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Continuations DUMMIE'S

(begin (factorial n k)
(if (=n 0)
(k 1)
(factorial (- n 1) (lambda (v) (k (*x n v))))))

(factorial 5 (lambda (v) Vv))

Bound variaple in continuation acts like a crude registrer
(if you are a compiler writery, maype e

(factorial 5 (lambda (v) Vv))
(factorial 3 (lambda (v) (* 5 (* 4 v))))
(factorial 0 (lambda (v) (* 5 (* 4 (* 3 (* 2 (* 1 v)))))))

Con¥inuation passing style isn’t much harder than this —
i+’s just a different procedure— the evaluatorta.




Continuations SNEINIVIN (2)

When calling a procedure, you need 4o +ell i+ the
inputy, and what 1o do with the outrput
(here, call by value)

(define (eval exp env cont)
(cond ((variable? exp) (cont (lookup env exp)))
((lambda? exp)
(cont (lambda (x k)
(eval (lambda-body exp)
(extend-env (binder exp) x env)
k))))
((application? exp)
(eval (function-part exp)
env
(lambda (f)
(eval (argument-part exp)
env
(lambda (a) (f a cont))))))




Continuations DQI\XMIES (3)

When calling a procedure, you need 1o rell i+ +he inputy and
what o do with +he output.

This should come as no surprise in +the contrext of proofnets
for lampda calculusSee
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fx now:  CBY CPS Mamstrmation
CBN [A—B tvamslahon to MELL ?m&a:l's'
Divect style hawns lahan ow pvoofiats

Recall o*= ot (vaviables amd 1)
(p(—ap\* z ¥ P‘“ ("t = 't-b.l.)

CBY CPS Maps T'I-E“" ‘l‘o T"'}..'E-. -110-‘*

Double negation empeddings: If THE:T |s
classically +rue, then T*pLE: o™ is
inruitionistically +rue.

call/cc gets the type of Peirce’s axiom.
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Provlnets D Naalaulug + call /e
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IMNT = Xk M2 (. [NT (Aw.mnk))




What abot the CBN CPS dams@mahon, Zc. ?
{mn )y = XR.{MY (. {ND k)




Teal/ecT = Nk R (MAR A Owwhe. Ru) R)

\

o !

V1 A
m A
& )




wWove \h*\fl\&ﬁhl\ﬁl
Ccalfee B = Ak R(AEXR.f (Aaa (hg. g Avde.vkR)) RY)

(Ma

1

(Same pictuve ag w CBV,
save boxes,




wi Tt
A
wsible
bo
xe§ —

call /e
¢ Nk
. (O
A)(
k2)
nohat
vq Wi
ves i
~y
s\ha
ved

whe
\L\\
s The CBV
AMS
Lu@"r?

(Lo
ol
at
boxes , C
, conbvo
\
ogerains )







Alterraton of copymg

expression continuation

either way — it only matrers who goes firste. put for CPS-
convertred rerms, evaluation order doesn’t matrer
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La Iajtsue ﬂlhém POfAAaLtsée a .E’d.hé\ica.l'he
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2

P== 1Y l“\l \ PQTP\i-
N == ?XLI?P 3N?N\.L

Choose one for expressionss the orher for continuationSee
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Filinski’s symmetrric lampda calculus

Identity group

(Ax-L) (AxR) M>TIAA K » ASHA
T » MeK » I''SFAA

(CuT)

Logical rules

Mw» THAA N» ZFBA K» ATHA L» BITFHA
- — (AR) - (ALy) (ALg)
(M,N) » 'S FAANB AA fst(K] » AAB.TFA snd[L] » AANB T'FA
Kw» AABEFY Lp» AART M» AFT,A N» AFT,B
VL) - (VRa2) . (VR1)
[K,L] » AABVARYET (Mj)inr » AT, BV A (Njinl » AFT, BV A
K» ''AFA (-R) M» AFAT (-1)
—R =L
[K]not » I'H A A nottM) » A, ZAFT
Mw» z: ATFBA ( \ Mp» I'FAA Kl-E?EI—A[ )
Az.M » I'FA— B A MaK » I''Y,A— BFAA

Mw» AFBY Kw» AAFT K » A,BFT,a: A

.—R] ('_L
KQ°M » AAFB+— A ST ( MNaK » A,B— AFT )

B—AF AF

B+




Duality, Via

[M°, N°]
fst[M°]
snd[N°]
not(K°)
a”.(S°)
A%x” . M°
K°QM*®

(MeK)" =K oM

(K°,

(K )lnl
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Duality, Via CPS ¥ransformationse. (2)

Call-by-value CPS translation

' = Ay.oyx a’ = Azaz

(Ax. M) = MyyAz e M'k) AN a.K) = z(adz.K'z)

(K@Q°M)" = Myy(Az.M"(zK")) (MQK)" = Az.M"(Am.zmK")

((M,N))" = M.M"(Am.N"(An.~y{m,n))) ([K,L])" = Xzcasezofinle = Kz inrz = Ly
(AMDInN” = Ay.M"(Amy(inrm)) (fst{K])" = Azcasezof (z,—) = K"z
(MYINDY = Ay.MY(Am.y(inlm)) (snd[L])" = Az.casezof (— y)= Ly
(Knot)® = Ayy(AzK"z) =, \yyK" (NOAM))" = Az.(Ay.MTy)z =y M

(5).0)' = Aa.S" (z.(5))" = Az
(MeK) = M'K"

Call-by-name CPS translation

a" = Az.za " = Ay.ay
(Na.K)" = Azz(ade K"z) Az.M)" = Myy(AzAk.M"K)
(MQK)" = Xzz(Aa.K"(aM™)) (K@°M)" = M.K"(Aa.yaM")
(K. L))" = Xz.K"(Aa.l"(AB.2(a, 8))) ((M,N))" = \y.caseyofinla= M"a,inr3= N"3
fsttK])" = Az K"(Aa.z(inla)) MYinn™ = A~v.case v of (o, —) = M "«
Y Y
(snd[L])" = Az.L"(AB.z(inr 3)) AN = My.case 5 of (—, 3) = N"j3
Y Y
(not(M))" = Azz(AMy.M"v) =, Az.zM" Kinot)” = M.(Az.K"2)y =, K"
Y ]
(z.(5)" = Az.5" ((S).a)" = Aa.S"

(MeK)" = K"M" “Call by value is dual to call by name” (Wadler, ICFP2003)
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CPS (boxing) lells us wheve to 90w,




CBY CPS [ CBN boxmg / callfec k. Ox1)(k2)




CBY CPS [ CBN boxmg / callfec k. Ox1)(k2)




CBY CPS [ CBN boxmg / callfec k. Ox1)(k2)

L L, R wait for the

discriminator D




CBY CPS [ CBN boxmg / callfec k. Ox1)(k2)




CBY CPS [ CBN boxmg / callfec k. Ox1)(k2)






















CBY CPS [ CBN boxmg / callfec k. Ox1)(k2)
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Under CBx, there's a\nﬁj one AMSWEA ...

* Eitvon Lovr R wll succead, bt
not both ...

L R

.es Sm, M,’ D P‘“i\
R, R, o uecess...

o Nla“mwjat'd?nawu&ﬂj Ma@a box,
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Filinski’s symmetric lambda calculus

Struetural rules

Se I'e:AFA

(SEL-L)
z.S » I'NAFA

Pe» I'FA
Py o AFA

(W-L)

P » F,E:A,y:ﬂl—i\[c
[z/y]P » T,z: AFA

Py» l'z:Ay: B.YXFA
Py l'y:B,z: A XFA

Swp» Atba:AT
Sar» AFAT

Fy» AFT
Pw» AFa: AT

Pwr» AFG: A a:AT
[a/B]P » AFa: AT

Pwr» AFE.5:B,a: AT

(INT-L)

Pwr» AFXa:A 3: BT

(SEL-R)

(W-R)

C-R)

(INT-R)
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Never, never do +his (in large quantities)




VW o= x| (VW) | {(V)inl | (V)inr | [K]not | \z. N | K@Q"V
P,Q == «l[PQ]|fst[P]|snd[P]|not(M) | M@Q | \"a.K

(define (eval exp env cont)
(cond ((variable? exp) ...)
((lambda? exp) ...)
((application? exp) ...)




