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Introduction

-

We investigate the precision of static, compile-time
analysis, and the necessary analytic tradeoff with the
computational resources that go into the analysis.

=
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Outline

What is Control Flow Analysis?
What is kCFA?
What is an exact analysis?

Symmetric boolean logic gates
PTIME-completeness of OCFA
NP-hardness of KCFA
EXPTIME-completeness of nCFA
A sketch of what'’s left in the paper

-
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CFA Primer
-

. For every application, which abstractions can be

applied?

For every abstraction, to which arguments can it be
applied?

-
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Preliminaries: the Language

fThe language: T
€ .= tg expressions (labeled terms)
t .= | (6 6) | ()\xe) terms (unlabeled expressions)
For example:

(AL Ogy)?)) (Awa®)”)

o -
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Preliminaries: Contours

-

Contours are strings of @-labels of length < k.
Contour environments map variable names to contours.

0 € A — Lab**

||
>
l

>

ce € CEnv

Contours describe the context in which a term evaluates.
(eo([(Mz.e1)]e2)?)*2 = “e; evaluates in contour ¢o¢;.”

Contour environments describe the context in which a
variable was bound.
L(eo([()\yc.el)]eg)gl)f2 = 1z — (2(1 = “z bound in contour ¢5¢;." J
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Preliminaries: the Analysis

-

An analysis is a table C that maps a label and contour to a
set of abstract closures.

C:Lab x A — P(Term x CEnv)
C(t,0) = {{(\y. ), ce), (Az ), e}

In contour §, the term labeled ¢ evaluates to either the
closure ((\y.---),ce), or {(Az.--+),ce’).

= e



Preliminaries: the Analysis

-

An analysis is a table C that maps a label and contour to a
set of abstract closures.

C:Lab x A — P(Term x CEnv)
E(f, 0) = {(A\y,ce), (Az,ce)}  shorthand

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce), or (Az, ce’).

o -
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Preliminaries: the Analysis

-

An analysis is a table C that maps a label and contour to a
set of abstract closures.

C:Lab x A — P(Term x CEnv)
E(x, 0) = {(Ay,ce), (Az,ce’)}  overloading

In contour ¢, = is bound to (\y, ce), or (Az,ce’). ..
... Az is applied to either (\y, ce), or (\z, ce’).

o -
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Decision problem

=

Control Flow Problem (kCFA): Given a closure and a label ¢
and contour 9, does that closure flow into the program
point labeled ¢ under 67

AN

(A, ce) € C(£,0)?
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Acceptabllity
-

The analysis is acceptable for ¢, closed by ce, in contour §:

=

S

C zgee

At the top-level (for a closed program), ce and § are empty:

C L

What do § and ce mean when non-empty?

o -
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Polyvariance

-

During reduction, a function may copy its argument:

(Afo(fer)™ - (fex)™ - )(Az.e))

=

Contours and environments let us talk about each copy of e:

~ | _x—f ~ | _x—bo
Ck, e Ck, "e

The analysis is polyvariant. Contours and environments
describe which instance (copy) of a term we are talking

Labout. J
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Acceptabllity
-

The analysis is acceptable for ¢, closed by ce, in contour §: T

S

C zgee

The analysis is acceptable for the copy of e that occurs in
context described by ¢, closed by the environment ce which
says what copy of a term each variable is bound to.

Finally, let’s look at what is acceptable. ..

o -
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Acceptabllity

CEe a2t iff C(x, ce(z)) C CL,06)

C =S (Aze)' iff  ((Mz.e),ceq) € C(,6)
where ceq = celfv(Az.ep)

AN

Cl (1 1) it CE iy ACES 57 A
V((Az.t0), ceo) € C(¢1,0) :
C s 1o A
C(ly,8) C C(x, do) A
C(to,3o) < C(¢, )
L where 6y = [0, ], and cey = ceg|x — dg]

Relating Complexity and Precision in Control Flow Analysis — p.12/3.



Acceptabllity

CEe a2t iff C(x, ce(z)) C CL,06)

C =S (Aze)' iff  ((Mz.e),ceq) € C(,6)
where ceq = celfv(Az.ep)

AN

C =t (¢ #2)0 iff C = th AC S 2 A
V((Az.t2), ceq) € C(4y,0) -
C k=5 1 A
C(ls,8) C C(z, 80) A
Mr. Yuck: Ingesting formalisms C (o, 00) S C(£,9)

/
may cause rigor mortis where 0p = (67 g_lk and C€y = CC [w — 50]
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Exact analysis

- .

An analysis is a table C that maps label-contour pairs to
sets of abstract closures.

AN

C(4,0) = {{\y, ce), (Az,ce')}

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce), or (\z,ce’).

o -
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Exact analysis

=

An exact analysis Is a table C that maps label-contour pairs
to an abstract closure.

P

C(£,0) = {{Ay, ce)}

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce).

o -
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Exact analysis

=

An exact analysis Is a table C that maps label-contour pairs
to an abstract closure.

P

C(£,0) = {{Ay, ce)}

In contour §, the term labeled ¢ evaluates to either the
closure (\y, ce).

Pick any nose you want! (You only have one)

-
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Evaluator

- .

valuate the term ¢, which is closedWe.
\\Eﬁkfﬂce

Write the result into location (¢, 9) of the table.

o -
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Evaluator (exact)

Elz*]s =
5[[()\56.60)6]]36 =

(¢,8) — C(x, ce(x))
(£,0) «— (Ax.eq, cep)
where cey = celfv(Az.ep)
ENE ) = ET4T5 E1T

let {Az. tgo, ceo) = C(¢1,4) in
C(:z: 0,0) C(€2,5)
g[[tgo]]ceo [x—0,0]

C
C
C(¢,5) — C(lo, 5, )

" If e has an exact kCFA analysis, then £[e].! constructs it.
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Evaluator (exact)

(¢,8) — C(x, ce(x))

(£,0) «— (Ax.eq, cep)
where cey = celfv(Az.ep)
Elt )y = €Ml Eltls

let {Az. tf;o, ceo) = C((1,6) in
C(LE 0,0) C(€2,5)
g[[tgo]]ceo [x—0,0]

C
C

)

C(¢,5) — C(lo, 5, )

Exact analysis is normalization.

" If e has an exact kCFA analysis, then £[e].! constructs it.
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Evaluator (inexact)

- .

Ex']s = C(¢,6) — C(x, ce(z))
Elz.e0) ] = C(£,6) «— (Mz.e, cep)
where cey = celfv(Az.ep)
el e = £ ENLL
V()\:L’ téo,ceo> € C(€1,5) .

Cla, [6,0]4) — C(ta,9);

omceolz— 10,01
g[[tg]](gmk W]a

C(E §) — C(éo, 10,0]1)

C
C

The KCFA analysis of e is constructed by iterating &£ ML]
until C reaches a fixed point.

o -
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Evaluator (inexact, £ = 0)

- .

Ex']s = C(¢,6) — C(x, ce(z))
Elz.e0) ] = C(£,6) «— (Mz.e, cep)
where cey = celfv(Az.ep)
el e = £ ENLL
V()\:L’ téo,ceo> € C(€1,5) .

Cla,[6,0]0) — Clt2,8);

omceolr— 10,010
g[[tg]](imo W]a

C(E §) C(éo, 10,2]0)

C
C

But |0, /]|y = ¢, so all contours are empty and all
environments map all variables to . We can safely discard

Lboth. J
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Evaluator (inexact, £ = 0)

E[z1] = C(0) — C(x)
E[Az.e0)!] = C(¥) — (Mz.eo)
ELET )] = €l €Nl

(A to) ¢ C(€1)
C( ) — C(€2,5);
5[[#0]]

C(¢) « C(to)

But [0, 7]y = ¢, so all contours are empty and all

environments map all variables to e. We can safely discard
both.

o -
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Evaluator (exact, £ = 0)

"] = C(0) — C(=)
E[M\r.e0)!] = C¥) — (\z.ep)
ENE )] = D END;

AN

let (Az. th) = C(4y) in
C(x) — C(ta,0);
5[[#0]]
C(6) — C(to)

This Is an evaluator, but for what language?
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Evaluator (exact, £ = 0)

"] = C(0) — C(=)
E[M\r.e0)!] = C¥) — (\z.ep)
ENE )] = D END;

AN

let (Az. th) = C(4y) in
C(x) — C(ta,0);
5[[#0]]
C(6) — C(to)

This Is an evaluator, but for what language?
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Symmetric logic gates
(__i fun TT(x: a,y:’ a)= (X,VY); ___W

val TT=fn : '"a* 'a->'a * 'a Booleans built out of
~ fun FRO:Ta,y:ta)= (Y, x); constants TT, FF
val FF=fn : "a * "a -> "a * "a

- val True= (TT: ("a* 'a->"a=* "a), FFr ("a=* 'a->"a~x* 'a));
val True = (fn,fn) : ("a* 'a->"ax* "a) » ('a *

- val False= (FF. ("a*~ 'a->"a=* "a), TI. ("a* 'a->"a* 'a));
val False = (fn,fn) : ("a*x 'a->"a* "a) =~ ("a*x 'a->"a=x* "a)

LYy Ly LY

LY
Tr ue= ] Fal se= ] I I
LY

Relating Complexity and Precision in Control Flow Analysis — p.19/3.



Symmetric garbage Is self-annihilating

o -

- fun And (p,p") (9.9")=
let val ((u,v),(u,v')) =(p (q,FF), p (TT,9"))
i n (u, Conpose (Conpose (u’,v), Conpose (Vv',FF))) end;
val And = fn
 ("ax ("bx "b->"b=*"'b) ->"cx+ ("d->"¢e))

* (Cfxf > f x f) x g ->(Ce->"h) x (P ox 7T ->d))
->’ax'g->"¢cx* ('t x 1 ->"h)
When p=TT (identity), When p=FF (twist),
(u,v) = (q, FF) (u,v) = (FF Q)
(u,v) =(q,TT) (u,v) =(TT,q")

So, {v, v’ }={TT, FF}, and
Conpose (v, Conpose(Vv’',FF)) =TT
LCorrpose (Conpose (u’',v), Conpose (v',FF)) = U J
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Symmetric logic gates
F fun Copy (p,p')= (p (TT,FF), p* (FF TT)); T

val Copy = fn
. ((Ca*'a->"a*x'a) *» ("b* "b->"b~* "'b) ->"c¢)
* (('d*’d->"dx*x "d) » ("e*x 'e->"ex "e) ->"f)

->'¢c * 'f
[p= TT]: Copy (p,p’) = ((TT, FF), ) component reversed]
[p= FF]: Copy (p,p’) = ( , (FF,TT)) [ component reversed]
- fun Not (x,y)= (y, X);
val Not =fn: "a* "b ->"b * "a

O Is symmetric to And

o -
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PTIME Hardness of OCFA

Code the boolean circuit as a linear term. Either (u, u’ ) isboundto (TT, FF) or (FF,
TT) (but not both, by linearity).

let val (u,u )= o) Iin

let val ((x,y),(x",y"))=(u (f,9), u (f',9))
((x a, y b),(x a, y b)) end end,

We know u is either TT (identity) or FF (twist)...so (u (f, g)) is
either (f, g) or(g, f)...therefore (X, y) is bound to either (f, g)
or(g,f)...

sof = xiff p(v)= True (f = yiff p(v)= Fal se)
sof is applied to a iff ()= Tr ue.

<__OCFAis PTIME-hard_>
- o
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PTIME Inclusion of OCFA
-

Well known, eg. PPA Nielson et al. (1999):

-

#® OCFA computes a binary relation over a fixed structure
(the graph description of a program).

# The computation of the relation is monotone: begins
empty and is added to incrementally.

# A fixed point must be reached by this incremental
computation (structure is finite).

#® The binary relation can be at most polynomial in size, and
each increment is computed in polynomial time.

B <___OCFAs PTIME-CompIetDJ
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Closures

. .

Because CFA makes approximations, many closures can
flow to a single program point and contour. In 1CFA, for
example,

(Aw.wx1xs . .. Ty)

Has n free variables, with 2" possible associated
environments mapping these variables to program points
(contours of length 1).

o -
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(Axl.
(Afa.(fo True)(fs Fal se))
(Awg.

(Af3.(f3 True)(fs Fal se))
(A$3.

(Afn.(fn True)(f, Fal se))

(Azp,.
Cl(Av.¢ v)(Aw.wzxize - T8)]) - +))))
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(A%l.
()\fg(fg Tr UE)(fQ Fal SG))
(Awg.

(Af3.(f3 True)(fs Fal se))
()\2133.

(Afn.(fn True)(f, Fal se))
(Azp,.

Cl(Av.¢ v)(Aw.wzxize - T8)]) - +))))

Approximation allows us to bind each z; to either of the
~ closed A-terms for Tr ue and Fal se. .
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1CFA as SAT solver

(Af1-(f1 True)(f1 Fal se))
(A%l.
(Af2.(f2 True)(fz Fal se))
(Awg.

(Afs-(fs True)(fs Fal se))
(AIg.

(Afn.(fn True)(f, Fal se))
(Azp,.

Cl(Av.¢ v)(Aw.wzxize - T8)]) - +))))

Applying a Boolean function necessitates computation of all
- 2" bindings to compute the flow out of the application. .
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(A%l.
()\fg(fg Tr Ue)(fg Fal SG))
(Awg.

(Af3.(f3 True)(fs Fal se))
()\2173.

(Afn.(fn True)(f, Fal se))
(Azp,.

Cl(Av.¢ v)(Aw.wzxize - T8)]) - +))))

Tr ue flows out of the apply iff the Boolean function is
~ satisfied by some truth valuation. o
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1CFA as SAT solver

(Af1.(f1 True)(f1 Fal se))
(Axl.
(Afa.(fo True)(fs Fal se))
(Axg.

(Af3.(f3 True)(fs Fal se))
(Awg.

(Afn-(fn True)(fy, Fal se))
(Azp,.

Cl(Av.¢ v)(Aw.wzxize - T8)]) - +))))

Approximation of closures as non-deterministic

- computation! .
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The Widget
- o

let val (u,u)=1[ ] In
let val ((x,y),(x",y"))= (u (f,g), v (f',97)) In

((x a, vy b),(x’ a, y b)) end end;
In C'[(\v.¢ v)(Aw.wzi22 - - - Ty)]:

f is applied to a Iff ¢ Is satisfiable.

1CFA is NP-hard_>




The Widget
- o

let val (u,u)=1[ ] In

let val ((x,y),(x",y"))=(u (f,g9), u (f',9)) In
((x a, vy b),(x’ a, y b)) end end;

In C'[(\v.¢ v)(Aw.wzi22 - - - Ty)]:

f is applied to a Iff ¢ Is satisfiable.

<_1CFA is NP-hard_>

(k > 1)CFA Is just as hard. The construction just needs to
be “padded” to undo the added precision of longer contours.

<_kCFA is NP-hard >
o o
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Nailve exponential algorithm for kCFA

- .

® The C table is finite and has »n**+! entries.

°

Each entry contains a set of closures.

® The environment maps p free variables to any one of n*
contours.

® There are n possible Az terms and »n*P environments, so
each entry contains at most n'**? closures.

# Approximate evaluation is monotoic, and there are at
most n!t+1P ypdates to C

® p<nsokCFAIn EXPTIME

o -
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LECFA In NP?

(£,0) <« C(x, ce(x))
(£,0) «— (Ax.eq, cep)
where cey = celfv(Az.ep)
el ey = [N T

V()\a; téo,ceo> € C(€1,5) .

Cla, [6,0]4) — C(ta,9);

omceolz— 10,01
g[[tg]](gmk W]a

C(E §) — C(éo, 10,0]1)

Elz*]s =

C
El(Az.eo) ] = C

Can we guess our way through the computation to answer
the KCFA decision problem?

o -
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Exact analysis for non-linear terms

. .

Suppose ¢ Iis a linear term coding the transition function of
a Turing machine and I is the (linear) initial machine
configuration.

(20)1) = (((As.(Az.(s7(5°2))))d)])

1CFA analyzes each application of ¢ distinctly in contour 1
and 2, and therefore is exact. ..

... S0 analysis simulates 2 steps of the TM.

o -
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Exact analysis for non-linear terms

. .

Scaling up, consider:

(22e)1) = ((As.(Az.(5°(572))))
(As.(Az.(s7(5°2))))9))])

2CFA analyzes each application of ¢ distinctly in contour 31,
32, 41 and 42, and therefore Is exact...

... S0 analysis simulates 4 steps of the TM.

o -
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Exact analysis for non-linear terms

-

OCFA Is exact for linear terms. . . T
...When is LCFA exact for non-linear terms?

In general, nCFA Is exact for:
("))

... S0 analysis simulates 2" steps of the TM.

o -
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Exact analysis for non-linear terms

-

OCFA Is exact for linear terms. . . T
...When is LCFA exact for non-linear terms?

In general, nCFA Is exact for:
(2"9))

... S0 analysis simulates 2" steps of the TM.

< nCFAis EXPTIME-complete >

o -
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The Doggie Bag
W o

hat | want you take home:

T

# Linearity subverts approximation in
’| static analysis.

é; # It doesn’t matter how big your & is
(as long as it's constant), but how
you use your closures.

# Either you run the program or you
do something stupid.

o -
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What else?
b

reprint available: T

http://ww. cs. brandei s. edu/ ~dvanhor n/ pubs/ vanhor n- mai r son- 07. pdf

# A graph formulation of KCFA

# Allows for (direct-style) kCFA of A +cal | / cc, A\,
symmetric A, (any calculus w/ a CPS semantics).

# Draws connection between KCFA and linear logic.

#® OCFA of simply-typed, n-expanded programs is
LOGSPACE-complete.

o -
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