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What I1s a lower bound? L

Higher-order control-flow analysis in retrospect: Lessons
learned, lessons abandoned. Shivers, Best of PLDI
retrospective:

“In the ensuing years, researchers have expended a
great deal of effort deriving clever ways to tame the cost
of the analysis.”

But a fundamental questions remains:

To what extent is this possible?

=
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Lower bounds on Al L

Observation. For any (useful) abstract interpretation, there exists a
class of programs on which Al corresponds with concrete
Interpretation.

Programming within this class may lead to interesting
lower bounds.
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Goal 1

Give a transparent proof of the correspondence between
evaluation and flow analysis for linear programs.

Outline:

e Inspirations

e Flow analysis and linearity
e Conseqguences
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Inspirations



Inspiration

Linear lambda calculus and PTIME-completeness,
Mairson, JFP Special Issue on Functional Pearls.

The normal form of a linear A-term is iIsomorphic to its
most general type .

a Simple typing: surely a kind of
static analysis.

o What happens with other kinds?

=
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Linearity and simple types L

When a program is linear, there is no approximation.

e approximation: Ax :o....x...x...
a both occurrences of x must be of type ¢
e linearity avoids the approximation

T : a—p—u
F:ra—p—p
(NotT) : « = B—B=F

The same is true for flow analyses (roughly).

=
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Inspiration, Il L

Control-flow Analysis of Functional Programs, Midtgaard,
ACM Computing Surveys. (To appear. BRICS
tech. report RS-07-18.)

Flow analysis abound . (170+ citations and growing).

' ACM

e Flow analysis: surely a kind of
static analysis.

e What happens in face of linearity?

=
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Outline L

e Inspirations v’
e Flow analysis and linearity
e Consequences
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Flow analysis and linearity



What Is flow analysis? L

An approximation to operational behavior of programs.
let f = Axx in (ff)(Ay.y)

e f may be bound to Ax.x.
e x may be bound to Ay.y or Ax.x.

e (ff) may eval to Ay.y or Ax.x.

e program may eval to Ay.y or Ax.x.

A typical example showing the imprecision of analysis.

=
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Abstract cache L

We have a simple language with labelled syntax:

e = tt expressions (or labeled terms)
t:=x|ee| Ax.e terms (or unlabeled expressions)

C(0) = {Ax,Ay,...}

(£) = {Ax,...} “subexpression ¢ may eval to Ax,..."

(y) = {Ax,...} “variable y may be bound to Ax,..."

Q

Y O

Q

=
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Abstraction of evaluation

Elxlp = plx)
E[Ax.e]o = (Ax.e,plfv(e))
Elerex]e = let (Ax.ep, p') = E[eq1] in

let c = Eer] in
Efeolp’[x — ¢

E[P'] = (Ax.e,p) = Ax.e € C(¢)



A typical specification L

AN

CE P “Cis avalid analysis of P”

Cl=x! =
/C\ — (Ax.e)e < . E;igrc(i)plreasm
/C — (tgl téz)f < ‘ Agalysis




Single and loving It L

Jagannathan, et al. POPL 98

C(f) = {Ax}
“Subexpression ¢ may must eval to Ax.”

(An idea also used by Might and Shivers, ICFP 06, “abstract counting”.)
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Staying single L

Key to staying single: linearity (1 is the loneliest number).

Each variable occurs at most once, so each abstraction
Ax.e can be applied to at most one argument, and the
abstracted value can be bound to at most one argument.

Theorem. If C = e and e is linear, C is a complete description of
running the program.

| et f1 = AXx1.X1 I N
| et f2 = AX72.X72 1IN

(f1f2)(Ay.y)
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OCFA = £]-]? L

C = x? — (C(x) C 6(6)
CE (Axe)! < AxeeC(0) How can we reconcile
CE(#' ) = CeEf'aCE  superficial — distinctions

aAxE? € C(6) : between these two?

C = tgo/\ ox .
GARRECIN  Principles
)y ccr) [T
Elde = plx)
E[Axe]p = (Axe plfv(e))
Elerex]o = let (Ax.eg, ') = E[er] in
let c = Efex] in

Eleo]lp"[x — ¢]
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The path ahead L

1. Specialize the OCFA algorithm for linear terms.
2. Derive an evaluator for linear terms.
3. Un-specialize to reveal typical evaluator.
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The path ahead L

1. Specialize the OCFA algorithm for linear terms.
2. Derive an evaluator for linear terms.
3. Un-specialize to reveal typical evaluator.

Keep In mind:

1. Single and loving it

2. Every subterm is evaluated just once.
3. Every variable is bound just once.

=
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An algorithm for OCFA L

General OCFA algorithm: mutates (initially empty) cache.

Alx'] = Clt " C(x)]
Al(Ax.e)] = C[l— {Ax.e}]
A[(t912) ] = A[t]; A[2];
for each Ax.t% in C(¢1) do
Clx =T C(&)]; A[tP]; Cle =T C(4)]

©

¢ — 9] means update C so C({) = 9

Oy O

©

¢ —1 9] means update C so C(¢) = 9U C(¥)
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An algorithm for linear OCFA L

Alx] = Clt—" C(x)]
Al(Ax.e)f] = C[t— {Ax.e}]
A[(t9t2) ] = A[t]; A
for each Ax.t‘0in C(¢;) do
E[x —T 6(52)], A[[tfo]]; /C[f — T 6(50)]
Observation:

e By singularity, the “for each ” IS unneeded.

=



An algorithm for linear OCFA L

Alx] = Clt—" C(x)]
Al(Ax.e)f] = C[t— {Ax.e}]
A(t9t2) ] = A[t]; A[E];

et {Ax.tf0} = C(¢71) in
E[x —T 6(52)], A[[tfo]]; /C[f — 6(50)]

Observation:
e By singularity, the “for each ” IS unneeded.

e Again by singularity, the — ™ can be replaced with —.
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An algorithm for linear OCFA L

Alx'] = C[¢— C(x)]
Al(Ax.e)f] = C[t— {Ax.e}]
A[(t12)" ] = A[t]; A[E2;
et {Ax.tlo} = C(¢71) in
Clx = C(£a)]; A[t"]; C[¢ — C(£)]
Observation:

e By singularity, the “for each ” IS unneeded.

e Again by singularity, the — ™ can be replaced with —.

=



The path ahead L

1. Specialize the OCFA algorithm for linear terms. v
2. Derive an evaluator for linear terms.
3. Un-specialize to reveal typical evaluator.

Flow Analysis, Linearity and PTIME — p.22/¢



An algorithm for linear OCFA L

Alx] = C[¢— C(x)]
Al(Ax.e)f] = C[t— {Ax.e}]
A[(t12)" ] = A[t]; A[E2;

et {Ax.tlo} = C(4y)in
Clx — C(£)]; AJt%]; C[€— C(£o)]

Observation:
a Values aren’t returned; they’re written into the cache.
e The cache is playing the role of the environment.

=
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An algorithm for linear OCFA L

Alx'] = C[l— p(x)]
Al(Ax.e)] = C[t— {Ax.e}]
A[(t2) ] = A[t]; A[E;

et {Ax.tlo} = C(4y)in
olx — C(62)]; A[tT; Cl€ — C(4o)]

Observation:
a Values aren’t returned; they’re written into the cache.
e The cache is playing the role of the environment.

=
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An algorithm for linear OCFA L

Alx'] = p(x)
Al(Ax.e)] = Axe
A[(tt2)] = let Ax.tfo = A[t4]in
et v = A[t2] in
plx — v);
A[t0]
Observation:

e Each variable is bound just once.
Lq The cache is playing the role of a global environment

Flow Analysis, Linearity and PTIME — p.25/¢



An algorithm for linear OCFA L

Alx‘Tp = p(x)
Al(Ax.e)lo = (Axep)
A[(t7t2) o0 = et (Ax.t, o) = A[t1]pq in

et ¢ = A[t*2]py in
A[t"] o’ [x = c]
where p; = o | fv(t!)
and p1Npy =0

a Each variable is bound just once.
e The cache is playing the role of a global environment.

=
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A linear evaluator

AlxTp = p(x)
Al(Ax.e)Jp = (Ax.e,p)
A[(t7t2) o0 = et (Ax.t, o) = A[t1]pq in

et ¢ = A[t*2]py in
A[t"] o’ [x = c]
where p; = o | fv(t!)
and p1Npy =0

Observation:
a This is just an evaluator for linear programs.
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The path ahead L

1. Specialize the OCFA algorithm for linear terms. v
2. Derive an evaluator for linear terms. v/
3. Un-specialize to reveal typical evaluator.
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A linear evaluator L

ElxTp = p(x)
El(Axe) o = (Axep)
E[(t1t2) o = et (Ax.tho, o) = E[t1]p1 in

et ¢ = E[t2]ps in
E[t0] [x = ]
where p; = o | fv(t!)
and p1Npy =0

Observation:
a This is just an evaluator for linear programs.
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A linear-evaluator

E[xTp = p(x)
E[(Ax.e)Jo = (Ax.e,p)
E[(t1t2) o = et (Ax.tho, o) = E[t1]p1 in

et ¢ = E[t2]ps in
E[t0]0 [x = ]
where p; = o | fv(t!)
and prpr==%

Observation:
e This is just an evaluator.
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A linear-evaluator

ElxTp = p(x)
El(Ax.e) o = (Ax.e0') where o’ = p|fv(e)
E[(tt2) o = et (Ax.t, o) = E[t"1]pin

let ¢ = 5ﬂt€2]]p in
E[t0]0 [x = ]
where i =7 | fwtg")
&Hd—ﬁrﬁﬁzf@

Observation:
e This is just an evaluator.
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A typical evaluator

Elx"Tp = p(x)
El(Ax.e) o = (Ax.e0') where o’ = p|fv(e)
E[(tt2) o = et (Ax.t, o) = E[t"1]pin

et ¢ = E[t2]p in
E[t0]o [x = ]



Outline L

e Inspirations v’
a Flow analysis and linearity v/
e Consequences
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Consequences



PTIME

Because evaluation of linear terms is complete for
PTIME, so is OCFA.

=

- fun Andgate p q k= ---
- fun Ogate p g k= ---
- fun Notgate p k= ---

- fun Copygate p k= ---

'linear ML terms

e Difficult to parallelize effectively.
o Difficult to solve in limited space.

€1

62 63 64 CS 66

11 12
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Further approximations L

The best OCFA algorithm is cubic (and unlikely to be
Improved: Heintze and McAllester, LICS 97).
Several further approximations to OCFA have been
developed:

e Henglein’s simple closure analysis

a Ashley and Dybvig’'s Sub-0CFA

e Heintze and McAllester “subtransitive” flow analysis
a Mossin flow graphs

But...on linear programs they are all equivalent to each

Lother and to evaluation. They are all complete for PTIME.
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Henglein’s simple flow analysis L

ldea: replace C with =.

But: Makes no difference for a linear program!
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Ashley and Dybvig’s Sub-OCFA L

Idea: limit the number of passes over the program.

But: Just 1 will do for a linear program!



Beyond OCFA L

kCFA (k > 0) is complete for EXPTIME (ICFP 2008).

There is no tractable algorithm for kKCFA. Theory and
practice meet.

But the exact subset of kCFA is only complete for PTIME,

l.e. today’s technique does not lead to interesting lower
bounds.
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What has been done? L

a Given a transparent proof of the correspondence
between evaluation and flow analysis for linear
programs.

o ldentified a core language on which several variants
of flow analysis (and evaluation) coincide.

o Shown all of these variants are PTIME complete.

a Sketched some ideas for abstract interpretation in
general.
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What has been done? L

a Given a transparent proof of the correspondence
between evaluation and flow analysis for linear
programs.

o ldentified a core language on which several variants
of flow analysis (and evaluation) coincide.

o Shown all of these variants are PTIME complete.

a Sketched some ideas for abstract interpretation in
general.

Moltes Gracies
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