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Abstract. Orc [6] is a language for task orchestration. It has a small
set of primitives, but it is sufficient to express many useful programs
succinctly. We show that the operational and denotational semantics
given in Kitchin et. al [6] do not agree, by giving a counterexample to
their Theorem 3. We remedy this situation by providing new operational
and denotational semantics with a better treatment of variable binding,
and proving an adequacy theorem to relate them.

1 Introduction

Orec [6] is a small concurrent programming language, designed with web services
in mind. It has few primitives, but they suffice to express many popular concur-
rent programming patterns (see [6], [7]). Orc uses autonomous computing units
called sites to perform sequential computation and other basic services. It then
provides operators to orchestrate the execution of sites and build larger pro-
cesses. Kitchin et.al[6] have developed operational and trace-based semantics for
Orc.

In this paper, we address some shortcomings of the existing Orc semantics.

— We show that the trace-based semantics of Orcis flawed, and develop a
denotational semantics which we prove sound and adequate with respect to
the operational semantics.

— In [6], the authors impose a unique naming constraint, namely that “free
and bound variables of an expression have different names”. Our semantics
do not require this limitation.

Due to space limitations, we decided to present our semantics first, and then
introduce only the necessary machinery from [6] to show the error.

2 Overview of Orc

We now give an informal description of the language before we present its for-
mal syntax and semantics in the next section. The simplest Orc program is a
site call. For example, Factorize(N) will compute and send back the prime fac-
tors of its argument. RedditFeed(today) will respond with today’s tech news. In
Orc terminology, we use the word publication to refer to the result of a site call.
Site calls are strict: the process M () has no transitions. A site may respond to



a call at most once and it can also ignore the request. Note that the same site
call at different times may publish different values.

In symmetric composition (f | g) the two processes are evaluated in paral-
lel and there is no interaction between them. The composite process publishes
all the values published by f and g. For instance, the process (Factorize(N) |
RedditFeed(today)) can publish at most two values.

The sequencing operator (f >ax > ¢) is used to spawn threads. It first
evaluates f, and whenever f publishes some value v, it binds v to z in ¢
and launches a new instance of ¢ in parallel. For example, ((Factorize(N) |
RedditFeed(today)) >x> Print(z)) may print twice, if both Factorize(N) and
RedditFeed(today) publish. If f does not publish, g is not run.

Last, we can use the where operator to terminate a process after it publishes.
The expression (f where x :€ g) starts evaluating f and g in parallel. However,
the parts of f that depend on x block until z acquires a value. If g publishes, the
value published is bound to x in f and ¢ is terminated. Therefore, the expression
(Print(z) where x :€ (Factorize(N) | RedditFeed(today))) will either print the
prime factors of NV or today’s tech-news, maybe none, but not both. Recall
that site calls are strict, thus Print(x) has no transitions. However, placed in a
context that can provide a value for = (as in this example), Print(x) is no longer
inert.!

The operators we saw until now do not allow us to write recursive processes.
To do that, we can define expressions like the following;:

DOS(x) £ Ping(x) | DOS(x)
This is the implementation of a simple denial-of-service attack; the process
DOS(ip) pings ip an unbounded number of times.

At this point, we have explained the features of Orcinformally and we can

proceed to discuss its formal syntax and operational semantics.

3 Syntax — Operational Semantics

3.1 Syntax

The syntax of Orcis shown in Fig. 1. An Orc program consists of a finite set of
mutually recursive declarations and an expression (i.e. process) which is eval-
uated with these declarations in scope. To avoid dynamic binding of variables,
we require that a declaration E;(x) £ e satisfy f.v.(e) C {z}. The process 0 is
the inert process, a site which never responds. The actual parameter of a site
call or a call to a defined expression is either a variable or a value. We will not
assign types to our values, all values belong to some generic set Val. Orc is not
higher-order, a process is not a value.

! It is this behaviour that requires the existence of an environment I” in the operational
semantics (Section 3).



Program P:=Di,...,Dr in e

Expression  e==0]|M(p)|let(p)| Ei(p)|e1 | e2| €1 >z> ez|e1 where z :€ ez
Parameter  pu=x|v

Declaration D:=E;(z) £ e

Fig. 1. Syntax of Orc

3.2 Operational Semantics

Our version of the operational semantics of Orc (Fig. 2) uses labeled transitions.
The metavariables f, g range over processes. Every transition is of the form:

ATH 5 f

In this transition, process f takes a step to f’ with event a, when the set of
declarations is A and the environment for variables is I'. Note that A and I’
remain unchanged during the evaluation of an expression. The events that occur
during transitions are listed below:

Event ::=v publication
| 7 internal
| My (v) site call
| kv site response
| [v/x] receive

Let’s take a closer look at the rules. Process M (v) calls site M with value v,
a site call event occurs and a fresh handle k is allocated to identify the call (rule
SITEC). The resulting process 7k is just an idle thread waiting for an answer
to the call with handle k. It is a necessary addition to the syntax to represent
intermediate state.

If the site replies with some value w, 7k performs a site response event k7w
and becomes let(w), as shown in rule SITERET. Let is a process that responds
with the same value it was called. By rule LET, let(w) publishes w and becomes
0, which has no further transitions.

None of the above steps is guaranteed to happen; M (v) may delay the site call
to M indefinitely, if the call happens M may never respond, and if it responds
the value may not be published.

Site calls are strict, thus M (x) will block until  acquires a value. In an
environment that can supply value v to z, M(z) performs a receive event and
becomes M (v). This is reflected by the rule SITEC-VAR. If x is not in I", M (x)
behaves like 0. Rule SITEC-VAR (and similarly LET-VAR and DEF-VAR) re-
flects the potential transition of a process in a suitable environment. It is the
environment that makes us able to distinguish between M (z) and 0.

When we call a defined expression E;(v), v is substituted for  in the body
of E;, which is an internal event (rule DEF). The process continues as [v/z]f;.

The two rules for symmetric composition are self explanatory; process f | g
takes a step if either f or g takes a step. The steps of the sub-processes can be
interleaved arbitrarily.



(SITEC) (o) k fresh
=7k

AT+ M)
(SITEC-VAR) 72l I'(z) =v
A,Fl— M(J}) N M(U)
SITERET -
( ) AT F% Y det(v)
LET
( ) A T'E let(v) o
(LET-VAR) /el M) =v
A,F [ let(x) RN let(v)
DEF ™ E(x)2 fi)e A
(DEF) ATE B 5 [af, B = fi) €
DEF-VAR — (Ei()2f)€A,
( ) ATF E(x) "8 By T@=v
a ’
(SYM-L) =L el
ATl flg—= flg
AT g% ¢
(SYM-R) > -
ATE flg = fld
ATE S f
ASYM-L _
( ) AT F fwherea::eg—>f’wherex:ega7é[v/x]
AT g% ¢
ASYM-R , - |
( ) AT+ fwherex:Eg—>fwherex:Eg’a#v
v ’
(ASYM-P) AlFg—4g
A 't fwherex:€g — [v/z]f
ATH 5% f
SE : = !
(SEQ) AT+ f>x>g—>f/>x>ga7év
v ’
(SEQ-P) ATrE f— f

ATE f>a>g 5 (f >>9) | [v/x]g

Fig. 2. Operational Semantics

Asymmetric composition resembles symmetric composition. In f where z :€
g, f and g execute in parallel unless g publishes. Then, g is terminated and the
published value v is communicated via z to f (rule ASYM-P). You can think of x
as an implicit communication channel. Rule ASYM-R shows the non-publication
steps of g, and ASYM-L shows the steps of f. Free occurences of x in f refer
to the binding for x in f where z :€ g. Thus, no matter if x is in I', f cannot
proceed with a receive event for x (receives for other variables are allowed). Its
parts that depend on x will block waiting for a publication from g.

Process f >x> g takes a step if f takes a step (rule SEQ). If f publishes v the
process performs an internal event and launches a new instance of g in parallel
(rule SEQ-P). As in the asymmetric case, we can think of z as a communication
channel between f and g. Thinking of variables as channels also justifies the



ATF let(z) B2 let(2)

BB A T E let(a) > M(z) 5 let(2) o> M(z)
LET

SEST AT F let(2) >a> M(z) 5 (0 >a> M(z)) | M(2)

SITEC

SR A P (0 2> M(2)) | M(2) M (0 >a> M(2)) |7k
SI'I\‘/ER%T k711
BOA T (0> M(2)) |7k (0 >a> M(2)) | let(11)
LET

!

AR AT (0 >2> M(z)) | let(11) 5 (0 >z> M(z)) | 0

Fig. 3. Possible evaluation of let(z) >z> M (z) when I' = {(z,2)}

name receive event for [v/x]. The example in Fig. 3 illustrates the use of some
of the rules.

4 Denotational Semantics

We now present the denotational semantics of Orc, which is the main contri-
bution of this paper. It is based on complete partial orders. The meaning of a
process is its set of traces in the presence of environments for the declarations
Fenv and variables Env:

1f] : [Fenv — [Env — P]]

Trace sets are closed under prefix. Also, we are concerned with traces of finite
length only; an infinite trace is represented by the set of all its finite prefixes.

Traces: Event™, a discrete CPO.

P: the set of all non-empty prefix-closed sets of finite traces,
a CPO under inclusion.

Val: the set of all values, a discrete CPO.

Var: the set of all variable names, a discrete CPO

We use two different kinds of bindings for variables in Env. That is because
we want to differentiate between a variable  bound in f where x :€ g versus
f >x>g or Ei(z) £ f;. In asymmetric composition, the evaluation of f may
start before f has a value for z. Then, the parts of f that depend on z will
block. For a trace t of f, we want to know which part of it depends on x. For
this reason, we “mark” the usage of = with a receive event, e.g. t = t1[v/x]ta
where juxtaposition means trace concatenation. Now, we can deduce that the
events in ¢; happen independently of x. There is no need for that in f >z> ¢
or E;(x) £ f; because x always has a value when g or f; is evaluated.

GetVal = {fw | v € Val}

GotVal = {bv | v € Val}

Env = [Var — (GetVal U GotVal U {L})]
NoRecv={S|Se€P A VteS. noreceivesint}
Fenv = ([Val — NoRecv])*



The definitions of the meaning functions can be found in Fig.4. The inert
process has no transitions, thus it has no traces but the empty trace €.

The denotation of let(v) is straightforward. The prefixing operator is defined,
among others, in Fig. 5. The traces of let(z) depend on the environment. If x is
not in the environment (signified by p(z) =L1) then let(x) behaves like 0. If the
value for x was received “now”, i.e. p(x) = v, then a receive event precedes the
publication. If the value for x was received “earlier”, the trace does not contain
a receive event.

The meaning functions for site calls are quite similar. Note the many possible
responses to the same call. We invite you to check that, for simple processes like
M(4) and let(z), the traces coincide with what we get from the operational
semantics. We will prove that true for all Orc processes.

The traces of E;(v) are independent of the environment (remember that z
only can be free in the body of E;(z)). They are the traces of the i*" declaration,
preceded by 7.

In symmetric composition, we get the traces by interleaving (or else merging)
the traces of the constituent processes.

The denotation of h >z> g can be demystified by observing the operational
behaviour of this process. Every trace s of h that does not publish is also a trace
of h >x> g. Moreover, if s contains a publication, an instance of ¢ is launched
in parallel and the remaining transitions of h may spawn more instances of g.

Last, we need to look at the denotation of h where x :€ g. Let ¢; be a
trace of h and ts a trace of g. If ¢; does not contain receive events for = it is
independent of x. Thus, if ¢ contains no publication, we just merge the two
traces. If o contains a publication v we know that the part that follows lv will
be discarded because g is terminated. That is why we only merge ¢; with the

[0] = Ap.MpA{c}
[let(v)] = ApAp{lv},
[let(z)] = Ap.Ap.case p(x) of L .{e}
v {lv},
v {[v/s] ),
[M(v)] = Ap.Ap{ My (v) k7w lw | k fresh, w € Val},
[M(x)] = Ap.Mp.case p(z) of L .{c}
bv.{ My (v) k?w lw | k fresh, w € Val}
gv.{[v/z] Mi(v) k7w w | k fresh, w € Val},
[7k] = ApAp{ k7w lw | w € Val}
[Ei(v)] = ApAp {7t |t € pi(v)},
[Ei(z)] = Ap.Mp.case p(x) of L .{e}
bv. {Tt|te€pi(v)},
w o/l 7 1]t € o)},
[h] gl = xpxp. [Rep || [9lwp
[ >a> g] = Xp. Ap-Usengy, 5> Av-lglpplz = bo]
[ where z :€ g] = Ap.Ap. (U, cvu [Pleplz = 1)) <2 [glep

Fig. 4. Trace Semantics of Orc



Concatenate a trace and a trace-set:
sT 2 {st|tecT}

Remove event ‘a’ from a trace:
5 t=¢
tNa=<St\a t=at
at\a t=at'and a #ad

Remove event from a trace-set:
T\a 2 {t\a|t €T}

Merge:
{t1} to =¢
t1 || t2 = {t2} t1 =¢
a(th ||t2) Ub(t1 || ty) t1 = aty and tz = bth

Merge trace-sets:
Ty ” T, £ UtleTl,tQGTQ 1 H l2

Prefixing:

N {e} t=c¢

P e,alUat, t=at
’ P

Prefixing for trace-sets:
5 = USES Sp

Sequencing combinator:

s> F o {s} nopubl. in s
s17((s2> F)||F(v)) s=s1lvsa,nopubl. ins;

Asymmetric combinator:

t1 || t2 norecv. for z int1 , nopubl. in to
t1 || tor7 norecv. forzinty , ta = to1lvtae , nopubl. in to;
tl <z t2 = (tll || t217')(t12\[v/x]) tl = tll[v/x]tm , norecv. fOI"xil’ltn s

to = to1lv oo , o publ. into1

{e} otherwise

Asymmetric combinator for trace-sets:
T1 <o T = U, eqy sper, b1 <z t2

Note: po is an environment such that Vz.po(z) =L

Fig. 5. Various Definitions



part of to prior to lv. If ¢; contains a receive event for x, the part after this event
depends on z. Consequently, if ¢5 contains a matching publication, the traces
are merged prior to the publication and concatenated with the rest of ¢;. The
fourth branch of the definition stops us from creating nonsensical traces, as when
combining a t; that receives x with a t2 that does not publish.

We can now establish the following properties of the meaning functions:

Theorem 1 (Prefix Closure of Trace Sets). For all f,,p, [flep € P
Theorem 2 (Continuity of Denotations). For all f, [f] is continuous.

The proofs of these and all subsequent theorems can be found in the Appendix.
Finally, we only need talk about the denotation of the declarations. Consider
E;(x) = f;. We can find its traces if we know the traces of f; in a suitable Fenv:

A = xp.(M0.[Ailppolw = bv] x -+ x Mo.[frlepo[z = bv])

Ais an Fenv transformer, since it consumes an Fenv and produces another Fenwv.
Additionally, it is a continuous function because it is composed of continuous
functions. Fenv is a CPO with bottom element (Av.{e})¥. Therefore, A has a
least fixed point which we take to be the denotation of the declarations:

4] = fix(A)

To prove the correctness of our semantics we need to show that the transitions
of a process match its traces.

Theorem 3 (Soundness). If I' = {(x1,v1),..., (Tm,vm)},

o = [wi/yi]...[wn/yal, p = polzr = 1] [wm = fom][yr = bwr] ... [yn = bwn],
x’s and y’s are all distinct, then

ATF of L% f implies te 1711 4]p
Theorem 4 (Adequacy). If I' = {(z1,v1),-- ., (Tm,Vm)},

o= [wi/y]...[wa/ynl, p= polr1 = foi] ... [2m = fom][yr = bwi] ... [yn = bwy],
x’s and y’s are all distinct, then

te [f1[A]p implies A T'E of L g1

The relation —* is the reflexive and transitive closure of —.

5 Flaws of the previous trace semantics

The operational semantics of Section 3 differs slightly from the previously pro-
posed operational semantics.? The main difference is our use of an environment
I for the variables. The previous semantics treats free variables more permis-
sively, a fact which makes the denotational treatment in [6] wrong. Here, we only



(LET) (ASYMIN) P
g = f

let(v) o f where z :€ "where z :C g
(ASYM1V) g Y g (ASYM?2) g N g a #v
f where z:€ g = [v/z]f fwherez:cg % fwherex:cg
(SUBST)
[v/z]
f= [v/lf

Fig. 6. Operational Semantics of Orcy

present a subset of the semantics which suffices to show the error. Thus, we are
not concerned with recursive definitions.

All but the last rule in Fig. 6 are self explanatory. The last rule says that a
process can spontaneously decide to substitute a value v for a variable x. Any
process f can perform any substitution step, even for variables not free in f
(of course then [v/x]f = f). The constraint is that the SUBST rule cannot be
applied to parts of an expression, in other words the event ‘a’ in the other rules
cannot be a receive event for any variable.

The traces of an Orc; process are defined operationally. If f =* ' then they
obtain a trace of f by removing the 7 events from s. Let (f) denote f’s set of
traces. The objective is to prove compositionality, i.e. that (f where z :€ g)
can be defined in terms of (f) and (g).

ty | to no publ. in ¢,
tl where z -¢ tg _ (tll | t21)t12 tl = tll[v/x]tlg , O rec.v. forxintn y
t2 = tgl!v t22 , 1O publ. m tgl
] otherwise
Constraint: No receive event for x in ¢
T1 where x :€ Ty = UtleTl,tzeTz t1 where z :€ 15

The where operator is defined for traces and lifted for trace sets. The | operator
is similar to our merge operator. Its precise definition is not needed, we only
need to know that ¢ |e = {t}. The theorem to prove now is:

Theorem 5. (f where z :€ g) = (f) where z :€ (g)

The following counterexample refutes this theorem:

Let h = let(z) where z :€ 0

By SUBST and LET, t = ([2/z]!2) € (let(xz)) and also ¢ € (0)

Then, ([2/z]!2) where z:€c = ([2/2]'2) | e = {[2/z]'2}

which yields ([2/x]!2) € ({let(z)) where z :€ (0))

However, the only operational rule that applies to h is SUBST, thus ¢ ¢ (h)
Therefore, (f where z :€ g) # (f) where z :€ (g)

? For disambiguation, in this section we will refer to Orc as presented in [6] as Orc;.



We saw that the trace set of an Orcy process is not defined correctly in terms
of the traces of its sub-processes. Our intuition is that the error stems from the
non-restrictive usage of substitutions (rule SUBST).

6 Conclusions

Task orchestration is related to various industrial standards for business trans-
actions (e.g. WSBPEL [1], WSCDL [5]). Academics have also looked at other
aspects of business transactions, such as compensations (see [3], [2]). A formal
specification for a subset of WSBPEL has been proposed as well [8].

In this paper we presented a denotational trace-based semantics for Orc, a
language for task orchestration. We pointed out the deficiencies of the previously
proposed trace semantics [6] and proved the correctness of ours. Other semantic
treatments for Orc can be found in [7], [4].

In a forthcoming paper, we use strong bisimulation to show various equiva-
lences between Orc processes and we present a trace-based semantics insensitive
to internal events. In the future we want to investigate the properties of processes
in the presence of timeouts and propose a timed semantics for Orc.
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A Various Definitions

Definition 1. Concatenate a trace and a trace-set
sT 2 {st|teT}
Definition 2. Concatenate trace-sets
T1 T2 £ {tltg | t € Tl,tg S TQ}
Definition 3. Remove event ‘a’ from a trace
€ t=¢
t\a £ ¢ t'\a t=at
at'\a t=dt and a #d
Definition 4. Remove event from a trace-set
T\a % {t\a|tecT}
Definition 5. Merge for traces
{tl} to =¢
t1 H to = {tg} t1 =¢
a(t) || t2) Ub(t1 || t5) t1 = at} and ty = bth
Definition 6. Merge for trace-sets
Ty || T £ UtleTl,tgeTg t H to
Definition 7. Prefixing
. 8 {{e} t=c¢
P {e;a}Uat, t=at

Definition 8. Prefixing for trace-sets

Sp £ Uses sp
Definition 9. Ezxtend-env: Env x (Val x (GetVal U GotVal)) — Env
ple = u] 2 (p— {(z.w)}) U {(z,u)} where p(z) = w
Definition 10. Alternate merge
y {tl} to =¢€
t1 H to £ {tg} t1 =¢

t 1 t2)a U (t | th)b t1 = tha andty = thb
Definition 11. Alternate merge for trace-sets
T HT2 = UtleTl,tgeTQ 131 ﬂt2
1 y==x
ply) y#=

Note 1 pg is an environment such that Va.po(z) =L

Definition 12. p_,(y) = {

Note 2 a&t means that trace t contains event a. a & t means that trace t does
not contain event a.

Definition 13. Ordering of pairs of integers
(1,7) T (k) when i <k)V(i=kAj<lI)

11



B Continuity Proofs

Lemma 3. The union of prefiz-closed sets is prefix-closed ad
Lemma 4. P is a CPO wunder inclusion

Proof. Let X C P be directed and B = (Jgc x 5. Then, B is prefix-closed by
Lemma 3 and is an ub of X. Let B’ be an ub of X

= VSeXSCPh

= UgsexSC B

= |JX =8B O

Lemma 5. Merge : Pow(Traces) x Pow(Traces) — Pow(Traces) is continuous

Proof. Tt suffices to show that it is continuous in each argument separately. Let
X C Pow(Traces) be directed, T' € Pow(Traces)

UX) T = (Usex T
A

= USE(Usex S) User st
= USeX Uses UteT st

= Usex(SI1T)
= |_|SeX (S ” T)
The proof is similar for the right argument a
Lemma 6. FExtend-env is continuous O

Note 7 [Val — NoRecv] is a CPO and if X C [Val — NoRecv] is directed, then
X = )\U-Ufex fv) = )‘U'UfeX f(w)

Note 8 Fenv is a CPO and if X C Fenv is directed, then
X = (. Ugex p1(v) x - x (M. Uyex pr(v))

Note 9 Similar results to Note 7 hold for [Val — P], [Val — Pow(Traces)]
Lemma 10. >: Traces x [Val — Pow(Traces)] — Pow(Traces) is continuous

Proof. Show continuity in each argument separately. Over the left argument it
is trivial, since Traces is a discrete CPO.

Over the right argument:

Let X C [Val — Pow(Traces)] be directed and s € Traces

Proceed by induction on the number of publications in s

If no publications in s,

= s> X ={s} =pex(s>F)

If s = s1!vsy and no publications in s1,

s> X =817 ((s2> U X) | Upex F(v)) by Note 9
=517 (Upex 52> F) | Upcx F(v)) by IH

=517 Upex (52> F) | F(v)) by Lemma 5

= Upex 517 ((s2 > F) || F(v))

=pexs>F 0

12



Corollary 1. Let S € Pow(Traces) and F € [Val — Pow(Traces)]. Then,

Useg s > F is continuous O
Lemma 11. Prefizing : Pow(Traces) — P is continuous O
Note 12 <,: Traces x Traces — Pow(Traces) is continuous ad

Corollary 2. <,: Pow(Traces) x Pow(Traces) — Pow(Traces)
18 continuous ad

Note 13 All the functions proved to be continuous are also monotonic
Theorem 6. For all f, [f] is continuous

Proof. We know that [f] € [Fenv — [Env — P]]. We will show the continuity
of [(Fenv x Env) — P] and this is enough because currying is a continuous
operation.
By structural induction on f.
Let X, X, be directed subsets of Fenv and Env respectively.
a) let(v)
— UIUX)UX) = {0}, = Upex, Upex, Tiet@)Igp
b) 0 or M(v) or ?k
as above
c) let(x)
@I X)L X) = Upex, [let@]e(L X,) (c1)
Cases on X,:
— If 3peX,.p(x) =L then Vpe X,. p(z) =L because X, is directed.
(C]‘) = I_lapeX(p{E} = ngpEXg, I_lpEXp [[let(x)]]gop
— If 3peX,. p(x) =bv then Vpe X,. p(x) = bv because X, is directed.
(Cl) = Ll(pEXLp {!U}p = thpqu, LlpEXp [[let(af)]]gop
— If 3peX,. p(x) = hv similarly
d) M(x)
as above
e) Ei(v)
[E: ()] X, ) (L X,) =
= Upex, BT X, )p
= Upex, {mt 1t e UXe), ()},

:|_|p6Xp{Tt|t€U¢6X¢cpi(v)}p by Note 9
=pex, Upex, {7t ]t €0i(v)}, by Lemma 11
= Llequ, |_|peXp [[El (U)]](pp
Cases on | | X, and similar to the previous case

g hlg
[~ 1 gl (LX) (L Xp) = [AJ(L X ) (LX) [ Tl (LX) (L) X0)
(l_lcpEXLp LlpEXp [[h]]<pp) ” (LlweX¢ |_|peXp [[9]19010) by IH
= |—|goex¢ Upexp([[h]]sﬁﬂ | [glr) by Lemma 5

=Uyex, Upex, [n ] glep

13



h)

h >z> g

[o1 (L Xo) (L X )l = bo] =

= [gl(U X@)(Upexp plz = b)) by Lemma 6

= Usex, Upex, [9leplz = bv] by IH

Then, by Note 9,

Usex, Lyex, Avlglplz = 0] = AL ex, Uyex Iolople =20 (a1)
Also, TIUX)WUX,) = Upex. Upex [Hleo by IH  (h2)

By h1, h2 and Corollary 1 we get the result
h where z :€ g
By Lemma 6 and IH,

[P (U X ) (U Xp) [z = o] = Ujex, Upex, [Pleplr = o]
= Uevau |_|goeX¢ |_|p€Xp [Mleplz = o] =

= |_|goeX¢ |_|p€Xp Uvevarlh]eplz = bo]
By this, IH for g and Corollary 2 we get the result ad
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C Prefix-Closure Proofs

Lemma 14. tl H tg = tl Htg

Proof. By induction on [t1]| + [t2].
The only interesting case is when [t1| > 2 and [t2] > 2 ie.t1 = ajtjas and
to = bthbg
= 11 || tg = (Ll(tllag H tg) U bl(tl || t! bg)
(tlag H tg) U b1 (tl H t/ bg) by IH
= al((t' || tg)ag U (tllag H bltl )bg) U bl((alt' || t bg)ag U (tl || t! )bg)
= al(tl ||ut2)a2 Uay (tllag || b1t2)b2 Uby (alt’ ||ut2b2)a2 Uby (tl || t )bg
= (a1(ty [ t2) Ubi(ait] || t5b2))az U (a1 (thaz || bits) Ubi(t || £5))b2
= (a1(t} [[t2) U bi(a1ty [ t5b2))az U (a1 (tiaz || b1ts) U bi(ta [[25))b2 by IH
= (axty || t2)az U (t1 || bits)bs
= (a
=1

=a

1ty l[t2)az U (t1 ] bits)be by IH

%

| t2 O
By this lemma, we can use the operators || and ﬂ interchangeably.

Lemma 15. T1,T» € P implies T || Tz € P

Proof. By Lemma 14, suffices to show that T3 HTQ € P, i.e. suffices to show that
for all t € TlHTQ, tp - T1 HTQ

By induction on |¢|

Since t € Ty || Ty, then 3ty €Ty, ta€Th. t € 1y | ta (1)
The only interesting case is when [t| > 2 and t; = t}a and t5 = thd

= te ((t; [t2)aU (k[ #5)b)

— 4 C (] taum ]t v

— 1 © ((#1 [ t2)p U (87 [ £2)a U (1 [[5)p U (81 ][ #5)) (2)
ButT1€P:>t1€T1 andTQGP:>t2€T2

= by IH, (t] I ta)p CTh | T» and (t1 H th)p C T H Ty

= by 2, suffices to show that ((¢} H ta)a U (t || th)b) C Th HTQ

i.e. that ¢, H to CTy || T3 which holds by 1 O

Lemma 16. If F € [Val — P] and s € Traces, then (|J s'>F)eP

s’'€sp
Proof. By induction on the number of publications in s.

If no publications in s,

= U9698>>F UQGG{S}—SPGP

If s= 51'1152 and no pubhcatlonb in s1,

= U, ‘s, s> F = (U re(s1) s> F)U(s1lv>> F)U (Us’€s1!v(52)p s> F)
= (50)p U{17} Usim(Uyeony, 8 > F) | F(0))

= {517}, Usir(Usegan, > P F)

= suffices to show that (U, (s,, ' > F) || F(v)) € P

which, by Lemma 15, follows by (U, ¢(s,), 8" > F) € P and F(v) € P, which
holds by IH for s

15



Corollary 3. IfT € P and F € [Val — P], then (J,cp s> F) € P O
Lemma 17. T1,T5 € P implies Ty <, 1o € P

P’I“OOf. If t €e T1 <, T5 then 3t €T, toe€Th. t €t <, to
We must show that ¢, C 11 <, T5.
Cases depending on which branch of the definition of <, was used

a) t € t1 || t2, no recv. for x in t1, no publ. in ¢y (1)
= t€Uye), e, 11112 = (t)p [l (t2)p by Note 13
= tp C ((t1)p | (t2)p)p = (t1)p || (22)p by Lemma 15
By 1, (t1)p <s (752)p = (t1)p || (t2)p
= 1p C (1) <a (t2)p
= tp, CT1 < 1> by Note 13

b) t € t1 || to17, no recv. for = in 1, to = to1lvtee, no publ. in to;
= te€ (t1)p | (t217)p by Note 13
= tp S ((t)p || (t217)p)p = (t1)p || (T217)p by Lemma 15
= 1, C((t1)p || (t21)p) U ((t1)p [[ {t217})

— 1y C (1) <o (F21)p) U ((E1)p <o {t22l0})

= tp, C(t1)p < (t21 V)p

— t CT) <g T2 by Note 13
c) te (t11 [ t217)(t12\[v/x]), t1 = t11[v/x]t12, no recv. for x in 11,

t2 = tgl!v t22, no publ. in tgl

= tp € (tur [ t217)p U (t11 [ t217) (t12\[v/2])p

= tp € ({tur}, [ {ta17},)p U (tan || t217) (a2 \[v/2])p by Note 13
=4 t ({tu} || {tng} ) (tll || tng)(tlg\['U/x])p by Lemma ].5
By the previous case, thls can be written

tp € ({tun}, <u {tarlv},) U (tulv/z]{tia}, <az {ta1!v})

tp S ({tll}p <y {tgl!v}p) U (tll[v/x]{tlg}p <y {tgllv}p) by Note 13
tp - {tl}p <y {tgl!v}p

tp C Ty <z Ts by Note 13 O

MM

Theorem 7. For all f, [f]ep € P

Proof. By structural induction on f, using Lemmas 15, 17 and Corollary 3 O
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D Denotational Lemmas

Lemma 18 (Weakening). If x not free in [ then [f]ep = [f]eplx = bv] =
[fTeplx = qw] for any v, w

Proof. By structural induction on f

a) If fis 0, let(v), M(v), 7k, E;(v) it holds because the traces are independent
of the environment
b) If fis let(y), M(y), E;(y), it holds because the traces depend only on y
c) f=hlg
By IH, [h]¢p = [h]eplz = bv] = [h]eplr = ju]
and [g]ep = [g]eple = bv] = [g)eplzr = fu]
Therefore, [h | glep = []ep |l [glep = [h | gleple =bv] =
= [1 | gleplz = fu]
d) f=h>z>¢g (Similarly when f = h >y> g,x # y)
By the statement of the lemma, x is not free in h

= [hlep = [hleplz =bv] = [A]eplz = ju] by IH  (dl)
Then7 [[h >r> g]](pp[x = hUJ] = Useﬂh]]cpp[w:hw] s> /\v[[g]]gop[x = h?,U] [J? = b’U]
= Usepnpp s > Av-[9]eplz = bu] by d1 and def. of extend-env

= [k >a> glep

Similarly, [h >z> g]ep[z = bv] = [h >z> g]pp
e) f=hwherex:€g (Similarly when f = h where y :€ g,z # y)
By the statement of the lemma, x is not free in g
= lglep = lgleple = o] = [gleplz = fu] by IH  (el)
Then, [h where x :€ g]pplz = jw] =

= (Upe valPlwplz = tw][z = tv]) <, [g)eplz = fu]

= (Upeva[Moplz = 1v]) <z [glep by el and def. of extenv-env
= [h where z :€ g]pp
Similarly, [h where z :€ g]pp[z = bv] = [h where z :€ g]pp O

Lemma 19 (Substitution). [[v/z]f]ep = [fleplr = dv]
Proof. By structural induction on f
a) If z not free in f then [v/x]f = f and the result holds by Lemma 18
b) f = let(w)
= [v/z]f = let(v)

= [lv/x]flep = {0}, = [let(x)]pplz = bu]
i |(x) or E;(z), as above

g

1flep = [[v/z]hlep || [[v/z]g]ep

Jplz = bv] || [glpplz = bu] by IH
leplz =b

&
-

17

=

o
S~—
—
<
~_
=

@D

S~—"

=l
==

> >
vV

&

\Y

<

(Similarly when f = h >y> g,z # y)

z]flep = [([v/x]h) >a> g]ep

sellv/alhlop S > Aw.Jg]eplr = bw]

sehlpplo=be] S > Mw.Jg]eplz = bv][z = bw] by IH
= [h >a> g]eplz = bv]

L=
ccs

17



f) f=hwherez:€g (Similarly when f = h where y :€ g,z # y)
[[v/]flep = [h where x :€ [v/z]g]pp
= Uwevaltleplz = fw] <z [[v/z]glep

= UnevalPleplr = bollz = fu] <4 [gleplr = bu] by IH

= [h where z :€ g]ppl[z = jv] 0
Lemma 20. If t € [f]pp and [v/x]E€t then p(z) = fv O
Corollary 4. If t € [flep, [v/x]E€t and v # w then [w/x] ¢t O

Lemma 21. Ift € [f]pple = tv] and [v/z] €t then t € [f]ep

Proof. By structural induction on f
If  not free in f, it holds by Lemma 18. If z is free in f,

a) f = let(x)
= [let(x)lpple = o] = {[v/z] v},
[v/x] ¢t . t=¢e . te [let(x)]ep
b) fis M(x) or E;(z), as above
c) f=hlg
If t € [h | g]eplx = bo] then there exist t; € [h]eplx = fv],
ta € [g9]pplz = hv] such that ¢ € t1 || to.
But [v/z] €t, so [v/z] €t; and [v/z] & to
= by IH t; € [h]gp and t2 € [g]¢p
= te[h]gler
d) f=h>r>g (Similarly when f=h >y> g, # y)
If t € [h >z> g]ep[r = o] then there exists s € [h]pplr = fv] such that
t € s> \w.[g]eplr = ][z = dw]
= te€ s> \w.[g]eplr =bw] (d1)
By Lemma 20, [v/z] not in the traces of [g]eplx = bw]
= [v/z] €t means [v/z] & s
= by IH s € [h]pp, so by d1 we get the desired result
e) f=hwherex:€g (Similarly when f = h where y :€ g,z # y)
If t € [h where z :€ g]pp[z = fv] then there exist
t1 € Upevalhleplz = tu], t2 € [g]pplz = jv] such that t € t1 <z t2  (el)
Cases depending on which branch of the definition of <, was used:
We consider only one case, the others are similar.
tl = tn[u/x] t12, [U/J)] étll and
tQ = tgl!u t22, !u' é_ztgl for any u'
=t € (tu || tar7)(tr2\[u/z]) (e2)
But then, [v/z] €t means [v/z] & to;
and by Theorem 7, ta1 lu € [g]pplx = ]

= to1 lu € [g]pp by IH (e3)
By el, €2 and e3 we get the desired result ad
Lemma 22. If p(z) =L then [f]ep C [fleplz = v] O
Lemma 23. If p(z) =L then [f]ep C [fleplz = bv] O

18



Lemma 24. (¢ | t2)\a =t1\a| t2\a

Proof. By induction on |t1] + |t2]

The interesting case is when [t1] + [t2| > 2 and t; = bt}, to = cth
Then, (11 | t2)\a = (b(¢) || £2) U et || th))\a

— (0t [ £2))\a U (elts | #)\a

If b # a and ¢ # a the above becomes

= b(th [ t2)\a U c(t1 || 5)\a

= b(t)\a] t2\a) Uc(t\a || #5\a) by IH
=ti\a|t2\a

Similarly when b and/or ¢ is equal to a a
Corollary 5. (T3 ||T2)\a = Th\a || T2\a O

Lemma 25. Let s € Traces and F : Val — Pow(Traces).
Then, (s > F)\[v/z] = s\[v/x] > \w.F(w)\[v/x]

Proof. By induction on the number of publications in s
If no publ.in s then (s> F)\[v/z] = {s}\[v/z] = s\[v/z] > Iw.F(w)\[v/z]
If s = s1!luss and no publ. in s; then

(s > F)\[v/a] = (s17)\[v/2]((s2 > F) [| F(u))\[v/2]

= (s1m)\[v/2]((s2 > F)\[o/a] || F(u)\[v/z]) by Corollary 5

— (s \[o/a)(s2\[o/2] > Aw.F\fo/e) | F@\[o/zl) by IH for s,
= (s1lusa)\[v/z] > Aw.F(w)\[v/z]

= s\[v/z] > Aw.F(w)\[v/x] 0

Lemma 26. (t1 <, t2)\[v/z] = ti\[v/x] <, t2\[v/z], when y# z and
(tl <z tg)\[v/x] =1 <g tg\['l}/ir]

Proof. Assume a well-formedness constraint for t1, o similar to Corollary 4.
Cases depending on which branch of the definition of <, was used:

a) no recv. for  in t1, no publ.in 2, t; <y t2 =t1 | t2
—> holds by Lemma 24
b) no recv. for x in ¢, to = to1!w tao, no publ.in to; ¢ <y to =t |[tar T
—> holds by Lemma 24
c) t1 = tulw/y] t12, [w/y] € t11, to = to1lw ta, no publ.in Lo,
t1 <y t2 = (t11 || t21 7)(t12\[w/y]) (c1)
When o £y, by el = (b1 ||£21 7) (t12\[w/y])\[v/2]
= (t11 [ tor 7)\[v/=] (t12\[w/y])\[v/z]
= (tu\[v/a] || (t21 )\[v/2]) (tr2\[w/y]))\[v/2] by Corollary 5
= ti\[v/z] <y t2\[v/2]
When z =y, by cl = ((t1 | ta1 7)(t12\[w/z]))\[v/2]
= (a1 [ t21 P\[o/a] (ta2\[w/z]\[v/2] (c2)
By the well-formedness constraint, [v/x] € t12 when v # w,
therefore (ti2\[w/z])\[v/z] = t12\[w/z]
(2) = (t11 | (a1 D\[o/2]) (t12\[w]a])

=t <g t2\[v/x] O
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Lemma 27. [flpple = bv] = ([f]eplr = fu])\[v/2]

Proof. By structural induction on f

If x is not free in f, by Lemma 18 we get

[Flep = [fleplz = tv] = [fleplz = bv] (1)
But p(x) = bv in [f]ep[z = bv], so by (the contrapositive of) Lemma 20 we
know that [v/z] is not in the traces of [f]oplx = bv]

= ([fleplr = g)\[v/z] = [[f]]wp[x = fjv] by I
= [fleplr =bv] = ([fleplz = to)\[v/z]
If x is free in f,
a) fis let(z) or M(x) or E;(x),
by inspection of the trace definitions
b) f=hlyg
[7] gleplz = bv] = [R]eplz = bo] || [gleple = bu]
(Irleplz = o) \[v/=] | ([9]eplz = tu))\[v/x] by IH
(Irleplz = 1ol || 9] eplz = fu))\[v/] by Corollary 5

= ([ ] gleple = v])\[v/2]
c¢) f=h>r>g (Similarly when f=h >y> g,z # y)
[h >2> gleplz = bv] = Useppppptams § > Aw-lgleplz = bv][z = bu)]
= Use(@noplr=tio)\[v/a] § > Aw-[g]ep[z = dw] by IH (c1)
By Lemma 20, [v/z] is not in the traces of [g]epx = bw]
= [gleplr = bw] = ([gleplz = bdbw])\[v/z]
= ([9]erlr = ][z = bw])\[v/z]
cl = UsE[[h]]Lpp[m:hv] s\[v/x] > )\w([[g]]gap[x = h’U] [.’E = bw])\[v/x]
= Usenpoplo=to (s > [gleplz = to]lz = bw])\[v/a] by Lemma 25
= Use[[h]]gap[r:hv] 5> [[g]]cpp[x = h’U] [.’E = bw])\[v/x]
= ([h >2> gleplz = to])\[v/2]
d) f=hwherez:€g (Similarly when f = h where y :€ g, # y)
[h where z :€ g]pplz = bv] =
= Uwevallleplz =bvlz = fw] <, [[g]lwp[ =bv
= UpevalMerlz = tw] <z ([gleplz = tv])\[v/2] by IH
Let T = Uyevaltleplz = tw], Tz = [g]eplr = o]
then the above becomes T <, To\[v/x]
= Ut1€T1,t2€T2\[U/x] t1 <g t2
= Ut1€T1,t2€T2 t1 <z t2\[v/7]
=Uhen, tem, (t1 <g t2)\[v/2] by Lemma 26
= Ut ey t2eTs t1 <z t2)\[v/7]
= (T <z T2)\[v/x]
(UwevarlPleplz = fw] <z [g]eplr = gu])\[v/z]
([h where z :€ g]pplz = tv])\[v/z] O
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E Operational Lemmas

Lemma 28. If A, T'F f 5 f and ‘a’ not a recv for x, then
AT[z=v]F f 5 f  foranyv

Proof. By induction on the height of the derivation

— (SITEC " k fresh
( ) ATE M) "™ o

This reduction is independent of I', thus the Lemma holds.
Similarly for SITERET, LET, DEF

— (LET-VAR ” Iy) =w
( ) AT E let(y) "2 tet(w) )

This reduction is independent of I'(z), thus the Lemma holds.
Similarly for SITEC-VAR, DEF-VAR
ATE S

— (SYM-L G a# [w/z
( )A,FFflg—w“lg /]
By IH, A, T'[x =v]F f % f
= AT[lz=vF flg> flg by SYM-L
Similarly for SYM-R
a !
— (ASYM-L) AL s a # |w/x

A, T'F fwherez:€g = f wherexz:c€yg
By IH, A, T'[x =v]+F f % f

— AT[x=v]F fwherez:€g % f wherez:cg by ASYM-L
Also, consider the case when x # y and
AT 5 f

ASYM-L o ,
( ) A T'F fwherey:€ g — f’wherex:éga#[w/x] a7 [w/y]
As above.

Similarly for the other rules. O

Lemma 29. If A, I’z =v]F f % f and a # [v/z] then

I'(y) T Fy

AT F f 5 f where I'(y) =
/ / ) unspecified/anything x =y

Proof. By induction on the height of the derivation.

The Lemma trivially holds for the reductions that are independent of the envi-

ronment.

— (SITEC-VAR — I'(y) =wand x
( )A,I’[x:v]l— M(y)[—/>J] M (w) 2 7Y

; I'y) =w
AT F M) " M(w) @)
Similarly for LET-VAR, DEF-VAR
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Az =]t f i f
— (SYM-L) a # [v/x]
Allz=vF flg = flg
By IH and SYM-L we get the result. Similarly for SYM-R, ASYM-R,
ASYM-P, SEQ, SEQ-P
ATz=vF f3%

— (ASYM-L =
( )A,F[x:v]l— f wherez :€ g —
By IH and ASYM-L we get the result.
Consider also the case when z # y and

— a /
(ASYM—L) A7F[£C — ’U] - f :) f a;é[v//w]
ATz =v]F fwherey:cg % f wherey:cg *#['/
By IH, A T'F f % f and when a # [w/y]
AT+ fwherey:€c g % f' wherey:cg by ASYM-L O

!’

f a v/T
7 # [v/x]

where z :€ g

Lemma 30. A, '+ f % f" implies fu.(f') C fu.(f)

Proof. By induction on the height of the derivation. The interesting cases are

— (DEF) E( T To/alf; (Bi(x)=fi)e A
fv.(Ei(v )) =0 =fv.([v/x]f;) by the constraint fv.(f;) C {x}
ATFE LS
~ (ASYML) A, '+ hwherez:€g = h wherez:€g a7 v/z]
fv.(h) Cfv.(h) by IH (1)
fv.(h' where z :€ g) = (f.v.(h') — {z}) Ufv.(g)
€ (fv.(h) ={z}) Utv.(9) by I
= f.v.(h where z :€ g) 0
[v/2]

Lemma 31. If = ¢ fu.(f) then for any v, AT+ f 4 f

Proof. By structural induction on f. ad
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F Soundness - Adequacy

Lemma 32. If A, T f % f and t € [f'][A]p then at € [f][A]p
where p = polr = 1] ... [Tm = fow] and T' = {(z1,v1),..., (Tm,vm)}

Proof. By structural induction on f and cases on the reduction rule used

a) (SITEC " k fresh
) )A,FI— M(v) " o

[?E][A]p = {k?ww | w € Val},
Consider only the case when ¢t = k7w lw
Then, (M (v) k7w lw) € [M(v)][A]p

b) (SITEC-VAR e I(z) =
) ) ATE M) "5 v (&)=

[M()][A]p = { My(v) k?w!w | w € Val, k fresh}

Consider only the case when t = M (v) k7w

We know I'(z) = v, therefore p(z) = fw

— (/2] My(v) k?w) € [M(@)][A]p when p(z) = bo
¢) SITERET, LET, LET-VAR, DEF-VAR similarly

d) (DEF) (Ei(z) £ fi) e A

AT Ei(v) = [v/alfi
Let ¢ € [[o/2]fi][A]p " ¢ € [fi][Alple = bv] (1)
Also, [Ei()][Alp = {7t | ' € [A];(v)},
where [A[;(v) = [fi][A]polx = bv] (d2)
By d2, it suffices to show that ¢ € [f;][A]po[x = bv], which holds by d1 and
Lemma 18, because x1,...,x,;, are not free in f;

ATHRS W
SYM-L ’ .

L T = W
Let t € [A' | g][A]p, then there exist t; € [R'][A]p, t2 € [g][A]p
such that ¢t € ¢y || t2 (el)
By IH for h, aty € [h][A]p == at € aty || t2
= ate[n|gllAlp

f) Similarly for (SYM-R)

ATE RS W
g) (ASYM-L) A, T+ hwherez:€g % b/ wherex:cg a7 [v/al
Let t € [h' where z :€ g][A]p, then there exist
t1 € Upe v [W][A]plz = fv],t2 € [g][A]p such that t € t; <, to (g1)
Also, by Lemma 28, A,z =w]+ h % B’ for any w (92)

Cases depending on which branch of the definition of <, was used for ¢:
e 15% branch was used,

= 1o recv.for z in ¢;, no publ. in &y, t € t1 || {2 (93)
By g1,92 and IH for h we get aty € |, ¢y [RI[A]plr = o] (g4)
= at € aty || to by ¢3

= at € [h where z :€ ¢][A]p by g1, g4
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274 branch was used,
= no recv.for z in t1, to = to1lutss, no publ.in toq,

tety |t (95)
By g1,92 and IH for h we get aty € U, ¢y [P][A]plz = o] (¢6)
= at €aty <, i by g5
= at € [h where z :€ ¢][A]p by g1, g6

3'd branch was used,
= 1 = t11[u/x] t12, no recv. for z in t;1,

t2 = tgl!u t22, no publ. in t21, t e (tll || tng)(tlg\[u/l‘]) (g?)
t1 € [M][A]plx = qu] by Lemma 20
= by g2 and IH for h we get at; € [h][A]p[r = bu]
= atl € UUE Val [[h]] IIA]]p[x = ﬁv] (98)
= at € aty <, it by g7
= at € [h where z :€ ¢][A]p by g1, g8
4 branch was used, t = ¢
: € [gllAlp, € € U, -y W14l = to] by Thm. 7
— aeUerulhliple = ol by I

= ac€a<ye¢
= a € [h where z :€ g][A]p

h) (ASYM-R) Similar to the previous case

i) (ASYM-P)

Let

—

_—

€ €

_—
[ ]

(SE

Let

ATF g EA g

A, T+ hwherez:€g = [v/x]h
t € [[v/z]p][A]p

t € [h][A]plx = bv] by Lemma 19

It e [h][A]plx = ). t = t'\[v/x] by Lemma 27  (i1)
[9'][A]p by Thm. 7

lv € [g][Alp by IH (i2)
no recv. for z in ¢/
= t=tandTtet<lv by il
= 7t € [h where z :€ g][A]p by 1,42
t' =t [v/x]th, no recv. for x in t} (3)
= Th(\[v/a]) €t < lv
= rttct <, by i1,43
= 7t € [h where z :€ g][A]p by i1, i2

a /

Q AT h - h o £l
ATE h>z>g9 — W >r>9
t € [V >z> g][A]p, then there exists s € [M'][A]p

such that ¢t € s > Av.[g][A]p[z = bv] (J1)
Cases on s:

no publins=te{s}=t=s (42)
By IH for h, as € [h][A]p

= at € as > \v.[g][A]plx = bv] by j2

= at € [h >x> ¢][A]p

s = s1!lu s2, no publ. in s;

= tesit((s2 > v [g][Alp[zr = bol) [| [g][A]ple =bul) by j1
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= at € as > \.[g][A]p[z = bv] (43)
By IH for h, as € [h][A]p
= at € [h >2> ¢][A]p by 43

) (SEQ.P) ATHE LY
ATF h>x>g 5 (B >z>9) | [u/r]g
Let t € [(h' >z> g) | [u/x]g][A]p, then there exist
t1 € [B >z> g][A]p, t2 € [[u/x]g][A]p such that ¢ € t; | t2 (k1)
By Lemma 19, t5 € [¢][A]p[z = bu] (k2)
By k1, 3s € [R'][A]p- t1 € s > Av.[g][A]plx = bv] (k3)
(k1)

By IH for h, lus € [h][A]p

By k1,k2,k3 t € (s> Mv.[g][A]plx = b)) || [9][A]plx = bu]

= 7t eT((s > Av.[g][Alp[z = bo]) | [g][Alplz = bul)

= 7t €lus> I.[g][A]p[z = bv]

= 71t € [h>x> g][A]p by k4 O

Theorem 8 (Soundness). If I' = {(x1,v1),..., (Tm,vm)},

o= [wi/yi]...[wn/yal, p=polrr =tv1] ... [wm = fom][y1 = bwi] ... [yn = bwn],
x’s and y’s are all distinct, then

AT of L f implies te [f][A]p
Proof. By induction on [t|

—If tj=0st=¢
= e € [f]lA]p by Thm. 7
- Ift=at )
= ATF of 5 " 5 f
By IH for t', ¢ € [f"][A]polx1 = bv1] - - [Zm = bvm]
and by Lemma 32, at’ € [of][A]polz1 = fv1] ... [@m = fUm]
therefore t € [f][A]p by Lemma 19 O

Lemma 33. If at € [f][A]p then A,T+ f % f and t € [f'][A]p
where p = po[ry =fou1] ... [Tm =bvm] and I = {(z1,v1),..., (Tm,Vm)}

Proof. By structural induction on f

a) f=0 vacuously true
b) f = let(v)
—  [et(][Alp = {1},
= a=!v and t=¢e
Also, A, 'k let(v) > 0 and ¢ € [0][A]p
¢) f=M(v) or ?k similarly
d) f =let(v)
For a non-empty trace of f, we know p(x) = fv
= [let(@)[[A]p = {[v/z] v},

Consider only the case when a = [v/x] and ¢ =lv
Then, by LET-VAR, A, '+ let(x) /el let(v) and lv € [let(v)][A]p
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e) f=M(x) similarly
f) f=Ei(v)
= [E[Alp={rt]te]Al;(v)},
By DEF, A I'+ Ei(v) = [v/2]fi
= suffices to show that for any t € [A],(v) then t € [[v/x]f;][A]p
We know [A] = fix(4) = A([4]) = [4]
Then, t € [A],(v) implies t € [fi][A]po[z = bv]
=t e [v/z]fi][A]po by Lemma 19
= te[v/z])fi]lA]p by Lemma 18 because f.v.([v/z]f;) =0
g) f=hlyg
Let at € [h | g][A]p, then there exist
t1 € [R][A]p,t2 € [g][A]p such that at € t1 || t2 (91)
e ‘a’is an event of t1,i.e. ¢ =at], and by g1, te€ ]|t (92)
By IH for h, A, '+ h % B’ and t} € [W][A]p (g3)
— ATFhlg3HWl|yg by SYM-L
= te[h|g][A]p by g1, 92, g3

e ‘a’ is an event of ty, similarly
h) f=h>z>g
Let at € [h >x> g][A]p then there exists

s € [R][A]p such that at € s> \w.[g][A]p[x = dw] (h1)
e no publ.in s
= at=3s by hl
— AT+ h 35K and te[W][A]p by IH for h  (h2)
— ATF h>>g 5 W >r>g by SEQ

= suffices to show that ¢ € [h’ >z> g][A]p which holds by h2
e s=s1lvsy, mno publin sy
Then, by Al
at € s17((s2 > Mw.[g][A]p[z = bw]) || [g][A]plz = bv]) (h3)
* ‘a’ is the first event of s1, s1 = a s}
= A T'F h % B and silvsy € [W][A]p by IH for h (h4)

— ATF h>>g % W>r>g by SEQ
We know that, t € sjlvsy > dw.[g][A]p[r = dw] by h3
= te[h >z>g][A]p by h4
* s1 is empty, therefore s =lv sy and by h3a =17
= ATF h 3N and s € [W][A]p by IH for b (h6)

Then, by SEQ-P
ATF h>r>g 5 (W >r>g) | [v/z]g
By h3, t € (52> Aw.[g][A]p[z = bw]) || [g][A] plz = bv]
= te [ >z>g][Alp]l [9][Alplx = bv] by h6
= te (W >z>g)|[v/z]g][A]p by Lem. 19
i) f=hwherez:€g

Let at € [h where z :€ g][A]p, then there exist

t1 € Upeva [M[Alp[z = o], t2 € [g][A]p such that at €ty <, to (11)

Cases on the branch of the definition of <, used for at

e 10 recv. for z in t1, no publ.in to = at € t1 || t2 (12)
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* ‘a’ is an event of ¢y, i.e. t1 = at] and ¢ €t | t2 (13)

We know that, at] € [h][A]p by i2 and Lemma 21
— ATF RS W and ¢ € [W][A]p by IH  (id)
ASYM-L

=" A,I'+ hwherez:€ g = h' wherez:c€g

By i1, Ju € Val. at}| € [h][A]p[z = bu]

= AT[z=uF h % b and t) € [W][Alplz =tu] by IH
= 11 € Upevul?'1[A]p[z = 0]

= t e [h wherez € g][A]p by 1,43
* ‘a’ is an event of ¢g, l.e. to = ath and ¢ €ty th (5)
ATFE g% ¢ and t, € [¢'][A]p by IH for g  (i6)
ASXMR A T h where z :€ g % hwhere z :€ ¢’
Also, t € t1 <y th by 42,15
= t € [h where z :€ ¢']|[A]p by i1, 6
e no recv. for x in t1, to = to1!w toe, no publ. in to;
:>at6t1|\t217' (17)

* ‘a’is an event of t1, i.e. t1 =at] and t € t] | tor T
... It’s exactly the same as the previous case for t;
* ‘a’ is an event of ¢a1, le. to; = ath, and t €41 || th T
... It’s exactly the same as the previous case for to
% to1 is empty, a =7 and t =t
AT g ty g and tas € [¢'][A]p by IH for g
M AT hwherez:€g 5 [w/z|h
Suffices to show that t; € [[w/x]h][A]p

We know that ¢, € [h][A]p-» by i7 and Lemma 21
= t; € [h][A]p[z = bw] by Lemma 23
= t1 € [[w/z]h][A]p by Lemma 19

[ ] tl = tll[w/x] tlg, [w/x] é tll, tQ = tgl!w t22, no publ. in t21
—— at € (tll || tng)(tlg\[w/]}])
x ‘a’ is an event of t11,
ie. t11=aty; and t € () | tor 7)(t12\[w/x])
— te (b)) [w/alt <s ts) (i8)
By Lemma 20, ¢; € [h][A]p[z = fw]
= ATfz=w]F h % K and

th[w/zltz € [W][A]plz = fu] by IH  (i9)
= ATFHWSHW by Lemma 29
ASYM-L

=" A, I'+ hwherez:€g % h' wherez :€g
Also, by 48 and 9 t € [h' where z :€ ¢g][A]p

x ‘a’ is an event of to1,
ie. tor =ath and t € (t11 | thy 7)(t12\[w/x])

— te (tl <y tlzllwtgg) (110)
ATE g% ¢ and th'wtes € [¢][A]p by IH  (ill)
ABXMR A T h where 7 :€ g % hwhere z :€ ¢’

and t € [h where x :€ ¢'][A]p by 410,411
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* to1 1s empty, a =7 and t = t11(t21\[w/x]) = t1\[w/x] (112)

ATk g ty g and ta2 € [¢'][A]p by IH
ASYM-P T
= A, I't hwherez:€g — [w/x]h

By Lemma 20, ¢; € [h][A]p[z = fw]

= t1\[w/x] € [h][A]p[x = dbw] by Lemma 27
= t € [[w/z]h][A]p by 12 and Lemma 19
e at=c¢
not applicable, at can not be empty a

Theorem 9 (Adequacy). If I' = {(z1,v1), -+, (Tm, Vm)},

o= [wi/yi]...[wn/yal, p=polrr =tv1] ... [wm = fom][y1 = bwr] ... [yn = bwn],
x’s and y’s are all distinct, then

te[fllAlp implies AT+ of L+ f
Proof. By induction on [t|

—If t|=0<t=c¢, then of reduces to itself in 0 steps.
— If t=at' then
at’ € [f][Alp

= at’ € [of][A]p[r1 =tv1]... [Xm = bom] by Lemma 19
= ATVl of % f and

t' e [f'1[A]plz1 = boi] ... [2m = o] by Lemma 33
— ATF e by IH for ¢
— ATk of & L5 g
— ATF of S 0
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