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Abstract. We proposea novel family of polynomial-based local searc
algorithms for MAX-CSP . From this family, we presert an optimal, fast
algorithm, called Evergreen local seardh (ELS). We evaluate ELS as a
preprocessorfor state-of-the-art MAX-CSP and MAX-SA T solverswhich
shows promising improvemert in speedand quality.

1 Intro duction

Is backtracking seard necessaryto boost the performance of MAX-
CSP solvers? To answer this question with a no, we introduce a novel
polynomial-based local seard algorithm and useit as a preprocessorto
boost the performance of Boolean MAX-CSP solvers.

We de ne the following terminologies: A Boolean CSP formula is a non-
empty bag of constraints, ead of which consistsof an integer multiplicit y
and a Boolean relation of somerank r. The multiplicit y indicates how
often the constraint appears in the bag, and the Boolean relation of
rank r represerts a Boolean formula involving r variables. Henceforth,
we refer to a Boolean CSP formula asa CSP formula. An assignmert for
a CSP formula F maps the variables of F to Boolean values. fsat(F;J)
is the fraction of satis ed constraints in formula F under assignmen J,
where a satis ed constraint is one whose corresponding Boolean formula
evaluates to true under J.

We further de ne a constraint language as a set of relations, and a
CSP( ) formula as a CSP formula that only contains relations in
Then, a MAX -CSP( ) problem can be formalized as one that has as
input a CSP( ) formula F and as output an assignmern J such that
fsat(F;J) is maximized. Boolean MAX-CSP solvers are used to solve
MAX -CSP( ) problems.

We reactivate the goldenratio technique usedin solving MAX-CSP prob-
lems from [1][2] in the 1980s.The goldenratio technique is about approx-
imating MAX-CSP problems in a \P-optimal" way. The approximation
is formalized as an inm um-maxim um problem (de ned in section
3) in terms of a fraction of all constraints. The golden ratio technique
solvesthe in m um-maximum problem basedon a reduction called sym-
metrization which reducesthe problem to a much simpler one involving



polynomials. The polynomials lead to P-optimal algorithms [1]. An algo-
rithm for solving MAX -CSP( ) problems is said to be P-optimal with
respectto , if:
1. for any MAX -CSP( ) formula, the algorithm is guaranteed to sat-
isfy a fraction of  of its constraints
2. the problem of solving the set of MAX -CSP( ) formulae in which
the fraction + (> 0) can be satis ed is NP-complete.
Wecall the P-optimal threshold with respectto . It canbee cien tly
computed using polynomials.
This paper follows gure 1. It derives from MAX -CSP( ) problems
and develops e cien t algorithms to achieve it. The processof deriving
and achieving reveals a novel local seard algorithm, which we call
EvergreenLocal Seard (ELS). This algorithm can be used as a prepro-
cessorto boost the performance of MA C-CSP solvers.
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1.1 Contributions

This paper builds on and partially redewvelopsthe goldenratio technique.

It makesthe following contributions:
{ We show how the algorithms behind the golden ratio technique can

be reinterpreted from a local seard perspective.

{ We impose new requirements on MAX-CSP solvers: they should
achieve the P-optimal threshold.

{ We show encouraging experimental results in which the golden ratio
technique improved the performance of some state-of-the-art MAX-
SAT and MAX-CSP solvers.

1.2 Paper Organization

The rest of the paper is organized as follows: Section 2 intro duces our
local seardh algorithm ELS. Section 3 derives  and shows how to com-
pute it using polynomials. Section 4 achieves and completes ELS.
Section 5 postulates two laws to which future MAX-CSP solvers should
conform, and introduces ELS' role of enforcing them. Section 6 illus-
trates the boosting e ect of ELS on MAX-CSP and MAX-SA T solvers.
Section 7 discussesrelated and future work, and 8 concludes.



2 Evergreen Local Search

In local seardh, a neighborhood relation is usedto de ne the set of assign-
ments that are consideredneighbors of a given assignmert. We intro duce
the notion of ipping a variable as setting it to the negation of its cur-
rent value. An assignmen J, is a k-ip of assignmen Ji, if k variables
in J, are ipp ed with respect to J:. For a given formula F and a given
assignmen J;, we consider an assignment J, to be in the Evergreen-
neighborhood(EN ) of J; if J, has a satisfaction ratio that is no lessthan
the average of the satisfaction ratios of all k-ips of J;. It is important
to recognizethat J, doesnot have to be a k-ip of J;.

For a given assignmert J, traditional k-opt local seard algorithms con-
sider all the k-ips of J to beits neighbors. What distinguishes our local
seard algorithm from the traditional algorithms is that we only pick the
assignmerts that are at least as good as the average of the k-ips of J
to be its neighbors. Speci cally, let lap(F;J; k) be the mean fraction of
satis ed constraints over the | assignmeris for F where among the n
variables of J exactly k of them are ipp ed. We will introduce how to
compute lap(F; J; k) in section 3.

De nition 1. For formula F, J, is a k-Evergreen-neightor of Jq, writ-
ten as EN (F;J1; J2; k), if fsat(F;J2) lap(F;J1; k).

We de ne k-Evergreen-neigtbor nder, ENF (F;J;;k), as an algorithm
that takes as inputs a formula F, an assignmert Ji and an integer
k(O k n), and returns as output an assignmen J, suc that
EN (F;J1;J2; k) holds. For a given formula, a given assignmen and a
giveninteger k, there exists at least one k-Evergreen-neigtbor. Note that
ENF (F;J1; k) speci es one local seard step.

Let kmax be aninteger k(O k n) that maximizes lap(F; J; k) for a
givenformula F and a givenassignmen J. If we x the k of ENF (F; J1; k)
to bekmax , wewill derivea maximal Evergreen-neigtbor nder, mENF (F;J,),
which takes as inputs a formula F and an assignmert Ji1, and returns
asoutput an assignmert J, such that EN (F; J1;J2; kmax ) holds. We will
specify this maximal local seard step in section 4.

We construct our Evergreen local searc algorithm, ELS, employing a
maximal Evergreen-neigtbor nder at ead step until the fraction of
satis ed constraints stops increasing. Note that the number of loops in
this algorithm is bounded by the total number of constraints, becauseat
least one additional constraint will be satis ed through ead iteration of
the loop.

ELS(F;J1)

1 new fsat(F;J1)

2 repeat

3 J2  mENF (F;J1)
4 old new

5 new fsat(F;J2)
6 J1 J2

7 until old = new



3 Deriving

Given a constraint language , what is the fraction of the constraints
that canbesatis ed in any CSP( ) formula? We call this fraction and
formalize this question as the following inm um-maxim um problem.
We denote the classof all CSP( ) formulae as ( ), and the set of all
assignmerns of someCSP( ) formula F as (F).

= inf max fsat(F;J)
F2 () J2 (F)

At rst glance, this problem involves searding through all CSP( ) for-

mulae. However, we show that the seard spacecan be reduceddrastically

by searding only within symmetric formulae. We will also shov how to

compute using polynomials.

3.1 Symmetric Form ulae

Let , bethe full permutation group on the n variables of someCSP( )
formula F. For every 2 , let (F) bethe permuted formula, which
is the result of substituting (x) for all variables x in F.

De nition 2. A CSP( ) formula is called symmetric if any permuta-
tion of the variables in the formula returns the same formula up to a
permutation of the constraints.

Corollary 1. If F is a symmetric CSP( ) formula then for all permu-
tations in , and all assignmentsJ of F: fsat(F;J) = fsat( (F);J) =
fsat(F; 1(J))

Lemma 1. Let F be an asymmetric CSP( ) formula. Symmetrize F
by using the full permutation group on the n variables of F. Call these
permutations 1::: ni. sym(F) is the concatenation of 1(F)::: ni(F)
and hasn! constraints (F) constraints. For every assignmentJ to F the
following holds:

1 X
fsat(sym(F);J) = o fsat( i(F);J)

i=1

Theorem 1. For every CSP( ) formula F, the symmetrized formula
sym(F) satis es:
Assigrﬂg()e(nt J fsat(sym(F),J) Assignggt)e(nt J fsat(F'J)

Proof. The proof is best explained in terms of a two-dimensional matrix

(shown in table 3.1) for a given CSP( ) formula F with n variables like
the one shown below. The rows of the matrix correspond to the 2" assign-
ments for F and the columns correspond to formulae, namely to the n!
permutations all applied to F. The rst permutation is the identity and
we add one more column (the last one) to the matrix for the symmetrized
formula sym(F). An entry in the matrix givesthe fraction of satis ed

constraints by the assignmen (row) to the permuted formula (column).



According to lemma 1 and the fact that if the mean of a set of numbers
is f then at least one number is greater than or equal to f , the last entry
of every row is lessthan or equal to one of the entries x in the samerow.
Let the column where this entry residescorrespond to permutation ;.
We construct the inverseof | (becausefsat( (F);a) = fsat(F; *(a)
) and apply it to a. This givesus a new row corresponding to Ya)
and the claim is that in that row there is also the sameentry x, namely
in column 1 (identity permutation).

1(F).. ] j(F)]---| ni(F)||sym(F)
aig
a X X
i (@) x
agn
Table 1. Matrix

The above argument shows that
8F8J9J°: fsat(sym(F);J) fsat(F;J9;

where F is a CSP( ) formula and J and J° are assignmers for sym(F)
and F respectively. Now we choosethe maximum assignmen Jmaxsym for
sym(F). The inequality also holds for this assignmen. F then must have
an assignmen that is at least as good as Jmaxsym for sym(F). Hence, the
theorem follows.

We denote the classof all symmetric CSP( ) formulae asSYM ( ), and
simplify the inm um-maxim um problem to

= inf max fsat(F;J)

F2SYM () J2 (F)

This simpli cation is correct becausetheorem 1 states that for every
asymmetric formula there exists a symmetric one whosesatisfaction ratio

is less. It is su cien t to only minimize over symmetric formulae.

3.2 Computing

Mean Polynomials Givena CSP( ) formula F that contains n vari-
ables, we de ne meane (n; k) to be the averagefraction of satis ed con-
straints over all assignmerts of which exactly k variables are assigned
true . We reactivate the approach of computing meane (n; k) from [1].
Let = fR1;R2;::1;Rsg and let tg; (1 i s) be the fraction of
constraints in F that contain relation R;.



Lemma 2. meaneg (n; k) is a polynomial in k. Its coe cients are func-
tions of n and tg; (1 i S) which are linear in tg;. The degree of the
polynomial is bounded by the highest rank of a relation in

Proof. By elemertary combinatorial analysis,

xs
meaneg (n; k) = tri(F) SATR,; (n;k)
i=1
Pir) aR) k n ok
! I . 0
i=0 (<j>) i r(Ri) |
n

SATR, (n; k) =

r(Ri)

where r(R;) is the rank of relation R;, and g (Ri) is the number of
satis ed rows in the truth table of relation R; when exactly j variables
are set to true.

Theorem 2. If F is a symmetric CSP( ) formula then

max fsat(F;J) = max meang (n; k)
J2 (F) 0 k n

Proof. According to corollary 1, permuting an assignmert doesn't change
the fraction of satised constraints in a symmetric formula. In other
words, for a symmetric formula all that matters in an assignmen is
the number of true variables. Since the mean polynomial averagesover
assignmerts that set only k variables to true, the fraction of satis ed
constraints predicted by meang (n; k) is exact.

Theorem 2 allows us to further simplify the inm um-maxim um prob-
lem to

inf max meang (n; k)
F2SYM ( ) 0 k n
This reducesthe seart spaceexponertially from size2" to n and it can
be reduced even further using calculus.

Lo ok-ahead Polynomials Givena CSP( ) formula F and a com-
plete assignmen J of its n variables, we de ne a look-ahead polynomial,

denoted aslap(F; J; k), to be the averagefraction of satis ed constraints
over all variations of J in which exactly k variables are ipp ed. We call
this polynomial the look-ahead polynomial becauseit looks ahead into
the seard space.

Wede ne n-map(F; M) asafunction that takesa CSP( ) formula F and
an assignmert M and replacesead variable in F with its complemert
only if the variable is assignedto true in M. The name n-map comes
from [3]. We assume that is closed under n-mapping. If this is not
the case,we useits closure under n-mapping. One can easily derive the
following correspondencebetween mean and |ook-ahead polynomials.

Iap(F; J; k) = meann._map (FJ )(n; k)



4 Achieving

We intro duce two algorithms, a randomized one which achieves  with
high probabilit y and a derandomized one which is guaranteed to achieve

. We will usethe latter to generate Evergreenlocal seard steps of the
ELS algorithm.

4.1 Randomized Algorithm

Given a CSP( ) formula F, the randomized algorithm iterates over its
variables, setting ead to true with a probabilit y of b. We call this algo-
rithm randomized-gambler

randomized-gambler (F;hb)

1 bias a coin with respectto b
2 J ;

3 for each variable x 2 F

4 do ip the biased coin
5 if the coin lands Head
6 then J J[ x

7 else J J[ X
8 return J

Given a CSP( ) formula F that contains c constraints, we denote by
favg the averagesatisfaction ratio of all the assignmeris of F. We denote
by p the probabilit y that we nd an assignmen whose satisfaction ratio
is no lessthan fayg after a singleiteration of randomized-gambler . We
rst compute a lower bound of p. Consider the worst scenarioin which
among the 2" possible assignmens of F, all whose satisfaction ratio is
above f . satis es exactly c constraints, whereasall whose satisfaction
ratio is below f vy satis es exactly ¢ fayy 1 constraints. We denote the
corresponding probabilit y by pw .

¢ fag=pw ¢+ (1 puw) (c fag 1)

1
= T30 @ fan)

Intuitiv ely, the more iterations of randomized-gambler we run, the
more con dent we are that the satisfaction ratio of at least one of the
resulting assignmerts is no lessthan f ag. We denote by the probabilit y
that we nd an assignmen whose satisfaction ratio is no lessthan f ayg
after n iterations of randomized-gambler

=1 @ p"°

We bound the number of iterations that we needin order to achieve a
given probability of % Sincel (1 p)" 1 (1 pu)" 1 e "™w,



we have
1
n — In(1
o 9

1
0

n (1+c (1 fag)) In1

A special caseis when we set bto Kmax =n, where kmax is a k that maxi-
mizesthe polynomial meang (n; k). Then, using randomized-gambler
we will nd with high probabilit y an assignmert whose satisfaction ratio
is no lessthan the maximum of what the mean polynomial predicts. We
call the randomized algorithm in this scenario Ever green-gambler

Ever green-gambler (F)

1 b kmax =n
2 randomized-gambler (F;b)

4.2 Derandomized Algorithm

The derandomized algorithm is a deterministic polynomial time algo-
rithm that guaranteesto return an assignmert whose satisfaction ratio
is no lessthan the maximum of what the mean polynomial predicts. We
reactivate this algorithm from [1,4], and call it Ever green-pla yer . We
de ne REDUCE (I;F) as a function that takes a literal, I, and a for-
mula, F, and produces a new formula which is the sameas F with the
variable corresponding to | assignedtrue if | is positive and assigned
false otherwise.

Ever green-pla yer (F)
1 k 0,tm meang (n; t)

2 for t 1to n

3 do if meang (n;t) > tm

4 then k t,tm meang (n; t)

5 J ;

6 for eac variable x 2 F

7 do

8 Fi1  reduce (x;F)

9 Fo reduce (: x;F)

10 if meang,(n 1,k 1) > meang,(n 1;k)
11 then J J[ x, k k 1,F F1
12 else J J[ :x,F Fo

13 return J

Now we prove the correctness of Ever green-pla yer . Note that the
" casesof meang (n; k), in which exactly k variables are set to true ,

k
can be divided into two groups: the former consists of | i casesthat



correspond to meang, (n  1;k 1); the latter consistsof ”kl casesthat
correspond to meang,(n  1;k). This implies the following recurrence
relation for all k (0O < k n),

n 1 n 1
K1 means, (n Lk 1)+ —X— means,(n 1;k) (1)
k k

meang (n; k) =
and the following relation for k = 0,

meane (n; 0) = meang, (n; 0)
We de ne the corner caseas

meang (n; 1)=0 2)
By Pascal'srule,
n 1 n 1
Gt =1 3)
k k

By equations (1) and (3), the following holds for all k (0 k n).
meane (n; k)  maxfmeang, (n 1,k 1);meang,(n 1;k)g

This meansthe assignmern J that Ever green-pla yer returns hasthe
following property

maxo ¢ nfmeang (n;t)g fsat(F;J) 4)

4.3 Generating Evergreen Local Search Steps

It is important to recognize that if we n-map a CSP( ) formula F
with respect to the all false assignmen, we get back F itself, i.e.,
F = n-map(F;all false). According to the de nition of look-ahead poly-
nomials in section 3, we have

lap(F; all false; k) = mean; .map (F:al faise)(N; K) = meane (n; k)

If we x k to be kmax , which maximizes the polynomial meane (n; k),
we get

lap(F; all false; kmax ) = meane (n; Kmax ) = maxo + »fmeane (n;t)g

Therefore, by the inequality (4), the satisfaction ratio that Ever green-pla yer
achieves has the following property

lap(F; all false;kmax )  fsat(F;J)

This meansthat what Ever green-pla yer producesis indeed a maximal
Evergreen-neigtbor of the all false assignmert. We formalize this notion
as:

Ever green-pla yer (F) = mENF (F;all false)
Conversely, we can also generateead maximal local searc step (MENF )
by composing n-mapping and Ever green-pla yer , thus completing our
local searcd algorithm ELS.



mENF (F;J1)

1 F° n-map(F;J1)

2 Jawx Ever green-pla yer (F9
3 Jz2  J1xor Jau

4 return Jz

5 Implications of on MAX-CSP Solvers

The insights from 0 er opportunities to improve MAX-CSP solvers.
These opportunities apply to both complete solversthat provide a proof,
and incomplete solvers, lik e stochastic local seard solvers. The processof
deriving and achieving  showsthat anon-trivial level of satisfaction can
be reached in polynomial time. We postulate two properties that future
MAX-CSP solvers will have and that the designersof these solvers will
be able to prove. If a MAX-CSP solver possesseshese two properties, it
will have better performance on practically useful formulae.

5.1 Evergreen Law: P-optimal

We postulate that future MAX-CSP solvers will be guaranteed to con-
struct an assignmert with a satisfaction ratio nolessthan  ontheir rst
try. In fact, this level of satisfaction will be obtained in time quadratic in
the size of the CSP formula. This can be achieved by either the proba-
bilistic algorithm ever green-gambler  or its derandomized counterpart
ever green-pla yer .

5.2 Evergreen Law: Maximal

As an iterativ e application of the P-optimal law, we postulate that future
MAX-CSP solverswill be guaranteedto nd a maximal assignmert after
constructing at most ¢ assignmerns, where c is the total number of con-
straints. We consider an assignmert M as maximal for a given CSP( )
formula F, if

Omkaxn mean, -map (F;:m )(n; k) = meann.map (F;Mm )(n; O)

Note that if an assignmert is not maximal, it cannot be maximum. A
maximal assignmert is not globally maximum. It is locally maximum in
the sensethat changing it with a maximum bias probabilit y will not give
a better assignmert. Depending on , nding a maximum assignmert
for a CSP( ) formula can be N P-hard. On the other hand, nding
a maximal assignmert is always in P. The following algorithm nds a
maximal assignmert for a given CSP( ) formula.

10



aggressive-Ever green-pla yer (F)
1 A all false
2 newratio fsat(F;A)

3 repeat

4 M Ever green-pla yer (F)
5 oldratio newratio

6 newratio  fsat(F;M)

7 F n-map(F; M)

8 A Axor M

9 until oldratio = newratio

10 return A

Claim. The loop invariant of aggressive-Ever green-pla yer is
oldratio  newratio

In order to prove this loop invariant, we start by proving the following
property of our ever green-pla yer .

Property 1. Ever green-pla yer returns an assignmen which is at least
as good asthe all false assignmen, i.e.,

fsat(F;all false) fsat(F;Ever green-pla yer (F))
Proof. By the de nition of Ever green-pla yer ,

Omlax meang (n;t) fsat(F; Ever green-pla yer (F))
n

By the de nition of the maximum of meane (n; t),

meane (n; 0) 0mtax meang (n; t)
n

Note that fsat(F;all false) = meang (n; 0). Therefore, property 1 holds.

We now provethat the loop invariant of aggressive-Ever green-pla yer
holds.

Proof. Observethat oldratio and newratio correspond to the satisfaction
ratios of two consecutive formulae, the latter being the n-mapped version
of the former. We denote the former formula by F and the latter by F°

oldratio = fsat(F; Ever green-pla yer (F))
newratio = fsat(F % Ever green-pla yer (F%)

By property 1 of ever green-pla yer ,
fsat(F%all false) fsat(F%Ever green-pla yer (F9) = newratio
By the de nition of n-mapping,
oldratio = fsat(F; Ever green-pla yer (F)) = fsat(F° all false)

Thus, oldratio  newratio holds throughout the loop.

11



5.3 ELS' Enforcemen t of the Evergreen Laws

Interestingly, if we apply our local search algorithm ELS to a given
CSP( ) formula F and the all false assignmen, it expands exactly to
aggressive-Ever green-pla yer (F). Formally,

ELS(F;all false) = aggressive-Ever green-pla yer (F)

This implies that ELS is a natural enforcer of the Evergreenlaws. Those
MAX-CSP solversthat do not conform to the Evergreenlaws can easily
enforcethem by employing ELS astheir preprocessors.Givena CSP( )
formula F and a MAX-CSP solver S, the preprocessingphase involves
nding a maximal assignmen A for F and n-mapping F with respect to
A. Following the preprocessing,we have S solve the n-mapped formula
and postprocessthe result with respect to the original formula F. The
rationale behind preprocessingis that nding a maximum assignmert
has the same complexity as nding an n-map so that all false is the
maximum assignmert.

6 Boosting MAX-CSP Solvers

We have implemented two preprocessors,one written in Scheme and

the other written in Java. The Schemeimplementation con nes the con-
straint language to relation OR, relation NOT and their closuresunder
n-mapping. Note that this restriction simplies a MAX -CSP( ) prob-

lem to a MAX-SA T problem. We used the Scheme implementation as a
preprocessorto boost the performance of an award-winning MAX-SA T

solver, Toolbar[5].

The benchmark we choseis from MAX-SA T Evaluation 2007.1t contains

eight formulae, each of which is composed of constraints of rank 3. We
allowed Toolbar twenty minutes to solve eac formula and twenty min-

utes to solve eadh formula's preprocessedcounterpart. The results can
be divided into two categories:the four formulae (and their preprocessed
counterparts) for which Toolbar succeededin nding optimum assign-
ments, the other four formulae for which Toolbar failed. We compare the

performance of Toolbar on the original formulae with that on their pre-
processedcounterparts in terms of running time in the caseof the former
and satisfaction ratio in the caseof the latter. Figure 2 illustrates the

boosting e ect of preprocessingas a reduction of running time and gure

3 illustrates the e ect as an improvemert of satisfaction ratio. Figure 4
shows time spent in preprocessingin seconds.

There is no restriction on the constraint language in the Java imple-

mentation, soit was usedas a preprocessorto boost the performance of
an award-winning MAX-SMT solver, Yices[6]. We chose a formula con-
taining 2000 variables and 8400 constraints (submitted by Oliver Kull-

man) from the SAT competition 2005 as our benchmark. The hope of
this preprocessingexperiment is that the fast solver will notice that the
assignmernt all false is pretty good and will try to improve on it, which
should lead to good results faster. Such a preprocessingexperiment is a
cheap way of blending the fast solvers with polynomials without having

to modify the solver. Table 2 shows promising results.

12



Number o Constraints
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7 Related and Future Work

Our Boolean MAX-CSP is a special caseof Weighted Constraint Satis-
faction Problem (W CSP). WCSP is an optimization version of the CSP
framework in which constraints are extended by assciating coststo tu-
ples. Solving a WCSP formula consists of nding a complete assignmert
of minimal cost. Our Boolean MAX-CSP is a special caseof WCSP be-
causeour domain is only Boolean and becausethe tuples can have only
two costs: zero when the relation is satis ed and a positive cost when the
relation is unsatis ed. Seweral kinds of algorithms have been proposed
to solve WCSP: Bucket Elimination [7] and sewral Branch and Bound
algorithms (see[8] for an enumeration). None of those WCSP algorithms
is using polynomials as abstract represertations of WCSP problems. Al-
though we presert our results for Boolean MAX-CSP , the techniques also
generalizeto MAX-CSP, seesection 8 of [1].

[9] discusseslocal seard algorithms both for SAT and MAX-SAT and
shows that local searc outp erforms complete algorithms on certain for-
mulae. While traditional local searh algorithms have a very simple
neighborhood relation, our neighborhood relation is more complex but
alsoe cien tly computable. For example, Selmanand Kautz have studied
local search for SAT [10]. They use a traditional neighborhood notion:
speci cally , they explore the set of assignmerts that dier from the cur-
rent one on only one variable. We usea more re ned notion of neighbor-
hood for MAX-SA T and MAX-CSP and prove an optimalit y result for
our neighborhood concept. In addition, while traditional local seard al-
gorithms look for a largest increaseor decreasewithin the neighborhood,
weonly nd onepoint in the neighborhood. It should be noted, however,
that we can also generate a large number of di eren t assignmens in the

13



Yices Running Time (s) |Satisfaction Ratio
Without Preprocessing|888.048 94:7143%
With Preprocessing [|0:0342615 100%

Table 2. Boosting E ect on Yices

neighborhood. A random permutation of the variables in the formula is
likely to lead to a dierent assignment when mENF or ELS is applied
to the formula. Our basic neighborhood relation EN can be usedin dif-
ferent ways to create local search algorithms, as suggestedin [9] (e.g. a
random walk strategy).

Hoos and Stutzle [11] have studied automata-based local seard ap-
proaches. On one hand, we can reformulate our local seard algorithms
in terms of their generalized local search machines and we plan to do
soin future work. On the other hand, the golden ratio technique can be
usedto create seweral basic seart strategies for generalizedlocal searc
machines.

Preprocessingfor SAT solvers is currently an active topic of researd,
e.g., [12]. Stochastic local seard solvers may also benet from a prepro-
cessingphase borrowed from systematic SAT solving [13]. The kind of
preprocessingwe propose is novel, very dierent from resolution-based
techniques. Not only can the polynomials be applied to a preprocessor,
they can also be usedin the Decide rule of a transition system for MAX-

CSP problems, as described in [14]. The transition system is based on
clause learning (superresolution) which was introduced at least as far
back as 1975[15].

Our motiv ation for working on MAX-CSP is that we think that it hasim-
portant applications in biology and drug discovery. A recert paper from
SRI conrms this conjecture [16] where MAX-SA T is used to analyze
biological pathways.

8 Conclusions

Boolean MAX-CSP has numerous practical applications. For example, it
senesasa exible target languagefor many NP-hard optimization prob-
lems. The processof deriving and achieving  revealsuseful polynomial-
basedlocal seard algorithms for boosting MAX-CSP solvers. We believe
that the the Evergreenlaws are bene cial additions to the bag of tric ks
usedin powerful Boolean MAX-CSP and WCSP solvers.

Ac kno wledgmen ts: We would liketo thank Ravi Sundaram for helping
with the bound for the randomized algorithm, Bryan Chadwick for help-
ing implement the preprocessorand Leonardo de Moura for his feedbadk
on our work. We would also like to thank Richard M. Conlan for his
feedbadk on the nal draft of this paper. Last but not least, we would
like to thank Novartis Institutes for Biomedical Researd, Inc. for sup-
porting this work. Karl Lieberherr spent his 2006 sabbatical at Novartis
and Christine Hang is supported by a Novartis fellowship.

14



References

o Ol

10.

11.

12.

13.

14.

15.

16.

. Lieberherr, K.J.: Algorithmic extremal problems in combinatorial

optimization. Journal of Algorithms 3(3) (1982) 225{244

. Lieberherr, K.J., Spedker, E.: Complexity of Partial Satisfaction.

Journal of the Association for Computing Machinery 28(2) (1981)
411{421

. Borchert, B., Ranjan, D., Stephan, F.: On the computational com-

plexity of some classical equivalencerelations on boolean functions.
Theory of Computing Systems 31 (1998) 679{693 http://math.uni-
heidelberg.de/logic/b erichte.html, Report 18.

. Williamson, D.P.: Lecture notes on approximation algorithms. Tech-

nical Report RC 21409, IBM Researt (1999)

. Toolbar: . (http://m ulcyber.toulouse.inra.fr/pro jects/to olbar/)
. Yices: . (http:/lyices.csl.sri.com)
. Dechter, R.: Bucket elimination: a unifying framework for processing

hard and soft constraints. ACM Comput. Surv. 28(4es) (1996) 61

. Ansotegui, C., Bonet, M.L., Levy, J., Manya, F.: The Logic Behind

Weighted CSP. In Veloso, M.M., ed.: IJCAI. (2007) 32{37

. Selman, B., Kautz, H.A., Cohen, B.: Local seart strategies for satis-

abilit y testing. In Trick, M., Johnson, D.S., eds.: Proceedingsof the
Second DIMA CS Challange on Cliques, Coloring, and Satis abilit y,
Providence RI (1993)

Selman, B., Kautz, H.A.: An empirical study of greedy local
searcd for satis abilit y testing. In: Proceedingsof theEleventhNa-
tional Conference on Articial Intelligence(AAAI-93), Washington
DC (1993)

Hoos, H.H., Stutzle, T.: Stochastic Local Seard: Foundations and
Applications. Morgan Kaufmann Publishers (2004)

Anbulagan, Slaney, J.: Multiple Preprocessingfor Systematic SAT
Solvers. In: IWIL-6, aspart of LPAR-2006, Phnom Penh, Cambodia
(2006)

Anbulagan, Duc Nghia Pham, J.S., Sattar, A.: Boosting sls per-
formance by incorporating resolution-based preprocessor. In: Third
International Workshop on Local Seardh Tedniques in Constraint
Satisfaction, Springer Verlag (LNCS 244) (2006)

Abdelmeged,A., Hang, C., Rinehart, D., Lieberherr, K.J.: Superres-
olution and P-Optimalit y in Boolean MAX-CSP Solvers. Technical
Report NU-CCIS-07-01, Northeastern University (2007)

Karl Lieberherr: Information Condensation of Models in the Propo-
sitional Calculus and the P=NP Problem. PhD thesis, ETH Zurich
(1977) 145 pages,in German.

A. Tiwari and C. Talcott and M. Knapp and P. Lincoln and K.
Laderoute: Analyzing Pathways using SAT-based Approaches. In:
Proc. 2nd Intl. Conf. on Algebraic Biology, AB 2007.LNCS, Springer
(2007)

15



