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Outline

e the original goal
e the background (what is it all about)
e the chosen method to accomplish it

e a description of how you went about your task and what you
accomplished

e what you learned from this activity
e what you didn't learn from this activity

e how you could refine/reformulate/enhance the first problem
statement
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The Original Goal

Posit implementation strategies for this calculus, realized as a
series of a interpreters for the applicative order, call-by-value
fragment of the calculus.

The interpreters range from a big-step operational semantics to
a CK-style abstract machine.
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The Background (What it is all about)

e Multi-return Function Call, Shivers and Fisher (under review
for JFP)
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The Multi-return \-calculus

Abstractions [ ::= A\x.e

Expressions e .

Return points r :i=1 | #1

Values v

n |1

z|nl|l](ee)| <er..

[l € Lam

> e € EXp

r € RP

v € Val C Exp
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The Multi-return \-calculus

funa retlam
PP (Az.e) e1 ~ [z — e1]e < >~ (1 v)
1 retl
rpsel <wrt...rmb > < rib> m > et <v F1> ~> v
rettail : 1<t <m
<K FE>ri...rmD> o <v >
. eo ~ eg e1 ~ e}
unprog argprog
(eo e1) ~ (eq e1) (eo e1) ~ (eo €})
/ /
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e ri...l...rp> ~ <ery...U...rp>

roprog
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The Multi-return A-calculus (CbV fragment)

funa retlam
PP (Az.e) v ~ [z — vi]e < >~ (I v)
rpsel W ry...rmb> v < rib m>1 retl <v F1> ~> v
rettail : 1<t <m
<K FE>ri...rmD> o <v >
; eo ~ €g e1 ~ e}
unprog argprog
(eo e1) ~ (eg e1) (vo e1) ~ (vo €})
/
retprog e e

e r1...rp> ~ e 1. rp>
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The Chosen Method

e Refocusing in Reduction Semantics, Danvy and Nielsen

e A Syntactic Correspondence between Context-Sensitive Cal-
culi and Abstract Machines, Biernacka and Danvy

e Programming Languages and Lambda Calculi, Felleisen and
Flatt
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Going About the Task

We take a derivational approach:
e \We develop a standard reduction re-
lation for the CbV Aur
Give a reduction-based interpreter
Then refocus based on Danvy
Then derive a CK-style machine
Refunctionalize to obtain CPS se-
mantics
e Direct-style transformation to get a
big-step operational semantics
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The Doggie-bag: What to take home

I want people to come away with at
B least a cursory familiarity of the tools
- | we employ in the derivational approach:
| 1 e Standard reduction
e Refocusing
e defunctionalization and refunction-
alization
e CPS and direct-style
And not the details of the machines we
produce, or the A\yr-calculus.
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Contributions (The Danvy hammer hits this thumb)

e Standard reduction relation

e Reduction-based evaluator

e Refocused evaluator

e Pre-abstract machine

e Eval/Apply machine

e Eval/Apply in defunctionalized form
e CPS semantics

e Big-step operational semantics
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Correspondences (The Danvy hammer hits this thumb)

e Standard reduction relation <= ~», <=
e Reduction-based evaluator <—

e Refocused evaluator <—

e Pre-abstract machine <—

e Eval/Apply machine

e Eval/Apply in defunctionalized form

e CPS semantics

e Big-step operational semantics
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Standard reduction

Standard reduction employs an explicit representation of a term’s
context.

Evaluation is defined as the transitive closure of single reductions
consisting of:

1. decomposing a term into a context and a potential redex
2. contracting the redex

3. plugging the contractum into the context

If steps 1 or 2 fail, the program is stuck. For evaluation to be
deterministic, decomposition must be unique.
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Standard approach to Standard reduction

Grammar of reduction contexts C given by progress rules. Place
hole in place of term making progress.

Standard reduction relation — given by redex rules where redex
IS in the hole of a context.

For example:

argprog e~ ¢ = Cu=...|Cl(w [ D]

(v e)~ (ve)

funapp (Oz.0) o) = [z ole = C[((Az.e) v)] — C[[x — v]e]
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The Multi-return A-calculus (CbV fragment)

funapp, retlam

(Az.e) v~y [z — Ve QU 1>~y (1 v)
rpsel <V Tr1...TMm> e v 1B m > 1 retl <v FE1> ~y v
rettail 1<i<m

<K FFU> T .. D> vy <v >

€0 v 66 e~y €
argprog,
(eg €1) ~v (e e1) (v e) »v (v e)
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Standard approach to Standard reduction

Reduction contexts and potential redexes:

C = []
Cl(e [ D] argprog
C[([ ] v)] funprogy
Cl<[] r...m™>] retprog
p = (v w)
| <wr...r>

| v r...rbr...r>
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Problem: Grammatical ambiguity

Unique decomposition does not hold.

[1, <<w ri>ri>
<l I> 741, <w ri>

decompose(<<v 71> r]>)

decompose(<<iv r1>r]>)
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Fix 1: Tighter characterization of potential redexes

We can refine the grammar of potential redexes starting with the
observation that v #:i>,2 > 1 is never a redex, and therefore
not a potential redex.

(due to Matthias)
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Fix 2: Context-sensitive standard reduction

We can simplify the grammar of potential redexes:

p = (vw)
| <wr...r>
| <<w r...r>r..oTD>

p = (vw)
| <wor...r>

And make contraction context-sensitive, i.e. contracting a redex
depends upon the context in which it appears.
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Fix 2: Context-sensitive standard reduction

Reduction contexts C :i:= []
| Clle [ D]
| Cl ] v)]
| Cl«[] r...r>]
Potential redexes p = (v v)
| <wr...r>
Cl[((Azx.e) v)] —— C|[[x — v]e€]
Cl<w r1...rm>] — Cl<v r1>] m > 1
Cl<w I>] —— C[({ v)]
Cl<w #1>] — CJv]
(Cl<[] r1...r;>]) [<v #i>] — C[<v r;>] 1<i<m
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Fix 2: Context-sensitive standard reduction

Reduction contexts C :i:= []
| Clle [ D]
| Cl ] v)]
| Cl«[] r...r>]
Potential redexes p = (v v)
| <wr...r>
Cl[((Azx.e) v)] —— C|[[x — v]e€]
Cl<w r1...rm>] — Cl<v r1>] m > 1
Cl<w I>] —— C[({ v)]
Cl<w #1>] — CJv]
(Cl<[] r1...r;m>]) [<v #i>] — C[<v r;i>] 1<i<m
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Results

Lemma 1 (Unique decomposition) For any expression e, €i-
ther e € VVal or there exists a unique reduction context C and
potential redex p, such that e = C|[p].

Lemma 2 (Correspondence with \uyr) e~y e/ < e+— €.

These results are easy to prove and get us “off the ground”
for producing interpreters that correspond with the original CbV
fragment of Aur.
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Reduction-based evaluation

We can now define our first interpreter based on the rules we
saw before, modified to be context-sensitive.

Evaluation is defined as the transitive closure of single reductions
consisting of:

1. decomposing a term into a context and a potential redex
2. contracting the redex, together with its context

3. plugging the contractum into the potentially modified con-
text
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Reduction-based evaluation

evaluate : EXp
evaluate(e)

Val 4+ (RedCont x StuckRedex)
iterate(decompose(e))

| I

iterate : Val 4+ (RedCont x PotRedex)
iterate(v)

iterate(C, ((Ax.e) v))

iterate(C, <v I>)

iterate(C, <v #11>)

Val 4+ (RedCont x StuckRedex)
v

evaluate(plug([z — v]e, C))
evaluate(plug((l v),C))
evaluate(plug(v,C))

[ I

iterate(C,<w r1...rm>) = evaluate(plug(<v ri>,C)) m > 1
iterate(C[<[ ] r1...mm>], <v #i>) = evaluate(plug(<v ry>,C)) 1<i<m
iterate(C[<[ ] r1...7;m>], <0 #i>) = (Cl<[]r1...rm>],<w ##i>) i>m>1

iterate(C, v #i>) = (C,<w #i>)
C£C[«[]r1...rm>] and i > 1
iterate(C,(n v)) = (C,(n v))
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Refocused evaluation

Iterative decomposition is not efficient. So we rewrite the inter-
preter so that decompose is always called on the result of plug:

evaluate(plug(e,C)) = iterate(decompose(plug(e,C)))

decompose(e) = decompose(plug(e,[])))

The first transformation is obtained by inlining evaluate, i.e.
iterate(decompose(e)). The second is an obvious equivalence.

We rewrite the interpreter using refocus = decompose o plug and
are now free use any function extensionally equivalent to refocus.
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Pre-abstract machine

Danvy and Nielsen provide a construction for an efficient refocus
focus from the standard reduction specification.

By construction, it is extensionally equivalent to decomposeoplug.
The refocus function is itself an abstract machine (state transi-

tion system). Evaluation then uses an abstract machine and a
trampoline function computing its transitive closure.

Principles of Programming Languages, Northeastern University 13 December 2005



Abstract Machines for the Multi-return \-calculus

Pre-abstract machine

The refocus function is defined by cases on the grammar of ex-
pressions, refocus,,, Dy cases on the top most context:

refocus . Exp x RedCont — Val 4 (RedCont x StuckRedex)
refocus(v, C')

refocus((eg e1),C)
refocus(<e r1...rm>,C)

refocus ., (C,v)

refocus(eg, C[([ ] e1)])
refocus(e, C[<[ ] r1...rm>])

refocus ,,, - RedCont x Val — Val 4 (RedCont x StuckRedex)

refocus ([ ],v) = v
refocus ,,-(C[([ ] e)],v) = refocus(e,Co (v []))
refocus g, (C[(v' [ D], v) = (C, (v v))
refocus ,-(Cl<[ ] r1...7m>l,v) = (C,<w r1...rm>)
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Staged abstract machine

In the pre-abstract machine iterate is always called on the result
of refocus.

We can rewrite iterate and evaluate to call refocus tail-recursively
and rewrite refocus to call iterate on it's result.

The result is a state-transition system, aka an abstract machine.

The machine transitions are partitioned into context transitions
and redex transitions, hence it is staged.
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CK abstract machine

Inlining the iterate function gives a CK abstract machine.

CPS semantics

Refunctionalizing (Church-encoding the reduction context datatype)
the CK machine gives a CPS semantics.

Big-step operational semantics

Direct-style transformation of the CPS semantics vields the big-
step operational semantics.
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