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Introduction

-

We investigate the precision of static, compile-time T

analysis, and the necessary analytic tradeoff with the
computational resources that go into the analysis.

® Why kCFA as the subject of the investigation?

Some form of CFA Is used in most forms of analyses for
higher-order languages.

(Heintze and McAllester 1997)
® Why a complexity theoretic investigation?

Program analysis is still far from being able to precisely

related ingredients of different approaches to one
another [...].

(Nielson et al. 1999)
|

-
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Outline

- .

® Some ideas from CFA—what's it about?

#® Some results:
s PTIME -completeness of OCFA

o NP -hardness of KCFA — FOR ANY Kk, including k=1
“It's not the contexts, stupid, its the free variables in
the closures” (we were stupid until we saw this)

s EXPTIME -completeness of nCFA
#® Some sketches of interesting ideas from the analysis

o -
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An Approach to Proving Lower Bounds

fHow can we subvert an abstract interpretation into plain oldT
iInterpretation, so that we might conjure up the
computational spirits of our static analyses as though they
were programming languages?

o -
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An Approach to Proving Lower Bounds

-

fHow can we subvert an abstract interpretation into plain old
iInterpretation, so that we might conjure up the
computational spirits of our static analyses as though they

were programming languages?

Proving lower bounds become simple hacking problems
within these (restricted) languages.

Mr. Natural
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CFA Primer

- .

1. For every application, which abstractions can be
applied?

2. For every abstraction, to which arguments can it be
applied?

Question— can call site A eventually call program P in
context C? (What's a context?)

Intuition— the more information we compute about contexts
(whatever they are), the more precisely we can answer the
guestion. But this takes work.

o -
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Preliminaries: the Language (1/3)

-

The language:

=

e..= t\ expressions (labeled terms)
t.:=X j (e e) J ( X.e ) terms (unlabeled expressions)

For example:

(CF: ((FH9°Cyzy )0 (xx )P



Preliminaries: Contours (2/3)

-

Contours are strings of @labels of length k.
Contour environments map variable names to contours.

=

2 Lab K
ce 2 CEnv = Var !

Contours desqrilqe the context in which a term evaluates.
(eo([( x:e 1)]&2) 1) 2) *“eq evaluates in contour 5 1.

Contour environments describe the context in which a
variable was bound.

L(eo([( xeq)le) 1) 2) x7!75'1) “x bound in contour “5'1." B
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Preliminaries: the Analysis (3/3)

- .

An analysis is a table & that maps a label and contour
to a set of abstract closures.

e: Lab P (Term CEnv)
€(: )= fhy;cei;hz;celg

In contour , the term labeled ° evaluates to either
the closure hy;cei, or hz; cef.

International Conference on Functional Programming (ICFP), 2007 Relating Complexity and Precision in Control Flow Analysis — p.8/3



Decision problem

=

Control Flow Problem ( kKCFA): Given a closure and a label
and contour , does that closure ow into the program
point labeled = under ?

hx;cel 2 @( )7?

o -
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Polyvariance

-

During reduction, a function may copy its argument:

(f: (fe)* (fex)2 )(xwe))

Contours and environments let us talk about e
In each of the distinct calling contexts.

=



Acceptability
-

The analysis Is acceptable for g, closed by ce in contour

ei=CCe

The analysis Is acceptable for the copy of e that occurs In
context described by , closed by the environment cewhich
says what copy of a term each variable is bound to.

o

o -
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Acceptability

EiEcex  iff B(x;cex)) B(:)
B (xe) iff Hxe)cai2 €0C;)

where cgy = cgfv( x:e g)

BEe(ty t2) iff BEcetprBEetzn
sh( x:t 0);cei2 €(y; ):
BTt
(2 ) Bx; o)"
BCo; o) &(; )
N where O:d;‘@andcegzceo[xﬂﬂ]
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Acceptability

€= x

e (xe)
0)

EECe (1) t2)

a VA AN hl\ A\
Mr. Yuck: Ingesting formalisms may cause rigor mortis

L WNere o= 0, & and C& =C_6ble-ﬂ]
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Exact vs. Inexact analysis

=

An inexact analysis is a table & that maps label-contour
pairs to sets of abstract closures.

€(: )= fhy;cei;hz;celg

In contour , the term labeled = evaluates to either
the closure hy;cei, or hz; cef.

o -
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Exact vs. Inexact analysis

=

An exact analysis is a table e that maps label-contour pairs
to an abstract closure.

e(: )= fhy;ceig

In contour , the term labeled ~ evaluates to either
the closure hy;cei.

o -
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Exact vs. Inexact analysis

=

An exact analysis is a table e that maps label-contour pairs
to an abstract closure.

e(; )= fthy;ceig

In contour , the term labeled ~ evaluates to either
the closure hy;cei.

Pick any nose you want! (You only have one)

o -
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Evaluator

- .

valuate the term t, which is closed under environment ce

Write the result into location (*; ) of the table.

o -
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Evaluator (exact)

EJx Ke© = (5 ) B(xce(x)

EX xeo) K& = B(; ) h xeoq ca
where cey = cafv( x:e o)

EJ(t't,?) K& = EJ,;'K® EXKS;

let hx:t ;)O,ca)l @( 1; ) 1IN
@(x, ; .\@( 2, );

Llf e has an exact kCFA analysis, then EJek! constructs it. J
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Evaluator (exact)

EJx Ke© = (5 ) B(xce(x)

EX xeo) K& = B(; ) h xeoq ca
where cey = cafv( x:e o)

EJ(t't,?) K& = EJ,;'K® EXKS;

let hx:t ;)O,ca)l @( 1; ) 1IN
@(x, ; .\@( 2, );

Mr. Natural: Exact analysis is nhormalization.

Llf e has an exact kCFA analysis, then EJek! constructs it. J
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Evaluator (Inexact)

- .

EJx Ke© = (5 ) B(xce(x)

EX xeg) K& = B(; ) fhxeocaig
where cey = cafv( x:e o)

EJ(t't,?) K& = EJ,;'K® EXKS;

ghx:t ;)O;ca)i 2 @(‘1; ) :
B(x;d; e)  B(C2 );
EJt&)OI’ﬁe-?[)e(kﬂd;\ek];
e, ) B(od; &)

The kCFA analysis of e is constructed by iterating EJeK !
until € reaches a xed point.

o -

nternational Conference on Functional Programming (ICFP), 2007 Relating Complexity and Precision in Control Flow Analysis — p.16/3



Evaluator (exact,k = 0)

EJx K = &) B
Elxeo) K = €(C) (xey)
EJ(t;t?) K = EJdjKEJXzK

let (xit °) = &('1)in
Bx) B(2 );
EXLSK
eC) (o)

This Is an evaluator, but for what language?

o -
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Evaluator (exact,k = 0)

EJx K = &) B
Elxeo) K = €(C) (xey)
EJtt?) K = EXt/KEX?K

let (xit °) = &('1)in
Bx) B(2 );
EXLSK
eC) (o)

This Is an evaluator, but for what language?
The linear -calculus.

o -
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Normalization in Linear -calculus

-

OCFA of linear -terms is just normalization, so what can T
we code in this programming language?

Given a circuit C, we can compile it (using LOGSPACE )
Into a linear -term s.t. ¥ = True iff vis accepted by C.

Let's look at this coding in linear ML

o -
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Symmetric logic gates
-

- fun  TT(XY)= (XY); Booleans built out of
- fun  FR(Xy)= (Y.X); constants TT, FF

-val True= (TT, FF);
- val False = (FF, TT);

True = False =
+ x y x9 you4 « x y x9 y0u4
Xy yo% xO y x x0 yO
L To twist, or not to twist: that is the question.J
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Symmetric copy gate

f— fun Copy (p,p)= (p ( TT,FF), p* ( FF TT)); T



Symmetric copy gate

f— fun Copy (p,p)= (p ( TT,FF), p* ( FF TT)); T

[p= TT]: Copy (p.p) = (( TT, FF), (TT,FF) )
[second component reversed]

o -
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Symmetric copy gate

f— fun Copy (p,p)= (p ( TT,FF), p* ( FF TT)); T

p= TT]: Copy (p.p) = (( TT, FF), (TT,FF) )
'second component reversed]

p= FF]: Copy (p,p) = ( (FFTT) , ( FF, TT))
' rst component reversed]

o -
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Symmetric garbage Is self-annihilating
fA (P" ")) T

nd (p.,p) (a.9) (P"g, p° _0Qd) (p"q, :
- fun And (p.p’) (q.9)=
let val ((uv),(u.v)) = (p (q, FF), p ( TT,q))
in (u,Compose (Compose (u',v),Compose (V' FF)))
end;
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Symmetric garbage Is self-annihilating
fA (P" ")) T

nd (p,p) (a,9) (P™a, p° _0d) (P"a, :
- fun And (p,p) (0,9)=
let val ((u,v),(u'v)) = (p (q, FF), p ( TT.0))
In (u,Compose (Compose (u',v),Compose (V', FF))
end,
When p=TT (identity), When p=FF (twist),
(uv) =@, FF) (uv) = ( FFROQ)
(u,v) = (7, TT) (uv) =( TT.0)

o -
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Symmetric garbage Is self-annihilating

fAlﬂd (p.p) (a,9)) (p™a, p° _Q) (p™a, - (p° *0Q)) T
- fun And (p,p’) (9.9)=
let val ((u,v),(u’,v)) = (p (q, FF), p* ( TT.9))
In (u,Compose (Compose (u',v),Compose (V' FF)))
end;
When p=TT (identity), When p=FF (twist),
(uv) =(@a, FF) (uv) = ( FFRQ)
uv) = (@, TT) wyv) =( ThLq)

So, fvyv' og=fTT, FFg, and
Compose (v,Compose(v, FF)) = TT
Compose (Compose (u',v),Compose (V' FF)) = U

o -
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Symmetric logic gates

- fun Andgate p q k= i
f _ fun Orgate p q k= : linear ML terms T
- fun Notgate p k= 2 (Mairson 2004)

- fun Copygate p k= !

Straight-line code:

- fun Circuit el e2 e3 e4 e5 e6=

(Andgate e2 e3 (fn e7=>

(Andgate e4 e5 (fn e8=>

(Andgate e7 e8 (fn f=>

(Copygate f (fn (e9,e10)=>

(Orgate el e9 (fn ell=>

(Orgate el0 e6 (fn el2=>

(Orgate ell el2 (fn Output=> Output))))))))N)));
val Circuit = fn : < big type... >

o -
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The Widget
fLet E = T

let val (u, )= []

val ((X,y), )= (u (f,9), ) in
(x a, y b, ) end

In E[v ]. Does a ow as an argumentto f ?
Clearly, a ows as an argument to x.
Sodoesf owinto x?

(f,g) owsinto (x,y) Iff TT ows into u.
TT ows into u iff ¥ = True.

Either €(x) = ff g or €(x) = fgg, but not &(x) = ff;gg

o -
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PTIME Completeness of 0CFA

- .

Hardness: LOGSPACE -reducible to Circuit Value.

Inclusion: Well known, eg. PPA Nielson et al. (1999):
OCFA computes a binary relation over a xed structure
(the graph description of a program).

The computation of the relation is monotone: begins
empty and is added to incrementally.

A xed point must be reached by this incremental
computation (structure is nite).

The binary relation can be at most polynomial in size,
and each increment is computed in polynomial time.

L QCFA is PTIME -complete>J
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KCFA
-

It did not take long to discover that the basic analysis, for T
any k > 0, was intractably slow for large programs.

(Shivers 2004)

Let's look at the k = 1 case.

o -
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Closures

. .

Because CFA makes approximations, many closures can
ow to a single program point and contour. In 1CFA, for
example,

(W:WX 1X2:::Xp)

Has n free variables, with an exponential number of
possible associated environments mapping these variables
to program points (contours of length 1).

o -
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Exactness and complexity

. .

Hardness of 1CFA relies on two insights:

1. Program points are approximated by an exponential
number of closures.

2. Inexactness of analysis engenders reevaluation which
provides computational power.

A less precise analysis “yields coarser approximations,
and thus induces more merging. More merging leads to
more propagation, which in turn leads to more
reevaluation.”

(Wright and Jagannathan 1998)

o -
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1CFA as SAT solver

(f 1:(f1 True )(f1 False ))

(X 1
(f 2:(f2 True )(f2 False ))

(X 2:
(f 3:(f3 True )(f3 False ))

(X 3

(f n:i(fn True )(f, False )

(X n:
E[(v: v )(W:wX 1X2  Xp)])
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1CFA as SAT solver

(f 1:(f1 True )(f1 False ))

(X 1
(f 2:(f2 True )(f2 False ))

(X 2:
(f 3:(f3 True )(f3 False ))

(X 3

(f n:i(fn True )(f, False )
(X n:
E[(v: v )(wwXix2  Xn)]) )))

Approximation allows us to bind each x; to either of the
~ closed -terms for True and False . o
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1CFA as SAT solver

(f 1:(f1 True )(f1 False ))

(X 1
(f 2:(f2 True )(f2 False ))

(X 2:
(f 3:(f3 True )(f3 False ))

(X 3

(f n:i(fn True )(f, False )
(X n:
E[(v: v )(wwXix2  Xn)]) )))

Applying a Boolean function necessitates computation of all
- 2" bindings to compute the ow out of the application. .
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1CFA as SAT solver

(f 1:(f1 True )(f1 False ))

(X 1
(f 2:(f2 True )(f2 False ))

(X 2:
(f 3:(f3 True )(f3 False ))

(X 3

(f n:i(fn True )(f, False )
(X n:
E[(v: v )(wwXix2  Xn)]) )))

True ows out of the apply iff the Boolean function is
- satis ed by some truth valuation. o
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1CFA as SAT solver

(f 1:(f1 True )(f1 False ))

(X 1
(f 2:(f2 True )(f2 False ))

(X 2:
(f 3:(f3 True )(f3 False ))

(X 3

(f n:i(fn True )(f, False )
(X n:
E[(v: v )(wwXix2  Xn)]) )))

Approximation of closures as non-deterministic

- computation! .
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The Widget, Again
- o

let val (u,u’)= [ ]

val ((x,y),(x,y))= (u (f,9), v (f,g)) In
(x a, y b),(x a, y' b)) end

INE[(Vv: v )(W:wX 1X2  Xp)I:

f is applied to a iff Is satis able.

<__1CFAis NP -hard_>

o -
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The Widget, Again
- o

let val (u,u’)= [ ]

val ((x,y),(x,y))= (u (f,9), v (f,g)) In
(x a, y b),(x a, y' b)) end

INE[(Vv: v )(W:wX 1X2  Xp)I:

f is applied to a iff Is satis able.

<__1CFAis NP -hard_>

(k > 1)CFA is just as hard. The construction is “padded” to
undo the added precision of longer contours.

B <__KCFA is NP -haDJ
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The Widget, Again
- o

let val (u,u’)= [ ]

val ((x,y),(x,y))= (u (f,9), v (f,g)) In
(x a, y b),(x a, y' b)) end

INE[(Vv: v )(W:wX 1X2  Xp)I:

f is applied to a iff Is satis able.

<__1CFAis NP -hard_>

(k > 1)CFA is just as hard. The construction is “padded” to
undo the added precision of longer contours.

It's not the contour lengths —
’ <_kCFA is NP -hard _>

it's the closures!
| -
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Nailve exponential algorithm for kCFA
f The B table is nite and has nk*! entries. T
Each entry contains a set of closures.

The environment maps p free variables to any one of nk
contours.

There are n possible x terms and nkP environments, so
each entry contains at most n1*kP closures.

Approximate evaluation is monotonic, and there are at
most n1+*(k+*1)P yndates to £

P nsokCFA2 EXPTIME

o -
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KCFA In NP?
- .

EJx Ke© = (5 ) B(x;cex))

EX xeo) K& = B(; ) h xeoq ca
where ceg = cgfv( x:e o)

EJ(t't,?) K& = EJ,;'K® EXKS;

ghx:t ;)O;ca)i 2 @(‘1; ) :
B d;"a) (2 );
opEe[x7d; ed.
Eﬁ§@f@ !
BC; ) B(oid; &)
Can we guess our way through the computation to answer
the KCFA decision problem?

o -
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Exact analysis for non-linear terms

-

OCFA is exact for linear terms. .. T
...When Is kCFA exact for non-linear terms?

Suppose is a linear term coding the transition function of
a Turing machine and | is the (linear) initial machine
con guration.

((2)1) (s (z:(s'(s2)M )

1CFA analyzes each application of distinctly in contour 1
and 2, and therefore Is exacit...

... S0 analysis simulates 2 steps of the TM.

o -
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Exact analysis for non-linear terms

-

OCFA is exact for linear terms. .. T
...When Is kCFA exact for non-linear terms?

Scaling up, consider:

(@2 N1 (s (z: (s%(s*2))))
((s: (z:(s'(s°2))) NI)

2CFA analyzes each application of distinctly in contour 31,
32, 41 and 42, and therefore is exact. ..

... S0 analysis simulates 4 steps of the TM.



Exact analysis for non-linear terms

-

OCFA is exact for linear terms. .. T
...When Is kCFA exact for non-linear terms?

In general, nCFA Is exact for:
=N
((2°)I)

... S0 analysis simulates 2" steps of the TM.

o -
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Exact analysis for non-linear terms

-

OCFA is exact for linear terms. .. T
...When Is kCFA exact for non-linear terms?

In general, nCFA Is exact for:
=N
((2°)I)

... S0 analysis simulates 2" steps of the TM.

< nCFAis EXPTIME -complete >

o -
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The Doggie Bag

W .

hat | want you take home:

Linearity subverts approximation in
static analysis.

It doesn't matter how big your k is
(as long as it's constant), but how
you use your closures.

Either you run the program or you
make a gross approximation.

o -
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The End

Drawings by Robert Crumb, used without permission. Relating Complexity and Precision in Control Flow Analysis — p.38/.
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