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Introduction

-

We investigate the precision of static, compile-time
analysis, and the necessary analytic tradeoff with the
computational resources that go into the analysis.

-

® Why kCFA as the subject of the investigation?
“*Some form of CFA Is used in most forms of analyses
for higher-order languages.”

(Heintze and McAllester 1997)

o -
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Introduction
-

We investigate the precision of static, compile-time T
analysis, and the necessary analytic tradeoff with the
computational resources that go into the analysis.

# Why a complexity theoretic investigation?
“There is an important analogy to complexity theory here. [...] The notions of
logspace reduction between problems and of NP-complete problems lead to realising
that problems may appear unrelated at first sight and nonetheless be so closely

related that a good algorithm or heuristics for one will give rise to a good algorithm or
heuristics of the other.”

“Program analysis is still far from being able to precisely related ingredients of different
approaches to one another[...]”

(Nielson et al. 1999)

o -
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Outline

-

# Part 0: OCFA
o What is Control Flow Analysis?
o What is an exact analysis?
s Symmetric boolean logic gates
s PTIME-completeness of 0OCFA

o Part G: A Graphical View of CFA

#® Part k: KCFA
s What is kCFA?
s Approximation and non-determinism
s NP-hardness of kCFA

#® Part n: nCFA
L s EXPTIME-completeness of nCFA J
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CFA Primer

f 1. For every application, which abstractions can be T
applied?
2. For every abstraction, to which arguments can it be
applied?

A fundamental notion of CFA has emerged — the
monovariant form of CFA defined over the pure lambda

calculus.

(Heintze and McAllester 1997)

o -
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Part O: OCFA
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Preliminaries: the Language

fThe language: T
€ .= tg expressions (labeled terms)
t .= | (6 6) | ()\xe) terms (unlabeled expressions)
For example:

(AL Ogy)?)) (Awa®)”)

o -
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Preliminaries: the Analysis

- .

An analysis is a table C that maps a label to a set of terms.

C : Lab — P(Term)
Cl) = {(Ay. ), Az )}
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Preliminaries: the Analysis

- .

An analysis is a table C that maps a label to a set of terms.

C : Lab — P(Term)
/C\(g) — {)\y, )\Z} shorthand
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Preliminaries: the Analysis

- .

An analysis is a table C that maps a label to a set of terms.

C : Lab — P(Term)
E(x) — {)\y, )\Z} overloading
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OCFA Acceptability

C E 2%iff Cx) C C(0)
C E (A\z.e)iff (\z.e) e C(¢)
C E () iffCeth ACE:A

V(Az.t2) e C(y) -
C =t A C(l) C C(z) A C(t) C C(¢)

We are concerned only with least analyses according to the partial
order:

CC,C iff v/ eLab,:C(¢)C C¢)

o -
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Decision problem

=

Control Flow Problem (OCFA): Given a term and a label ¢, does
that term flow into program point ¢7?

AT € 6(6)?



Exact analysis

- .

An analysis is a table C that maps labels to sets of terms.

P

Cl) ={ Ay, Az}

The term labeled /¢ evaluates to either the term \y, or \z.

o -
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Exact analysis

=

An exact analysis Is a table C that maps labels to a term.
Cll) = { Ay}

The term labeled /¢ evaluates to either the term \y.

o -
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Exact analysis

=

An exact analysis Is a table C that maps labels to a term.
Cll) = { Ay}

The term labeled /¢ evaluates to either the term \y.
Pick any nose you want! (You only have one)

o -
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Exact analysis

=

An exact analysis Is a table C that maps labels to a term.
Cll) = { Ay}

The term labeled /¢ evaluates to either the term \y.
Pick any nose you want! (You only have one)

Exact analysis is Normalization.

o -
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Evaluator (exact, £ = 0)

-

8[[t€]] Evaluate the term ¢, and write the result into C(¢):

'] = C(0) — C(x)
5:()\33.6())6]] — 6(5) — (Ax.ep)
ENE )] = EM T EML:
let (Az.t0) = C(¢y) in
C(z) « C(l2);
ENteT;
C(¢) — C(to)

This is an evaluator, but for what language?

o -
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Evaluator (exact, £ = 0)

-

8[[t€]] Evaluate the term ¢, and write the result into C(¢):

'] = C(0) — C(x)
5:()\33.6())6]] — 6(5) — (Ax.ep)
ENE )] = EM T EML:
let (Az.t0) = C(¢y) in
C(z) « C(l2);
ENteT;
C(¢) — C(to)

This is an evaluator, but for what language?

o -
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Normalization in Linear \-calculus

. .

OCFA of linear A-terms is just normalization, so a
lower-bound on the complexity is the expressiveness of
linear \.

Normalization of a linear A-term is complete for PTIME.

(Mairson 2004)
Hardness follows from reduction of CVP to normalization:

Circuit Value Problem: Given a Boolean circuit C' of n inputs
and one output, and truth values ¥ = z1,...,x,, 1S ¥
accepted by C?

Given a circuit C, compile it (using LOGSPACE) into a IinearJ
A-term ¢ s.t. ¢ = True Iff £ Is accepted by C

ing Com.plexity and Precision in Control Flow Analysis — p.12/6



Symmetric logic gates

. -

fun TT(x: a,y: a)= (x,Y);

val TT=fn : '"a* 'a->'a * 'a Booleans built out of
- fun FR(x:"a,y:"a)= (y,X); constants TT, FF
val FF=fn : "a * "a ->"a * ’'a

- val True= (TT:. ("a* "a ->"a * 'a), FF:

1a*1a_>la*la));
val True = (fn,fn) : ("a* "a->"a~x* "a) * a

*1a_>1a*|a)

- val False= (FF. ("a* 'a->"ax*x 'a), TI. ("a* 'a->"a* 'a));
val False = (fn,fn) : ("a* 'a->"ax* "a) = ("a* 'a->"a~x* 'a)

True= Fal se=
L Yy T Y r Yy Ty
Ty T y xr Ty

To twist, or not to twist: that is the question.J
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Symmetric logic gates

- fun Andgate p q k= - \ i

_ fun Orgate p g k= .- >Ilnear ML terms

- fun Notgate p k= - | (Mairson 2004)

- fun Copygate p k= ---

61 62 63 64 65 66

- fun Circuit el e2 e3 e4 e5 e6= 7 W !

(Andgate e2 e3 (fn e7=> 21 Lo

(Andgate e4 e5 (fn e8=> W/ év?

(Andgate e7 e8 (fn f=> ‘ ‘

(Copygate f (fn (e9,el0)=> 1 . 12

(Orgate el €9 (fn ell=> K|/

(Orgate el0 e6 (fn el2=>
(Orgate ell el2 (fn Qutput=> Qutput))))))))))))));
val CGrcuit =fn : < big type... >

o -
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The Widget
L

et £ =

let val (u,u’ )= []in

let val ((Xx,Yy), )= (u (f,q), ) In
((x a, y b), ) end end;

In F'|¢x]: Does a flow as an argument to f ?

# Clearly, a flows as an argument to x.

So does f flow into x?

(f,qg) flowsinto (x,y) iff TT flows into u.
TT flows into u Iff ¢ = True.

Either C(x) = {f } or C(x) = {g}, but not C(x) = {f ,g}

o -
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Evaluator (inexact, £ = 0)

0 I 1) PR
E[Nz.e0)f] = C0) — {(\z.e0)}
ENt )] = ENLL:ENL;

V(Az.t2) e C(£y) -
C(z) « C(ta);
ENteT;

C(£) «— C(to)

® Read C(¢) — {\z, \y} as C(¢) := C(£) U {\z, \y}.
# Many terms may flow into an application: apply them all.
L # lterate £ until the table reaches a fixed point. J
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PTIME Completeness of 0CFA

- .

# Hardness: LOGSPACE-reducible to Circuit Value.
# Inclusion: Well known, eg. PPA Nielson et al. (1999):
» OCFA computes a binary relation over a fixed structure
(the graph description of a program).

» The computation of the relation is monotone: begins
empty and is added to incrementally.

» A fixed point must be reached by this incremental
computation (structure is finite).

» The binary relation can be at most polynomial in size,
and each increment is computed in polynomial time.

L @CFA IS PTIME-compIetDJ
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- .

Part G: A Graphical View of CFA
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-

The use of graphical constructs in analysis is becoming

An alternative view

-

Increasingly common.

°

(Heintze and McAllester 1997)
Graph based algorithm using “sharing graphs”.

Draws connection between CFA and linear logic.

Insights from linear logic lead to LOGSPACE CFA
algorithms for a restricted set of programs.

Connection between normalization and CFA becomes
transparent.

Accommodates languages with first-class control in a
direct manner.

-
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Graph Codings

A .

graphical representation of expressions:

| /A‘gf z\m

¢ e (ool b el
[+°] [(Az.e)] [(eo €1)"]
Port names, orientation:
root | continuation \ argument

A
\— body / \ parameter function J
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Graph coding example

ldea: formulate a graph based CFA. T
m # Add paths corresponding to

flows le.
(6) C C(f’) = PATH (¢, 0").

i # A ) flows into 7 iff there is a path
; % 4 from ¢ to A (root).

2 Don’t forget:
root | continuation \ argument
body / \ parameter function

(AL gy (Aaea®))
o -
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CFA Graphs
-

CFA Graphs are constructed by adding edges:

DT I %) AT

N N /K’/K

this rule is implicit

.
AT € E(f) f N
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CFA example

# Paths correspond to flows, ie.
C(¢) C C(¢") = PATH((, 1),

o A ) flows into ¢ iff there is a path
from ¢ to \ (root).

AN

- C(10) = Az, Ay
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Approximation in CFA Graphs
-

CFA Graphs are constructed by adding edges:

DT I %) AT

N N /K’/K

When is an analysis inexact? \When does this occur?

% Yﬁﬁm
¢ ‘ -------- A V

=



CFA as normalization of linear \A-terms

- .

AN \T,/ \ﬁ@/

NN /\‘2x
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CFA for languages withcal | / cc




Connections to Linear Logic

=

Graph codings are just the proofnets of MELL (without
boxes, brackets, or crossaints).

Graph codings of linear terms are just MLL proofnets.

MLL normalization algorithms can give insights into
CFA algorithms.

CFA paths are the “well-balanced” paths of

1 0O\NC

(Asperti and Laneve 1995).

-
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LOGSPACE and n-expansion
- .

OCFA of simply-typed, n-expanded programs is complete for
LOGSPACE.

A A+ B,B*
A® B, A+ Bt
A® B, Ab9B+ A® B, Ab9B+
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LOGSPACE and n-expansion
- .

OCFA of simply-typed, n-expanded programs is complete for

LOGSPACE.
<M: <g - % i }
_________________ = ___A_?f:%y_-_e_?_____5_____%ﬂ_c__?__??]?_%%?___<__A_y_??_y_>
\g\g@/ :>\ )<>%/ :/JK_/)J\ :>)<}/
epo(eres) = ep(Ay.eiez y) Ax.C[Az w]:> Az Ay.ClAz.zy]

. AT.T = AT.A\Y.TY
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LOGSPACE and n-expansion
- -

OCFA of simply-typed, n-expanded programs is complete for

LOGSPACE.
\
14

If \x e C(0),
then:




LOGSPACE and n-expansion
oy | | -

CFA of simply-typed, n-expanded programs is complete fo

LOGSPACE.
\
14

T

Normalization (of linear

If \z € C(), 5 terms) is LOGSPACE-hard
then: ﬁ (Terui 2002; Mairson
i 20006).

i
N
B <_ OCFA, is LOGSPACE- complete>J
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Part k: kCFA
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kCFA

- .

“It did not take long to discover that the basic
analysis, for any k& > 0, was intractably slow for large
programs.”

(Shivers 2004)

o -
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Preliminaries: Contours

-

Contours are strings of @-labels of length < k.
Contour environments map variable names to contours.

=

0 € A — Lab**

||
>
l

>

ce € CEnv

Contours describe the context in which a term evaluates.
(eo([(Mz.e1)]e2)?)*2 = “e; evaluates in contour ¢o¢;.”

Contour environments describe the context in which a
variable was bound.
L(eo([()\yc.el)]eg)gl)f2 = 1z — (2(1 = “z bound in contour ¢5¢;." J
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Preliminaries: the Analysis

-

An analysis is a table C that maps a label and contour to a
set of abstract closures.

C:Lab x A — P(Term x CEnv)
C(t,0) = {{(\y. ), ce), (Az ), e}

In contour §, the term labeled ¢ evaluates to either the
closure ((\y.---),ce), or {(Az.--+),ce’).



Preliminaries: the Analysis

-

An analysis is a table C that maps a label and contour to a
set of abstract closures.

C:Lab x A — P(Term x CEnv)
E(f, 0) = {(A\y,ce), (Az,ce)}  shorthand

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce), or (Az, ce’).

o -
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Preliminaries: the Analysis

-

An analysis is a table C that maps a label and contour to a
set of abstract closures.

C:Lab x A — P(Term x CEnv)
E(x, 0) = {(Ay,ce), (Az,ce’)}  overloading

In contour ¢, = is bound to (\y, ce), or (Az,ce’). ..
... Az is applied to either (\y, ce), or (\z, ce’).

o -
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Decision problem

=

Control Flow Problem (kCFA): Given a closure and a label ¢
and contour 9, does that closure flow into the program
point labeled ¢ under 67

AN

(A, ce) € C(£,0)?
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Acceptabllity
-

The analysis is acceptable for ¢, closed by ce, in contour §:

=

S

C zgee

At the top-level (for a closed program), ce and § are empty:

C L

What do § and ce mean when non-empty?

o -
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Polyvariance

-

During reduction, a function may copy its argument:

(Afo(fer)™ - (fex)™ - )(Az.e))

=

Contours and environments let us talk about each copy of e:

~ | _x—f ~ | _x—bo
Ck, e Ck, "e

The analysis is polyvariant. Contours and environments
describe which instance (copy) of a term we are talking

Labout. J
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Acceptabllity
-

The analysis is acceptable for ¢, closed by ce, in contour §: T

S

C zgee

The analysis is acceptable for the copy of e that occurs in
context described by ¢, closed by the environment ce which
says what copy of a term each variable is bound to.

Finally, let’s look at what is acceptable. ..

o -
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Acceptabllity

CEe a2t iff C(x, ce(z)) C CL,06)

C =S (Aze)' iff  ((Mz.e),ceq) € C(,6)
where ceq = celfv(Az.ep)

AN

Cl (1 1) it CE iy ACES 57 A
V((Az.t0), ceo) € C(¢1,0) :
C s 1o A
C(ly,8) C C(x, do) A
C(to,3o) < C(¢, )
L where 6y = [0, ], and cey = ceg|x — dg]
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Acceptabllity

CEe a2t iff C(x, ce(z)) C CL,06)

C =S (Aze)' iff  ((Mz.e),ceq) € C(,6)
where ceq = celfv(Az.ep)

AN

C =t (¢ #2)0 iff C = th AC S 2 A
V((Az.t2), ceq) € C(4y,0) -
C k=5 1 A
C(ls,8) C C(z, 80) A
Mr. Yuck: Ingesting formalisms C (o, 00) S C(£,9)

/
may cause rigor mortis where 0p = (67 g_lk and C€y = CC [w — 50]
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Exact analysis

- .

An analysis is a table C that maps label-contour pairs to
sets of abstract closures.

AN

C(4,0) = {{\y, ce), (Az,ce')}

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce), or (\z,ce’).

o -
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Exact analysis

=

An exact analysis Is a table C that maps label-contour pairs
to an abstract closure.

P

C(£,0) = {{Ay, ce)}

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce).

o -
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Exact analysis

=

An exact analysis Is a table C that maps label-contour pairs
to an abstract closure.

P

C(£,0) = {{Ay, ce)}

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce).

Pick any nose you want! (You only have one)

-
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Evaluator

- .

valuate the term ¢, which is closedWe.
\\Eﬁkfﬂce

Write the result into location (¢, 9) of the table.

o -
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Evaluator (exact)

Elz*]s =
5[[()\56.60)6]]36 =

(¢,8) — C(x, ce(x))
(£,0) «— (Ax.eq, cep)
where cey = celfv(Az.ep)
ENE ) = ET4T5 E1T

let {Az. tgo, ceo) = C(¢1,4) in
C(:z: 0,0) C(€2,5)
g[[tgo]]ceo [x—0,0]

C
C
C(¢,5) — C(lo, 5, )

" If e has an exact kCFA analysis, then £[e].! constructs it.

Relating Complexity and Precision in Control Flow Analysis — p.40/6



Evaluator (exact)

(¢,8) — C(x, ce(x))

(£,0) «— (Ax.eq, cep)
where cey = celfv(Az.ep)
Elt )y = €Ml Eltls

let {Az. tf;o, ceo) = C((1,6) in
C(LE 0,0) C(€2,5)
g[[tgo]]ceo [x—0,0]

C
C

)

C(¢,5) — C(lo, 5, )

Exact analysis is normalization.

" If e has an exact kCFA analysis, then £[e].! constructs it.
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Evaluator (inexact)

- .

Ex']s = C(¢,6) — C(x, ce(z))
5[[()@.60)6]]36 = C(¢,9) «— {(Ax.eq, ceq)}
where cey = celfv(Az.ep)
ELE ) 5 = ElvDss s
V()\:L’ téo,ceo> € C(€1,5) .

Cla, [6,0]4) — C(ta,9);

omceolz— 10,01
g[[tg]](gmk W]a

C(E §) — C(éo, 10,0]1)

C
C

The KCFA analysis of e is constructed by iterating &£ ML]
until C reaches a fixed point.

o -
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Closures

. .

Because CFA makes approximations, many closures can
flow to a single program point and contour. In 1CFA, for
example,

(Aw.wx1xs . .. Ty)

Has n free variables, with 2" possible associated
environments mapping these variables to program points
(contours of length 1).

o -
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Exactness and complexity

. .

Hardness of 1CFA relies on two insights:

1. Program points are approximated by an exponential
number of closures.

2. Inexactness of analysis engenders reevaluation which
provides computational power.
A less precise analysis “yields coarser approximations,
and thus induces more merging. More merging leads to
more propagation, which in turn leads to more
reevaluation.”

(Wright and Jagannathan 1998)

o -
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(A$1.
(Afa.(fo True)(fs Fal se))
(Axg.

(Af3.(f3 True)(fs Fal se))
(Axg.

(Afn.(fn True)(f, Fal se))

(Azp, .
E[(Av.¢ v)(Awwzizs - a0)]) - -))))

Relating Complexity and Precision in Control Flow Analysis — p.44/6



1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(Axl.
()\fg(fg Tr Ue)(fg Fal Se))
(Axg.

(Af3.(f3 True)(fs Fal se))
()\563.

(Afn.(fn True)(f, Fal se))
(Azp, .

E[(Av.¢ v)Aw.wrizg - w0)])-))))

Approximation allows us to bind each z; to either of the
~ closed A-terms for Tr ue and Fal se. .
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(AIl.
()\fz(fg Tr Ue)(fg Fal SG))
(AIQ.

(Afs.(fs True)(fs Fal se))
()\563.

(Afn.(fn True)(f, Fal se))
(Azp, .

El(\.¢ v)( Aw.wzize - x0)]) - -+))))

Applying a Boolean function necessitates computation of all
2" bindings to compute the flow out of the application. .
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(Axl.
()\fg(fg Tr Ue)(fg Fal SG))
(Axg.

(Af3.(f3 True)(fs Fal se))
()\563.

(Afn.(fn True)(f, Fal se))
(Azp, .

E[(Av.¢ v)Aw.wrizg - w0)])-))))

Tr ue flows out of the apply iff the Boolean function is
~ satisfied by some truth valuation. o

Relating Complexity and Precision in Control Flow Analysis — p.44/6



1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(Axl.
(Afa.(fo True)(fs Fal se))
(Axg.

(Af3.(f3 True)(fs Fal se))
(Axg.

(Afn.(fn True)(f, Fal se))
(Azp, .

E[(Av.¢ v)Aw.wrizg - w0)])-))))

Approximation of closures as non-deterministic

- computation! .
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The Widget, Again
- o

let val (u,u )= []in
let val ((x,y),(x",y"))=(u (f,9), u (1',9)) In

((x a, vy b),(x a, y b)) end end;
In E|(Av.¢ v)(Aw.wzize - - - X))

f is applied to a Iff ¢ Is satisfiable.

1CFA is NP-hard_>




The Widget, Again
- o

let val (u,u )= []in

let val ((x,y),(x",y"))=(u (f,g9), u (f',g9)) In
((x a, vy b),(x a, y b)) end end;

In E|(Av.¢ v)(Aw.wzize - - - X))

f is applied to a Iff ¢ Is satisfiable.

<_1CFA is NP-hard_>

(k > 1)CFA Is just as hard. The construction just needs to
be “padded” to undo the added precision of longer contours.

<_kCFA is NP-hard >
o o
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Nailve exponential algorithm for kCFA

- .

® The C table is finite and has »n**+! entries.

°

Each entry contains a set of closures.

® The environment maps p free variables to any one of n*
contours.

® There are n possible Az terms and »n*P environments, so
each entry contains at most n'**? closures.

# Approximate evaluation is monotonic, and there are at
most n!t+1P ypdates to C

® p<nsokCFA € EXPTIME

o -
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LECFA In NP?

(£,0) <« C(x, ce(x))
(£,0) «— (Ax.eq, cep)
where cey = celfv(Az.ep)
el ey = [N T

V()\a; téo,ceo> € C(€1,5) .

Cla, [6,0]4) — C(ta,9);

omceolz— 10,01
g[[tg]](gmk W]a

C(E §) — C(éo, 10,0]1)

Elz*]s =

C
El(Az.eo) ] = C

Can we guess our way through the computation to answer
the KCFA decision problem?

o -
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Exact analysis for non-linear terms

. .

Suppose ¢ Iis a linear term coding the transition function of
a Turing machine and I is the (linear) initial machine
configuration.

(20)1) = (((As.(Az.(s7(5°2))))d)])

1CFA analyzes each application of ¢ distinctly in contour 1
and 2, and therefore is exact. ..

... S0 analysis simulates 2 steps of the TM.

o -
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Exact analysis for non-linear terms

. .

Scaling up, consider:

(22e)1) = ((As.(Az.(5°(572))))
(As.(Az.(s7(5°2))))9))])

2CFA analyzes each application of ¢ distinctly in contour 31,
32, 41 and 42, and therefore Is exact...

... S0 analysis simulates 4 steps of the TM.

o -
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Exact analysis for non-linear terms

-

OCFA Is exact for linear terms. . . T
...When is LCFA exact for non-linear terms?

In general, nCFA Is exact for:
("))

... S0 analysis simulates 2" steps of the TM.

o -
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Exact analysis for non-linear terms

-

OCFA Is exact for linear terms. . . T
...When is LCFA exact for non-linear terms?

In general, nCFA Is exact for:
(2"9))

... S0 analysis simulates 2" steps of the TM.

< nCFAis EXPTIME-complete >

o -
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The Doggie Bag
W o

hat | want you take home:

T

# Linearity subverts approximation in
’| static analysis.

é; # It doesn’t matter how big your & is
(as long as it's constant), but how
you use your closures.

# Either you run the program or you
do something stupid.

o -
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Preprint Available, Comments Welcome

- .

http://ww. cs. brandei s. edu/ ~dvanhor n/ pubs/ vanhor n- mai r son- 07. pdf

o -
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MLL and (linear) functional programs

o .

Curry-Howard for linear A-calculus (LML) = MLL.:

CUTF,A At A ?F,A,B ®F,A A, B
A At I A rLAsB ~I''A,A® B

#® ® Is a linear pairing of
s expressions (cons)
s an expression and continuation (Q)

# 2 is a linear unpairing of
s an expression (w, 7')
» an expression and continuation ().

o -
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MLL and (linear) functional programs

o .

Curry-Howard for linear A-calculus (LML) = MLL.:

CUTF,A At A ?F,A,B ®F,A A, B
A At I A rLAsB ~I''A,A® B

AX

Note A — B = AL9B, A++ = A, A+ on leftis like A in right, etc.

I'-rF:A AFF:B
AR A I'AF AR B

I'-F:A®B Ar:Ay:BFF:o I'v: A+ F:B
I'AF o ['H :A—o B

r-+7:.A—-B AFRF:B

L T, AF . B J

Drawings by Robert Crumb, used without permission. Relating Complexity and Precision in Control Flow Analysis — p.53/¢




Geometry of Interaction

-

Normalization by Gol for MLL (LML):
Hilbert to Dilbert (Mairson 2002)

c \ ¢
C> é' > = {e,0} tokens ¢ e ¥* contexts
A
C / !

C

o -
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Eta expansion

A At B, Bt
A® B, A+ B+
A® B, AteB*t A® B, AteB*t

Axioms are atomic (« Is a propositional variable):

AX
Q, at

What does this mean for Gol?

Stack is empty on all axiom wires.

o -
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Four finger

OéCkJ_ Oéh \OKJ" CVO{J"

\qb/ 0 bt p pr

Stack is empty on all axiom wires = No need for stack!

o -
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Computing Linear Normal Forms

-

Formula ¢ identifies the normal form up to placement of
axiom wires at the same type, eqg:

=

e:0 = asa—(a—a—pb) —p —

¢ = éwd%«(m@&)@&)w» G LIR

NF(e):0 = A :aM ot a—a— fo \¢/
al

or... ¢ = « @(&L@(((&@&)@é)@ﬁ)) T — T
|

NF(e):0 = )\x:a.)\g}:oz.)\z:oz > — [B.zyx \/
Remember: A — B = Ab9B, At = A, A+ ... 5

Drawings by Robert Crumb, used without permission. Relating Complexity and Precision in Control Flow Analysis — p.57/¢




Symmetric garbage Is self-annihilating

o -

- fun And (p,p") (9.9")=
let val ((u,v),(u,v')) =(p (q,FF), p (TT,9"))
i n (u, Conpose (Conpose (u’,v), Conpose (Vv',FF))) end;
val And = fn
 ("ax ("bx "b->"b=*"'b) ->"cx+ ("d->"¢e))

* (Cfxf > f x f) x g ->(Ce->"h) x (P ox 7T ->d))
->’ax'g->"¢cx* ('t x 1 ->"h)
When p=TT (identity), When p=FF (twist),
(u,v) = (q, FF) (u,v) = (FF Q)
(u,v) =(q,TT) (u,v) =(TT,q")

So, {v, v’ }={TT, FF}, and
Conpose (v, Conpose(Vv’',FF)) =TT
LCorrpose (Conpose (u’',v), Conpose (v',FF)) = U J

Drawings by Robert Crumb, used without permission. Relating Complexity and Precision in Control Flow Analysis — p.58/f



Symmetric logic gates
F fun Copy (p,p')= (p (TT,FF), p* (FF TT)); T

val Copy = fn
((Ca*'a->"a*"'a * ("b* "b->"b=* "b) ->"¢)
*» ((Cd*'d->"dx* 'd) » ("ex 'e->"exrx e ->"1)

->'¢c * 'f
[p= TT]: Copy (p,p’) = ((TT, FF), ) component reversed]
[p= FF]: Copy (p,p’) = ( , (FF,TT)) [ component reversed]
- fun Not (x,y)= (y, X);
val Not =fn: "a* "b ->"b * "a

O Is symmetric to And

o -
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