  (match e
    [(ifz e0 e1 e2)
     (do v ← (rec e0 r)
       (match v
         [0           (rec e1 r)]
         [(? number?) (rec e2 r)]
         [(? symbolic?)
          (both (rec e1 r)
                (rec e2 r))]))]
    [_  (ev e r)]))

(define ((((rec e r) s) m) m*)
  (define ers (list e r s))
  (define anss (hash-ref m ers #false))  

iterate ev
until memo fixed

#lang monadic-eval
(link eval@  ev@ δ@ env-sto@)
#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ pres-δ@ sto-widen@)



co-inductive
memoization

(define ((((both c0 c1) s) m) m*)
  (match (((c0 s) m) m*)
    [(cons anss0 m)
     (match (((c1 s) m) m*)
       [(cons anss1 m)
        (cons (set-union anss0 anss1) m)])]))

(define ((((rec e r) s) m) m*)
  (define ers (list e r s))
  (define anss (hash-ref m ers #false))  
  (if anss
      (cons anss m)
      (match ((((ev* e r) s)
               (hash-set m ers (hash-ref m* ers (set)))) m*)
        [(cons anss m)
         (cons anss (hash-set m ers anss))])))

(define ((((bind a f) s) m) m*)
  (match (((a s) m) m*)
    [(cons anss m)
     (let-values
         ([(anss m)
           (for*/fold ([rs (set)]
                       [m m])
             ([ans anss])
             (match ans
               [(cons 'err s)
                (values (set-union rs (set (cons 'err s))) m)]
               [(cons v s)
                (match ((((f v) s) m) m*)
                  [(cons anss m) 
                   (values (set-union rs anss) m)])]))])
       (cons anss m))]))

(define-syntax do
    (syntax-rules (←)
      [(do b) b]
      [(do x ← e . r)

#lang monadic-eval
(link eval@  ev@ δ@ env-sto@)
#;(link trace@ ev@ δ@ env-sto@)
#;(link reach@ ev@ δ@ env-sto@)
#;(link dead@  ev@ δ@ env-sto@)
#;(link eval-symbolic@  ev@ δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ env-sto@)
#;(link eval-symbol@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
#;(link pdcfa@ ev@ pres-δ@ sto-widen@)



1 0r 2 just 
like before...



...but always 
terminates

proves this 
program diverges



inheriting the
control stack





f(x);

f(y);

function f(z) {
   ... 
   return;
}



f(x);

f(y);

function f(z) {
   ... 
   return;
}



f(x);

f(y);

function f(z) {
   ... 
   return;
}



f(x);

f(y);

function f(z) {
   ... 
   return;
}



f(x);

f(y);

function f(z) {
   ... 
   return;
}



f(x);

f(y);

function f(z) {
   ... 
   return;
}



#lang racket

(let* ((id (λ (x) ((λ (q) q) x))) 
       (y (id 0)) 
       (z (id 1))) 
  y) 0cfa: 0 or 1

pdcfa: 0

why does our abstract interpreter
only say 0?

we inherited the (precise) control 
stack from the meta-language



#lang monadic-eval
(link pdcfa@ ev@ pres-δ@ sto-widen@)
((λ (id)
   ((λ (y)
      ((λ (z)
         y)
       (id 1)))
    (id 0)))
 (λ (x) ((λ (q) q) x)))
  

play with new
abstractions...

symbolic values &
precise operations +
finite, widening heap



#lang monadic-eval
(link pdcfa@ ev@ pres-δ@ sto-widen@)
((λ (id)
   ((λ (y)
      ((λ (z)
         y)
       (id 1)))
    (id 0)))
 (λ (x) ((λ (q) q) x)))
  

;; Precision preserving abstract δ
(define-unit pres-δ@
  (import unit^ symbolic^ err^)
  (export δ^)
  (define (δ o . vs)
    (match* (o vs)
      [('add1 (list (? number? n)))  (unit (add1 n))]
      [('sub1 (list (? number? n)))  (unit (sub1 n))]
      [('- (list (? number? n)))     (unit (- n))]
      [('+ (list (? number? n1) (? number? n2))) (unit (+ n1 n2))]
      [('- (list (? number? n1) (? number? n2))) (unit (- n1 n2))]
      [('* (list (? number? n1) (? number? n2))) (unit (* n1 n2))]
      [('quotient (list (? number? n1) (? number? n2)))
       (if (zero? n2)
           (err)
           (unit (quotient n1 n2)))]
      [('add1 (list n))  (unit 'N)]
      [('sub1 (list n))  (unit 'N)]
      [('+ (list n1 n2)) (unit 'N)]
      [('* (list n1 n2)) (unit 'N)]
      [('- (list n1 n2)) (unit 'N)]
      [('quotient (list n1 (? number? n2)))
       (if (zero? n1)
           (err)
           (unit 'N))]
      [('quotient (list n1 n2))
       (both (err) (unit 'N))]))
  
  )

(define-unit symbolic-δ@
  (import unit^)
  (export δ^)
  (define (δ o . vs)
    (unit
     (match* (o vs)
       [('add1 (list (? number? n))) (add1 n)]
       [('add1 (list s)) `(add1 ,s)]
       [('+ (list (? number? n) (? number? m))) (+ n m)]
       [('+ (list s t)) `(+ ,s ,t)]       
       [('sub1 (list (? number? n)))  (sub1 n)]
       [('sub1 (list s)) `(sub1 ,s)]       

precision
preserving



#lang racket/unit
(require racket/match
         "../signatures.rkt"
         "../store.rkt"
         "../syntax.rkt"
         "../set.rkt")
(import unit^ unit-vals^ unit-ans^)
(export env^ sto^)

(define ((get r x) s)
  ((unit-vals (lookup s r x)) s))

(define ((alloc f v) s)
  (match f
    [(cons (lam x e) r)
     (define a x) ; 0CFA-like abstraction
     ;; widen on sto update
     (unit-ans a
       (update-sto s a 
         (widen (hash-ref s a (set)) v)))]))

(define ((ralloc x v) s)
  (match v
    [(cons e r)
     (define a x)
     ((unit a) 
      (join-sto s a (cons e (hash-set r x a))))]))

(define (widen s v)
  (match v
    [(? number?)
     (match s
       [(set) (set v)]
       [(set 'N _ ...) s]
       [(set (? (λ (m) (equal? m v))) _ ...) s]
       [(set (? number? m) _ ...)
        (join-numeric s)]
       [_
        (set-add s v)])]
    ['N
     (join-numeric s)]
    [x
     (set-add s x)]))

widen on heap 
collision

#lang monadic-eval
(link pdcfa@ ev@ pres-δ@ sto-widen@)
((λ (id)
   ((λ (y)
      ((λ (z)
         y)
       (id 1)))
    (id 0)))
 (λ (x) ((λ (q) q) x)))
  



#lang monadic-eval
(link pdcfa-dead@ ev@ pres-δ@ sto-widen@)
((λ (n) (if0 n (add1 3) 8)) 0)

play with new
compositions...

#lang monadic-eval
(link pdcfa-dead@ ev@ abs-δ@ sto-0cfa@)
((λ (n) (if0 n (add1 3) 8)) (sub1 1))



Open questions...



Open questions...
* is this stuff sound? (i believe it)
* How would you prove it? (no idea)
* is there a correspondence with CFA2?
* how does it work in practice?
* Can symbolic execution and CFA
  be combined systematically?
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{-# LANGUAGE GeneralizedNewtypeDeriving, ScopedTypeVariables #-}

module Analyses.BigStep.ZPDCFAT where

import Control.Exception

import Analyses.BigStep.AbstractT

import Control.Monad.Identity

import Control.Monad.Reader

import Control.Monad.State

import Control.Monad.Trans

import Monads

import StateSpace

import Util

import qualified Data.Map as Map

import Fixpoints

newtype ZPDCFAT var val m a = ZPDCFAT

  { unZPDCFAT :: AbstractT (CFAAddr var) ZCFATime var val m a }

  deriving

  ( Monad

  , MonadTrans

  , MonadFunctor

  , MonadPlus

  , MonadState s

  , MonadReader r

  , MonadEnvReader (Env var (CFAAddr var))

  , MonadEnvState env

  , MonadStoreState (Store ListSet (CFAAddr var) val)

  , MonadTimeState ZCFATime

  , MonadMorph ListSet

  )

mkZPDCFAT :: 

  (Monad m)

  => (Env var (CFAAddr var)

      -> Store ListSet (CFAAddr var) val

      -> ZCFATime

      -> m (ListSet (a, Store ListSet (CFAAddr var) val, ZCFATime))

     )

  -> ZPDCFAT var val m a

mkZPDCFAT = ZPDCFAT . mkAbstractT

runZPDCFAT :: 

  (Monad m)

  => ZPDCFAT var val m a

  -> Env var (CFAAddr var)

  -> Store ListSet (CFAAddr var) val

  -> ZCFATime

  -> m (ListSet (a, Store ListSet (CFAAddr var) val, ZCFATime))

runZPDCFAT = runAbstractT . unZPDCFAT

type MemoTables_ZPDCFA expr var val = 

  MemoTables ListSet val expr (Env var (CFAAddr var)) (Store ListSet (CFAAddr var) val)
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can calculate this with
monad transformers
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{-# LANGUAGE GeneralizedNewtypeDeriving, ScopedTypeVariables #-}

module Analyses.BigStep.ZPDCFAT where

import Control.Exception

import Analyses.BigStep.AbstractT

import Control.Monad.Identity

import Control.Monad.Reader

import Control.Monad.State

import Control.Monad.Trans

import Monads

import StateSpace

import Util

import qualified Data.Map as Map

import Fixpoints

newtype ZPDCFAT var val m a = ZPDCFAT

  { unZPDCFAT :: AbstractT (CFAAddr var) ZCFATime var val m a }

  deriving

  ( Monad

  , MonadTrans

  , MonadFunctor

  , MonadPlus

  , MonadState s

  , MonadReader r

  , MonadEnvReader (Env var (CFAAddr var))

  , MonadEnvState env

  , MonadStoreState (Store ListSet (CFAAddr var) val)

  , MonadTimeState ZCFATime

  , MonadMorph ListSet

  )

mkZPDCFAT :: 

  (Monad m)

  => (Env var (CFAAddr var)

      -> Store ListSet (CFAAddr var) val

      -> ZCFATime

      -> m (ListSet (a, Store ListSet (CFAAddr var) val, ZCFATime))

     )

  -> ZPDCFAT var val m a

mkZPDCFAT = ZPDCFAT . mkAbstractT

runZPDCFAT :: 

  (Monad m)

  => ZPDCFAT var val m a

  -> Env var (CFAAddr var)

  -> Store ListSet (CFAAddr var) val

  -> ZCFATime

  -> m (ListSet (a, Store ListSet (CFAAddr var) val, ZCFATime))

runZPDCFAT = runAbstractT . unZPDCFAT

type MemoTables_ZPDCFA expr var val = 

  MemoTables ListSet val expr (Env var (CFAAddr var)) (Store ListSet (CFAAddr var) val)
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type ZPDCFA_Driver var val expr a = ZPDCFAT var val (StateT (MemoTables_ZPDCFA expr var val) Identity) a

driveZPDCFA :: 
  (Ord val, Ord expr, Ord var)
  => ((expr -> ZPDCFA_Driver var val expr (ListSet val))
      -> (expr -> ZPDCFA_Driver var val expr (ListSet val))
     )

  -> expr 
  -> ListSet (ListSet val, Store ListSet (CFAAddr var) val, ZCFATime)
driveZPDCFA eval expr =
  let loop mx =
        let (_VxSxT_list,(m1,mx')) = 
              runIdentity 

              $ flip runStateT (lbot,mx) 
              $ runZPDCFAT (memoEval eval expr) Map.empty lbot ()
        in assert (mx == mx') $
        if m1 == mx'
          then _VxSxT_list
          else loop m1
  in loop lbot
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