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1 Balanced routing tree with uniform cost

In this section, we are going to find good logical key trees for balanced
routing trees with uniform cost. Consider the routing tree in Figure 1,
where each internal node in the routing tree has d children and the height
of the tree is h. So there are dh leaves in this routing tree; we treat these
leaves as group members.

Figure 1: A d-ary routing tree

First try is, we could use this routing tree as a logical tree, which is shown
in Figure 2. Then the cost of updating a single member can be calculated
as follows:

Figure 2: Use d-ary routing tree as logic tree
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dh + d(h − 1 + d) + d(h − 2 + d + d2) + · · · + d(1 + d + d2 + · · · + dh−1)

= d

[

k
∑
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i + d + (d + d2) + · · · + (d + d2 + · · · + dh−1)

]

= d

[

h(h + 1)

2
+

h
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di − d

d − 1

]

=
dh(h + 1)

2
+

d

d − 1

h
∑

i=2

di − d
h

∑

i=2

d

d − 1

=
dh(h + 1)

2
+

d

d − 1

dh+1 − 1

d − 1
− d2(h − 1)

d − 1

= O
(

dh
)

Notice that the cost is already near optimal (constant factor away). Now
we try 2-level logical trees, to see their performance. The first 2-level logical
tree we consider is shown in Figure 3, where the root has d children and
each of the other internal nodes has dh−1 children.

Figure 3: 2-level logical tree

The cost of updating a single member can be calculated as follows:

hdh−1 + d(1 + d + d2 + · · · + dh−1)

= hdh−1 + d
dh − 1

d − 1

= O
(

(h + d)dh−1
)

The second 2-level logical tree we consider is shown in Figure 4, where
the root has dh/2 children and each of the other internal nodes also has dh/2

children.
The cost of updating a single member can be calculated as follows:
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Figure 4: 2-level logical tree

hdh/2 + dh/2(
h

2
+ d + d2 + · · · + dh/2)

= hdh/2 +
h

2
dh/2 + dh/2 dh/2+1 − d

d − 1

≈ 3h

2
dh/2 + dh

= O
(

dh
)

The last 2-level logical tree we consider is shown in Figure 5, where the
root has dh−1 children and each of the other internal nodes has d children.

Figure 5: 2-level logical tree

The cost of updating a single member can be calculated as follows:

dh + dh−1(h − 1 + d)

= dh + (h − 1)dh−1 + dh

≈ hdh−1 + dh

= O
(

(h + d)dh−1
)

From the above calculation, we can see the second 2-level logical tree
performs the best. In the following, we generalized this kind of 2-level logical
tree, as shown in Figure 6, where the root has dk children and each of the
other internal nodes has dh−k children.

The cost of updating a single member can be calculated as follows:
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Figure 6: 2-level logical tree

hdh−k + dk(k + d + d2 + · · · + dk)

= hdh−k + dkk + dk dh−k+1 − d

d − 1

= hdh−k + dk

(

k − d

d − 1

)

+
dh+1

d − 1

It is not hard to see from this formula, that when k = h/2 it achieves
the minimum value. Now we start looking at 3-level logical trees. The first
one we considered is shown in Figure 7, where the root has dh/2 children
and each of the other internal nodes has dh/4 children.

Figure 7: 3-level logical tree

The cost of updating a single member can be calculated as follows:

hdh/4 + dh/4

(

3h

4
+ d + d2 + · · · + dh/4

)

+ dh/2

(

h

2
+ d + d2 + · · · + dh/2

)

= hdh/4 +
3

4
hdh/4 + dh/4 dh/4+1 − d

d − 1
+

1

2
hdh/2 + dh/2 dh/2+1 − d

d − 1

≈ dh +
h

2
dh/2 +

7

4
hdh/4

= O
(

dh
)

The next 3-level logical tree we considered is shown in Figure 8, where
every internal node has dh/3 children.

The cost of updating a single member can be calculated as follows:
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Figure 8: 3-level logical tree

hdh/3 + dh/3

(

2h

3
+ d + d2 + · · · + dh/3

)

+ dh/3

(

h

3
+ d + d2 + · · · + d2h/3

)

= hdh/3 +
2h

3
dh/3 + dh/3 dh/3+1 − d

d − 1
+

h

3
dh/3 + dh/3 d2h/3+1 − d

d − 1

≈ dh + d2h/3 + 2hdh/3

= O
(

dh
)

As we can see, both 3-level logical tree are near optimal (constant factor
away). But the second leading term in the first 3-level logical tree is smaller
the the one in the second 3-level logical tree. Figure 9 shows the generalized
3-level logical tree of this kind.

Figure 9: 3-level logical tree

The cost of updating a single member can be calculated as follows:

hdh−k1−k2 + dk2

(

k1 + k2 + d + d2 + · · · + dh−k1−k2

)

+ dk1

(

k1 + d + d2 + · · · + dh−k1

)

= hdh−k1−k2 + (k1 + k2)d
k2 + dk2

dh−k1−k2+1 − d

d − 1
+ k1d

k1 + dk1
dh−k1+1 − d

d − 1

≈ dh + (k1 − 1)dk1 + dh−k1 + (k1 + k2 − 1)dk2 + hdh−k1−k2

From the formula we can see, when k1 = h/2 and k2 = h/4 it achieves
minimum.
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Both 2-level logical tree and 3-level logical tree are near optimal. So one
thought might be balanced logic trees of this kind are always near optimal.
Figure 10 shows a generalized m-level logic tree.

Figure 10: 3-level logical tree

The cost of updating a single member can be calculated as follows:

hdkm + dkm−1

(

k1 + k2 + · · · + km−1 + d + d2 + · · · + dkm

)

+ . . .

+dk1

(

k1 + d + d2 + · · · + dh−k1

)

= hdkm + dkm−1

m−1
∑

i=1

ki + dkm−1
dkm+1 − d

d − 1
+ dkm−2

m−2
∑

i=1

ki + dkm−2
dkm+km−1+1 − d

d − 1

+ · · · + dk1

1
∑

i=1

ki + dk1
dk2+k3+···+km+1 − d

d − 1

≈ hdkm + dkm−1

m−1
∑

i=1

ki + dkm−2

m−2
∑

i=1

ki + · · · + dk1

1
∑

i=1

ki + dkm−1+km

+dkm−2+km−1+km + · · · + dk2+k3+···+km + dh

As we can see from the formula that when k1 = h/2, k2 = h/4, ...
, it achieves minimum value. This means O (log h)-level logic tree is the
best among this kind of logical trees. However, these logical tree are all near
optimal. So the balanced routing tree with uniform cost is not an interesting
case.

2 Very unbalanced routing tree with uniform cost

As we have seen in last section that for balanced routing tree with uniform
cost is very easy to find a near optimal logical tree. Actually, even using the
routing tree itself as logical tree is near optimal. In this section, we analyze
a very unbalanced routing tree, as shown in Figure 11. In this case, if we
use routing tree as logical tree, the cost is far away from optimal. Then we
give a way to construct logical tree which improves the cost a lot.
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Figure 11: A very unbalanced routing tree

The first logical tree we considered is the same as routing tree, which is
shown in Figure 12. Let c(i) represent the update cost when leaf i requests
update. Then the cost of this logical tree can be calculated as follows:

Figure 12: Using routing tree as logical tree

c(1) = 2n + [(n − 1) + (n − 1) + 2] + [(n − 2) + (n − 2) + 2 × 2] + · · · + [1 + 1 + 2(n − 1)]

= 2n2

c(2) = [(n − 1) + (n − 1) + 2] + [(n − 2) + (n − 2) + 2 × 2] + · · · + [1 + 1 + 2(n − 1)]

= 2n(n − 1)

c(3) = 2n(n − 2)

. . .

c(n) = 2n

cost =

n
∑

i=1

c(i) = O
(

n3
)

The next logical tree we considered is 2-level logical tree, which is shown
in Figure 13. We group every c members together. There are n/c groups. So
the root of logic tree has n/c children and each of the other internal nodes
has c children.

Let’s assume the first group in the logical tree is a set of “continuous”
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Figure 13: 2-level logical tree

leaves at the bottom of the routing tree. Then the cost of updating a single
member in this group can be calculated as follows:

n + (n − 1) + (n − 2) + · · · + (n − c + 1) + (n − c + 2c) + (n − 2c + 2c) + · · · + 2c

= cn − c(c − 1)

2
+ n

n

c
− c

(

1 + 2 + · · · + n

c

)

+ 2c
n

c

≈ cn − c2

2
+

n2

c
− c

n

c

n

c

1

2
+ 2n

= cn − c2

2
+

n2

2c
+ 2n

≈ cn +
n2

c

As we see from the formula, when c =
√

n it achieves minimum, O
(

n1.5
)

.
Since this group is at the bottom of routing tree, its updating cost is the
worst case among all the groups. So the total update cost of this tree is
O

(

n2.5
)

.
Now we are going to generalize this kind of logic tree. Consider an m-

level logic tree which is shown in Figure 14, where each internal node has
n1/m children.

Figure 14: m-level logical tree

Similarly, let’s assume the first group in the logical tree is a set of “con-
tinuous” leaves at the bottom of the routing tree. Then the cost of updating
a single member in this group can be calculated as follows:
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n + (n − 1) + · · · +
(

n − n1/m + 1
)

+
(

n − n1/m + 2n1/m
)

+
(

n − 2n1/m + 2n1/m
)

+ · · · +
(

n − n1/mn1/m + 2n1/m
)

+
(

n − n2/m + 2n2/m
)

+
(

n − 2n2/m + 2n2/m
)

+ · · · +
(

n − n1/mn2/m + 2n2/m
)

+ . . .

+
(

n − n
m−1

m + 2n
m−1

m

)

+
(

n − 2n
m−1

m + 2n
m−1

m

)

+ · · · +
(

n − n1/mn
m−1

m + 2n
m−1

m

)

≈
[

nn1/m − 1

2
n2/m

]

+

[

nn1/m − 1

2
n1/mn2/m + 2n1/mn1/m

]

+ . . .

+

[

nn1/m − 1

2
n

m−1

m n2/m + 2n
m−1

m n1/m

]

≈ n
m+1

m + n
m+1

m + · · · + n
m+1

m

= mn
m+1

m

Since this group is at the bottom of routing tree, its updating cost is
the worst case among all the groups. So the total update cost of this tree

is n
m−1

m · mn
m+1

m · n1/m = O
(

mn2+1/m
)

. According to this formula, when

m = 3 the cost is O
(

n7/3
)

, when m = 4 the cost is O
(

n9/4
)

...
When the value of m keeps increasing, the logical tree eventually becomes

a balance binary tree, which is shown in Figure 15. For each member in this
logic tree, it needs to update log n keys and the cost of updating each key is
O(n). So the cost of updating each member is O (n log n). Thus, the total
update cost is O

(

n2 log n
)

. And we can show this is the lower bound for all
the logical trees. The argument makes use of the theorem that we are going
to prove in section 3, “There is always a binary logical tree that is within
twice the optimal one”. So if we can prove O

(

n2 log n
)

is the lower bound
for binary logical trees, then we can conclude this is actually the lower bound
for all logical trees. In the routing tree shown in Figure 11, there are n/2
leaves that are at least n/2 away from the root. So in any binary logical
tree, there are at least n/4 intermedia nodes that have this kind of leaves as
children. Notice the multicast cost of any of these intermedia node is Ω(n).
Also at least half of those intermedia nodes (i.e. n/8) are log n/4 away from
the logical tree root, simply because for binary tree, if all the nodes are at
most log n − 1 away from the root, it can at most hold n/2 leaves. Thus
O

(

n2 log n
)

is the lower bound for all logical trees.
Furthermore, for every routing tree with uniform cost, any balanced

binary logical tree achieves O
(

n2 log n
)

cost.
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Figure 15: Balanced binary logical tree

3 Balanced binary logic tree is near optimal

In this section, first we are going to show that no matter what the routing
tree is, there is a binary logical tree whose cost is within twice the optimal.
Then we show there is a balanced binary logical tree that is near optimal.
In the end of this section, we give an example which shows the order of
members in the balanced binary logical tree does matters (i.e. if we don’t
choose the order carefully, the cost of logical tree will be arbitrarily large).

3.1 Binary logical tree

Theorem 1. There is always a binary logical tree whose cost is within three
times the optimal one.

Proof. First we represent the cost of logical tree in a convenient way. Let
M(v) be the multicast cost to the leaves in the tree rooted at node v and
PL(v) be the number of leaves in the tree rooted at v’s parent. Then the
cost of logical tree is

∑

v∈T v 6=root

PL(v) · M(v)

Assume we have the optimal logical tree. Figure 16 shows the corre-
sponding binary logical tree whose cost is within three times the optimal
one. For each node in the optimal logic tree, which has more than two
children, we group its children into two groups such that it is a (1/3, 2/3)
partition of the leaves. If this kind of partition exists, we make changes
according to Figure 16 part (a); otherwise, then there is a child with more
than 2/3 leaves, and we make changes according to Figure 16 part (b).

Now we are going to calculate the increase in cost as a result of mak-
ing one node binary. According to our new representation, the costs of
u1, u2, . . . , um are
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Figure 16: Binary logical tree transformation

(l1 + l2 + · · · + lm)M(u1)

(l1 + l2 + · · · + lm)M(u2)

. . .

(l1 + l2 + · · · + lm)M(um)

And in Figure 16 part (a), these costs change to the costs of v1, v2, u
′
1, u

′
2, . . . , u

′
m

in the binary logic tree, which are
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(l1 + l2 + · · · + lm)M(v1)

(l1 + l2 + · · · + lm)M(v2)

(l1 + l2 + · · · + lk)M(u′
1)

(l1 + l2 + · · · + lk)M(u′
2)

. . .

(l1 + l2 + · · · + lk)M(u′
k)

(lk+1 + lk+2 + · · · + lm)M(u′
k+1)

(lk+1 + lk+2 + · · · + lm)M(u′
k+2)

. . .

(lk+1 + lk+2 + · · · + lm)M(u′
k+m)

Notice that M(v1) ≤ M(u1)+M(u2)+ · · ·+M(uk), M(v2) ≤ M(uk+1)+
M(uk+2) + · · · + M(um) and M(ui) = M(u′

i) for i = 1, 2, . . . ,m. So it is
easy to see that the cost of v1, v2, u

′
1, u

′
2, . . . , u

′
m is within 1 + 2/3 times the

cost of u1, u2, . . . , um.
Similarly, for Figure 16 part (b), the cost of u, u′

1, u
′
2, . . . , u

′
m is within

(1 + 1/3) times the cost of u1, u2, . . . , um. One observation is, if we want
to make v “complete binary”, which means any node that has v’s original
children as children is binary, the cost of sum of v’s children’s cost at most
increases to

(

1 + (2/3) + (2/3)2 + . . .
)

= 3 times original cost. So after we
make every internal node “complete binary” the cost of the new logical tree
is within 3 times the original one.

In the above argument, we didn’t restrict ourselves to uniform cost con-
dition. The conclusion works for non-uniform cost too.

One observation about approximation ratio of binary logical tree is, we
cannot get any ratio smaller than 2. Consider a “star” shape routing tree
with uniform cost. The optimal logical tree should also be a star, in which
case the cost is n2. And the optimal logical tree should be a balanced binary
tree, in which case the cost is 2n2 − 2n. The ratio between them is 2. This
means the ratio between the optimal binary logical tree and the optimal
logical is at least 2.

3.2 Balanced binary logical tree

Theorem 2. There is always a balanced binary logical tree whose cost is
within constant times the optimal one.
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Proof. We already know that there exists a binary logical tree that is near
optimal. So we are going to prove that there is a balanced binary logical
tree that is near optimal binary logical tree.

Figure 17: Balanced binary logical tree transformation

As shown in Figure 17, assume we have the optimal binary logical tree,
T1. And |A| > |B|. Based on T1, we create T2 which balanced the number
of members in left subtree and right subtree. A1 ⊂ A, |A1| = n/2 and
A2 = A − A1. When we separate A1 and A2, we reserve the tree structure
as it is in A. And we do the same operation to A2’s left subtree and right
subtree. Then we will get a balanced binary logical tree, T3. What we want
to prove is, cost (T3) ≤ α · cost (T1), where α is a constant.

The costs of T1 and T2 can be represented as

c (T1) = c (T11) + c (T12) + c (v11) + c (v12)

c (T2) = c (T21) + c (T22) + c (v21) + c (v22)

Lemma 1. c (T21) + c (Tu) ≤ c (T11), and c (Tw) = c (T12).

Proof. We prove c (T21) + c (Tu) ≤ c (T11) by two cases. Take any internal
node v in A. If all v’s children belong to A1 or all v’s children belong to A2,
then its cost in T2 is less than or equal to its cost in T1. Simply because the
number of leaves in the tree rooted at its parent node is not increasing and
M (Tv) keeps the same. If some of v’s children belong to A1 and some belong
to A2, then this node appears in both T21 and Tu. Let l be the number of
leaves in its parent tree when it is in T1, and m be the multicast cost. Let
l1 be the number of leaves in its parent tree when it is in T21, and l2 be the
number of leaves in its parent tree when it is in Tu. Then v’s cost in T21

plus v’s cost in Tu is less than or equal to ml1 + ml2 = ml, which is v’s cost
in T1. So, c (T21) + c (Tu) ≤ c (T11).

The argument of c (Tw) = c (T12) is similar.

Lemma 2. c (v22) ≤ c (v11) + c (v12).
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Proof.

c (v22) = n · M (A2 ∪ B)

≤ n · M (A ∪ B)

≤ n · [M (A) + M (B)]

= c (v11) + c (v12)

By Lemma 1 and Lemma 2, we can have the following list of inequalities
and equalities:

c (T21) + c (T22) ≤ c (T11) + c (T12) + c(u) + c(w) (1)

c(u) ≤ 1

2
c (v11) (2)

c(w) =
1

2
c (v12) (3)

c (v21) ≤ c (v11) (4)

c (v22) ≤ c (v11) + c (v12) (5)

c (v31) = c (v21) (6)

c (v32) = c (v22) (7)

Lemma 3. cost (T3) ≤ α · cost (T1), where α is a constant.

Proof. We are going to prove this lemma by induction on the number of
members. And we make use of those 7 inequalities and equalities we got
from Lemma 1 and Lemma 2.

c (T3) = c (T31) + c (T32) + c (v31) + c (v32)

= c (T31) + c (T32) + c (v21) + c (v22)

≤ α · c (T21) + α · c (T22) + c (v21) + c (v22) (by I.H.)

≤ α [c (T11) + c (T12) + c(u) + c(w)] + c (v21) + c (v22)

= α [c (T11) + c (T12) + c (v11) + c (v12) − c (v11) − c (v12) + c(u) + c(w)]

+c (v21) + c (v22)

= α · c (T1) − α · c (v11) − α · c (v12) + α · c(u) + α · c(w) + c (v21) + c (v22)

≤ α · c (T1) − α · c (v11) − α · c (v12) + α · c (v11)

2
+ α · c (v12)

2
+ c (v11)

+ [c (v11) + c (v12)]

= α · c (T1) + c (v11)
(

−α +
α

2
+ 1 + 1

)

+ c (v12)
(

−α +
α

2
+ 1

)

= α · c (T1) + c (v11)
(

2 − α

2

)

+ c (v12)
(

1 − α

2

)

≤ α · c (T1) (as long as α ≥ 4)
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By induction, we know this lemma is correct.

From Lemma 3, we can conclude that there is always a balanced binary
logical tree that is near optimal binary logical tree. Hence, there is always
a balanced binary logical tree that is near optimal logical tree. Notice, in
the above argument, we didn’t restrict ourselves to uniform cost condition.
The conclusion works for non-uniform cost too.

3.3 Example of orders of members

Considering the routing tree in Figure 18. This routing tree is totally bal-
anced, and each internal node has

√
n children. The cost of edges adjcent

to root is
√

n, and the cost of edges adjcent to leaves is 1.

Figure 18: Balanced binary logical tree transformation

The first logical tree we considered is shown in Figure 19, which is the
same as the routing tree. We reserve the order of leaves. After calculation,
we know the cost of this logical tree is O

(

n2
)

.

Figure 19: Two level logical tree with good order of leaves

The second logical tree we considered, shown in Figure 20, has the same
hierarchy as the one in Figure 19. But we change the order of leaves in
order to increase the update cost. After calculation, we know the cost of
this logical tree is O

(

n2.5
)

. We can see here that the order of leaves in
logical trees do play an important roll.

The third logical tree we considered is a balanced binary logical tree.
And we reserve the order of leaves, which is shown in Figure 21. After
calculation, we know the cost of this logical tree is O

(

n2
)

, which is in the
same order as the first logical tree we considered.

The last logical tree we considered is also a balanced binary logical tree.
But this time we change the order of leave to increase the update cost. The
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Figure 20: Two level logical tree with bad order of leaves

Figure 21: Balanced binary logical tree with good order of leaves

logical tree is shown in Figure 22. After calculation, we know the cost of
this logical tree is O

(

n2 log n
)

. This shows that the order of leaves in logical
tree is important for its cost. Also this matches the theorem we proof before
that the cost of balanced binary logical tree is at most O (log n) away from
the optimal.

In sum, the above example tells us, though we have proved that there
exists a balanced binary logical tree that is near optimal, we do need to
choose the order of leaves in the logical tree carefully. Otherwise the cost of
this logical tree could be far away from optimal.

4 An approximation algorithm for routing tree

In this section, we are going to give a simple algorithm, which constructs a
near optimal logical tree based on the routing tree.

Here is the description of our algorithm. Given any routing tree, shown
in Figure 23, we find the internal node v such that there is a combination
of its children whose total number of leaves is between n/3 and 2n/3. We
use this node to partition the leaves.

Claim 1. This kind of partition node can always be found.
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Figure 22: Balanced binary logical tree with bad order of leaves

Proof. Suppose this kind of partition node doesn’t exist, which means for
all internal node v, its number of leaves is either < n/3 or > 2n/3. We
call nodes with less than n/3 leaves small nodes, and nodes with more than
2n/3 leaves large nodes. Consider the large node with only small nodes as
its children, there is a combination of its children whose total number of
leaves is between n/3 and 2n/3. This means this kind of partition node
exists.

According to the notations in Figure 23, we can partition the leaves in
to two parts, X and Y , such that n/3 ≤ |X| ≤ 2n/3 and n/3 ≤ |Y | ≤ 2n/3.
Then we construct the logical tree as shown in Figure 24, where T1 is the
logical tree we construct on X and T2 is the logical tree we construct on Y
by calling our algorithm recursively.

Let S = X∪Y . We are going to show ALG (S) ≤ α·OPTb (S)+β·nM(S)
using induction. ALG(s) represents the cost of logical tree constructed by
our algorithm, and OPTb(S) means the cost of the optimal binary logical
tree. Our induction hypothesis is ALG(X) ≤ α · OPT (X) + β · |X|M(X)
and ALG(Y ) ≤ α · OPT (Y ) + β · |Y |M(Y ).

Lemma 4. ALG(S) ≤ ALG(X)+ALG(Y )+
4c

3 log 3/2
n log n+n (M(X) + M(Y )).

Proof. (1) The cost of nodes in ALG(Y ) is the same as their cost in ALG(S).
(2) Similarly, the cost of nodes in ALG(X) is equal to their cost in ALG(S)+

4c
3 log 3/2n log n. The reason we add 4c

3 log 3/2n log n is the multicast cost of each

node in ALG(X) increased by c compared to its cost in ALG(S). Since in
the worst case ALG(X) has log 3

2

n
3 levels, the increased cost is at most

2|X|c log 3

2

n
3 ≤ 22n

3 c log 3

2

n
3 ≈ 4c

3 log 3/2n log n. Combine (1) and (2), then

add the cost of the root of ALG(X) and ALG(Y ), we know this lemma is
correct.
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Figure 23: An arbitrary routing tree

Let OPTb(S) be the optimal binary logical tree. Now we separate this
logical tree into two parts, OPT ′

b(X) and OPT ′
b(Y ), as shown in Figure

25. OPT ′
b(X) only contains the leaves belong to X, but reserve the tree

structure as OPTb(S). Similarly, OPT ′
b(Y ) only contains the leaves belong

to Y , but reserve the tree structure as OPTb(S).

Lemma 5. OPT ′
b (Y ) ≥ OPTb (Y )

Proof. Since OPT ′
b(Y ) is a potential “binary” logical tree for Y , its cost

cannot be less than OPTb(Y ).

Lemma 6. OPT ′
b (X) ≥ OPTb (X) +

c

4 log 2
n log n

Proof. If we calculate OPT ′
b(X) only in ALG(X) which is T1 in figure 24,

then similar to Lemma 5 we have OPT ′
b(X) ≥ OPTb(X). But the cost of

OPT ′
b(X) is calculated from the root in the routing tree. Because OPT ′

b(X)
is binary, there are at least 3|Y |/4 leaves are log2 |Y |−1 away from the root.
So the increased cost is at least 3

4 |Y |c log2 |Y | ≥ c
4n log2 n.

Lemma 7. OPTb (S) ≥ OPTb (X) + OPTb (Y ) +
c

4 log 2
n log n

Proof.

OPTb (S) ≥ OPT ′
b(X) + OPT ′

b(Y ) ≥ OPTb (X) + OPTb (Y ) +
c

4 log 2
n log n

18



Figure 24: The logical tree constructed by our approximation algorithm

Figure 25: Optimal binary logical tree separation

Lemma 8. ALG(S) ≤ α · OPTb(S) + β · nM(S)

19



Proof.

ALG(S) ≤ ALG(X) + ALG(Y ) +
4c

3 log 3/2
n log n + n (M(X) + M(Y )) (Lemma 4)

≤ α · OPTb(X) + β · |X|M(X) + α · OPTb(Y ) + β · |Y |M(Y )

+
4c

3 log 3/2
n log n + n (M(X) + M(Y )) (I.H.)

≤ α [OPTb(X) + OPTb(Y )] +
4c

3 log 3/2
n log n +

(

2

3
β + 1

)

n (M(X) + M(Y ))

≤ α

[

OPTb(S) − c

4 log 2
n log n

]

+
4c

3 log 3/2
n log n (Lemma 7)

+

(

2

3
β + 1

)

n (M(X) + M(Y ))

≤ α

[

OPTb(S) − c

4 log 2
n log n

]

+
4c

3 log 3/2
n log n +

(

2

3
β + 1

)

n (M(S) + c)

(M(S) ≥ M(X) + M(Y ) − c)

= α · OPTb(S) +

(

2

3
β + 1

)

nM(S) − α · c

4 log 2
n log n +

4c

3 log 3/2
n log n

≤ α · OPTb(S) + β · nM(S) (as long as α ≥ 9 and β ≥ 3)

Theorem 3. This algorithm is a (3α + β)-approximation.

Proof. Let OPT (S) be the optimal logical tree for S. By theorem 1, we
know OPTb(S) ≤ 3 · OPT (S). So

ALG(S) ≤ α·OPTb(S)+β·nM(S) ≤ 3α·OPT (S)+β·nM(S) ≤ (3α+β)OPT (S)

In the proof of lemma 8, we know α ≥ 9 and β ≥ 3, which means
this algorithm is a 30-approximation. By slightly modify the constant in
lemma 6, we can bring down the approximation constant very close to 23.52
(α = 6.84).

The following gives another way to prove this algorithm is a constant
approximation algorithm. We are still doing induction on the number of
leaves and the inductive hypothesis is ALG(S) ≤ α ·OPT (S)+β · |S|M(S).

Lemma 9. ALG(S) = ALG(X) + ALG(Y ) + n [M(X) + M(Y )]

Proof. Here when we apply the algorithm on X, it means apply the algo-
rithm on the tree rooted at v plus the original root and an edge between
them with weight c (as shown in Figure 23). The rest of the proof is basically
the same as lemma 4.
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Lemma 10. OPT (S) ≥ OPT (X) + OPT (Y )

Proof. The same as lemma 7.

Theorem 4. This algorithm has a constant approximation ratio.

Proof. We are going to prove this theorem by two cases. First, when c ≤
M(S)/4

ALG(S) = ALG(X) + ALG(Y ) + n [M(X) + M(Y )]

≤ α · OPT (X) + β · |X|M(X) + α · OPT (Y ) + β · |Y |M(Y )

+n [M(X) + M(Y )]

≤ α [OPT (X) + OPT (Y )] +

(

2n

3
β + n

)

[M(X) + M(Y )]

≤ α · OPT (S) +

(

2

3
β + 1

)

n [M(X) + M(Y )]

≤ α · OPT (S) +

(

2

3
β + 1

)

n (M(S) + c)

≤ α · OPT (S) +

(

2

3
β + 1

) (

1 +
1

4

)

nM(S)

≤ α · OPT (S) + β · nM(S)

as long as (2β/3 + 1)(1 + 1/4) ≤ β, which is β ≥ 7.5. Second case is when
c ≥ M(S)/4. The cost of optimal binary logical tree on X is at least

OPTb(X) ≥ |X|
2

· log2 |X| · 2c ≥ c

3 log 2
n log n

The cost of optimal logical tree on X is at one third of the optimal binary
logical tree cost, which is

OPT (X) ≥ 1

3
OPTb(X) ≥ c

9 log 2
n log n

The cost of logical tree constructed by our algorithm on S is at most

ALG(S) ≤ n · log3/2 n · 2M(S)

= 18 · log 2

log 3/2
· M(S)

c
· c

9 log 2
n log n

≤ 18 · log 2

log 3/2
· 4 · OPT (X)

≤ 72 · log 2

log 3/2
· OPT (S)

Combine both cases, we know this algorithm is a constant approximation
algorithm. Notice, we need to set α ≥ 72 · log 2

log 3/2 .
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5 An approximation algorithm for routing graph

In this section, we are going to give a simple algorithm, which constructs a
near optimal logical tree based on routing graph.

In our algorithm, we make use of LAST (Light Approximate Shortest-
path Tree)[1] of the routing graph, which is an (α, β)-approximation of
Shortest Path Tree and Minimum Spanning Tree. This can guarantee that
the distance from root and any other vertex in LAST is at most α times
the shortest distance from root to this vertex in the original graph, and the
weight of LAST is at most β times the weight of a minimum spanning tree.

Input: S, which is a set of vertices in the routing graph.
Algorithm:

1. Compute the complete graph on S ∪ {root}. The weight of an edge
(u, v) is the length of shortest path between u and v in the original
routing graph.

2. Compute the MST on this complete graph. Call it MST(S).

3. Based on MST(S), compute the LAST, which is an (α, β)-approximation
of SPT and MST(S).

4. Using this LAST to find the partition node and split S into X and Y .

5. Call the algorithm recursively on X, which returns T1.

6. Call the algorithm recursively on Y , which returns T2.

7. Return the binary logical tree constructed using T1 and T2, shown in
Figure 24.

Now we are going to prove this is a constant approximation algorithm.
And we are using the LAST which is a

(

1 +
√

2γ, 1 +
√

2/γ
)

-approximation
in the following proof.

When we calculate the multicast cost to a subset of terminals in the
routing graph, the optimum multicast is by a minimum Steiner tree, com-
puting which is NP-hard. But we can easily approximate it, for instance
by selecting a minimum spanning tree in the metric space connecting the
root to the desired terminals (the metric being the shortest path cost in the
routing graph). So in the following proof, define M(S) to be the cost of
the minimum spanning tree connecting the root to S in the complete graph
G(S) whose vertices are the ones in S ∪ {root} and the weight of an edge
(u, v) is the shortest path distance between u and v in the routing graph.
And the cost we calculated by this definition is a 2-approximation of the
cost calculated by the optimal multicasts in the graph.
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Lemma 11. ALG(S) = ALG(X) + ALG(Y ) + n [M(X) + M(Y )]

Proof. The proof of this lemma in the routing tree case can be used here.

Lemma 12. OPT (X) ≥ OPT (X) + OPT (Y )

Proof. Same as lemma 10.

Lemma 13. M(X) + M(Y ) ≤
(

1 +
√

2/γ
)

· M(S) + c

Proof. Let ML(S) be the multicast cost to S in LAST. From the description
of LAST we know ML(S) ≤

(

1 +
√

2/γ
)

· M(S). Also we have

ML(S) ≥ ML(X) + ML(Y ) − c ≥ M(X) + M(Y ) − c

So
(

1 +
√

2/γ
)

· M(S) ≥ M(X) + M(Y ) − c.

Theorem 5. This algorithm has a constant approximation ratio.

Proof. We are going to prove this by induction. And we want to show
ALG(S) ≤ α · OPT (S) + β · nM(S). Similar to the second proof in the
routing tree cases, we are going to show this by two cases. Let c ≤ x ·M(S).

ALG(S) = ALG(X) + ALG(Y ) + n [M(X) + M(Y )]

≤ α · OPT (X) + β · |X|M(X) + α · OPT (Y ) + β · |Y |M(Y )

+n [M(X) + M(Y )]

≤ α [OPT (X) + OPT (Y )] +

(

2n

3
β + n

)

[M(X) + M(Y )]

≤ α · OPT (S) +

(

2

3
β + 1

)

n [M(X) + M(Y )]

≤ α · OPT (S) +

(

2

3
β + 1

)

n
((

1 +
√

2/γ
)

· M(S) + c
)

≤ α · OPT (S) +

(

2

3
β + 1

)

(

1 +
√

2/γ + x
)

nM(S)

≤ α · OPT (S) + β · nM(S)

The above inequality holds as long as (2β/3 + 1)
(

1 +
√

2/γ + x
)

≤ β.

We have γ > 2
√

2, x <
1

2

(

1 − 2
√

2/γ
)

, and β ≥ 3
(

1 +
√

2/γ + x
)

1 − 2
√

2/γ − 2x
. This is

our first case (c is far away from M(S)). The second case is c > x · M(S).
The distance from root to any vertex in LAST is at least c. So the shortest
path from the root to the vertex is at least c/

(

1 +
√

2γ
)

. The cost of optimal
binary logical tree on X is at least

OPTb(X) ≥ |X|
2

· log2 |X| · 2 · c

1 +
√

2γ
≥ c

3
(

1 +
√

2γ
)

log 2
n log n
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The cost of optimal logical tree on X is at one third of the optimal binary
logical tree cost, which is

OPT (X) ≥ 1

3
OPTb(X) ≥ c

9
(

1 +
√

2γ
)

log 2
n log n

The cost of logical tree constructed by our algorithm on S is at most

ALG(S) ≤ n · log3/2 n · 2M(S)

= 18
(

1 +
√

2γ
)

· log 2

log 3/2
· M(S)

c
· c

9
(

1 +
√

2γ
)

log 2
n log n

≤ 18
(

1 +
√

2γ
)

· log 2

log 3/2
· 1

x
· OPT (X)

≤ 18

x
·
(

1 +
√

2γ
)

· log 2

log 3/2
· OPT (S)

Combine both cases, we know this algorithm is a constant approximation
algorithm. In order to know what this constant is, we need to find the γ
and x to minimize the approximation ratio.

Let β =
3
(

1 +
√

2/γ + x
)

1 − 2
√

2/γ − 2x
, η =

18

x
·
(

1 +
√

2γ
)

· log 2

log 3/2
. And we know

γ > 2
√

2, x <
1

2

(

1 − 2
√

2/γ
)

. When γ increases, β decreases and η in-

creases; when x increases, β increases and η decreases.

6 Hardness proofs

In this section, we are going to give the hardness result of this problem.

6.1 NP-hard for logical tree with depth constraint

We are going to reduce 3-Partition problem, which is strong NP-hard prob-
lem, to our logical key tree problem. First define 3-Partition problem as
follows.

Problem 1. Input a set A of 3m elements, a bound B ∈ Z+, and a set
of sizes S(a) ∈ Z+ for each a ∈ A such that B/4 < S(a) < B/2, and
∑

a∈A S(a) = mB. The question is can A be partitioned into m disjoint sets
A1, A2, . . . , Am such that for 1 ≤ i ≤ m,

∑

a∈Ai
S(a) = B.

For any instance of 3-Partition problem, which means given A, m and
B, we are going to construct a routing tree such that its optimal logical
tree has certain cost if and only if A can be partitioned into m disjoint sets
A1, A2, . . . , Am and for 1 ≤ i ≤ m,

∑

a∈Ai
S(a) = B. Assume that the 3m

elements in A are a1, a2, . . . , a3m. Construct the routing tree as shown in
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Figure 26: Routing tree constructed by 3-Partition instance

Figure 26. The edge cost of the first level is c1, the edge cost of the second
level is c2, and the edge cost of the third level is 1.

If A can be partitioned into m disjoint sets A1, A2, . . . , Am and for 1 ≤
i ≤ m,

∑

a∈Ai
S(a) = B, its corresponding logical tree is shown in Figure 27.

And the cost of this logical tree is (c1 +c2 +1)mB2 +(c1 +3c2)m
2B+m2B2.

Figure 27: Logical tree corresponding to 3-Partition

Now we need to show that for 3-Partition instance, we can choose c1 and
c2 such that the cost of the above logical tree is the minimum. First step
is to make the minimum among all the 2 level logical trees. The general
2-level logical tree is shown in Figure 28.

Figure 28: General 2 level logical tree

Its cost can be calculated as follows,
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cost ≥
x

∑

i=1

yi [yi (c1 + c2 + 1) + xc1 + 3mc2 + mB]

= (c1 + c2 + 1)

x
∑

i=1

y2
i + xc1mB + 3c2m

2B + m2B2

≥ x (c1 + c2 + 1)

(∑x
i=1 yi

x

)2

+ xc1mB + 3c2m
2B + m2B2

= (c1 + c2 + 1)
m2B2

x
+ xc1mB + 3c2m

2B + m2B2

when (c1 + c2 + 1) m2B2

x = xc1mB, the cost achieves minimum. That is
x2 = mB · c1+c2+1

c1
. We would like the cost is minimized when x = m. So

let mB · c1+c2+1
c1

= m2, we have m−B
B = c2+1

c1
. As long as m > B, we could

find c1 and c2, such that the logical key tree corresponding 3-Partition is
the minimum among all 2-level logical trees.

Next step is to show that the logical tree corresponding to 3-Partition is
the minimum among all the logical trees whose depth is at most 2, shown
in Figure 29.

Figure 29: General 2 level logical tree

Let node i ∈ z, which is one step away from the root of logical tree. We
analyze this by two cases. The first case is all i’s siblings in the routing tree
are only one step away from the root in the logical tree. In this case, we
group them together by an intermedia node and connect this node to the
root in the logical tree, shown in Figure 30, where si is the number of i’s
siblings plus one. And from the definition of 3-Partition problem, we know
B/4 < si < B/2. We want to compare these to logical trees to see which
one is less expensive. The cost difference between these two as be calculated
as follows (n = mB),
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Figure 30: Revised logical tree

si · n · (c1 + c2 + 1) − [si · si · (c1 + c2 + 1) + n · (c1 + c2 + si)]

= si · n · (c1 + c2) − [si · si · (c1 + c2 + 1) + n · (c1 + c2)]

≥ mB2

4
(c1 + c2) −

[

B2

4
(c1 + c2 + 1) + mB (c1 + c2)

]

= B

[(

mB

4
− B

4
− m

)

· (c1 + c2) −
B

4

]

as long as mB
4 − B

4 − m > 0 (like B > 4), we can make this positive. So by
modifying the logical tree we can have a better solution. Similarly, if more
than half i’s siblings in the routing tree are only one step away from the root
in the logical tree, we group them together to make them two steps away,
then we have the condition mB

8 − B
4 − m > 0 (like B > 8).

The second case is that there exist an i’s sibling in the routing tree that
is two steps away from the root in the logical tree (notice in this case we can
assume that more than half of i’s siblings are two steps away from the root
of the logical tree). In this case we can group i with its siblings, which is
shown in Figure 31. And the cost difference between them can be calculated
as follows,

Figure 31: Revised logical tree

n(c1 + c2 + 1) − [(y1 + 1)(c1 + c2 + 1) + y1(c1 + c2 + 1) + n]

= [mB − (2y1 + 1)] (c1 + c2) − (2y1 + 1)
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as long as mB > 2y1 + 1. If there exists an i’s sibling which is in a group
with size smaller than (mB − 1)/2, we can pick large enough c1 and c2 to
make this positive. If such sibling doesn’t exist, then all i’s siblings who are
two steps away are all in the same group y1 and y1 > (mB − 1)/2. In this
case we can separate i’s siblings in y1 from the other nodes in y1 and have
the following logical tree, shown in Figure 32.

Figure 32: Revised logical tree

y′2 contains all i’s sibling who were in y1, and y′1 contains all the other
leaves in y1. We are going to argue this logical tree has smaller cost then
the original one. The cost of subtree y1 is y2

1(c1 + c2 + 1) + nM(y1). And
this cost changes to y

′2
1 (c1 + c2 + 1) + y

′2
2 (c1 + c2 + 1) + n [M(y′1) + M(y′2)]

in the new logical tree. Since y1 = y′1 + y′2, B/8 < y′2 < B/2 and M(y1) −
[M(y′1) + M(y′2)] = c1, we can calculate the cost difference between these
two logical trees as follows,

2y′1y
′
2(c1 + c2 + 1) − nc1

= 2y′1y
′
2

m

B
c1 − mBc1

= mc1

[

2y′1y
′
2

B
− B

]

≥ mc1

[

2

(

mB − 1

2
− B

8

)

B

8

1

B
− B

]

= mc1

[

mB − 1

8
− B − 1

32
B

]

as long as (mB − 1)/8 ≥ 33B/32, which means m ≥ 9, we can make this
positive. The above argument shows we can always find a “small” group to
place i. Hence the logical tree corresponding to 3-Partition is the minimum
among all the logical trees whose depth is at most 2.

Theorem 6. Logical key tree problem with depth constraint is NP-complete.

Next we need to show the logical tree that corresponds to 3-Partition is
also the minimum among all the logical trees whose depth is greater than 2.
Look at the example in Figure 33. We want to compare the cost difference
of those two logical trees. The calculation is shown as follows.
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Figure 33: 3-level logical trees

(

s2
1 + s2

2 + s2
3

)

(c1 + c2 + 1) + (s1 + s2 + s3)(3c1 + 3c2 + s1 + s2 + s3)

> (s1 + s2 + s3)
2(c1 + c2 + 1)

⇔
(

s2
1 + s2

2 + s2
3

)

(c1 + c2 + 1) + 3(s1 + s2 + s3)(c1 + c2) > (s1 + s2 + s3)
2(c1 + c2)

⇔
(

s2
1 + s2

2 + s2
3

)

+ 3(s1 + s2 + s3)(c1 + c2) > 2(s1s2 + s2s3 + s3s1)(c1 + c2)

since s2
1 + s2

2 + s2
3 ≥ s1s2 + s2s3 + s3s1, we know if c1 + c2 ≤ 1/2 the above

inequality holds. Now consider another example shown in Figure 34. The
cost calculation is shown as follows.

Figure 34: 3-level logical trees
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(s1 + s2)(2c1 + 2c2 + s1 + s2) + mB(c1 + 2c2 + s1 + s2) > mB(2c1 + 2c2 + s1 + s2)

⇔ (s1 + s2)(2c1 + 2c2 + s1 + s2) > mBc1

⇔ (s1 + s2)
2 + 2(s1 + s2)(c1 + c2) > mBc1

⇔ (s1 + s2)
2 + 2(s1 + s2)

(m

B
− 1

)

c1 > mBc1

6.2 NP-hard for weighted logical tree

In this section, we are going to prove that logical key tree problem, which
members can have different probability to request key update, is NP-complete.

Lemma 14. For the routing tree shown in Figure 35, let S be the set of
leaves, |S| = n, and each member has the same chance to request key update.
3n log3 n is the cost lower bound of all logical trees.

Proof. We are going to prove this by induction on the number of leaves (n)
in the routing tree. Base case is when n = 1. In this case the optimal logical
tree is just a root with a single leaf, which has cost 1. And 1 > 3·1·log3 1 = 0.

For the inductive case, let d be the degree of the root of logical tree. For
the first child, its total number of leaves is m1, for the second child, its total
number of leaves is m2, . . . , for the dth child, its total number of leaves is
md. Then by inductive hypothesis, we can calculate the cost of logical tree
as follows.

cost ≥ d · n + 3m1 log3 m1 + 3m2 log3 m2 + · · · + 3md log3 md

≥ d · n + d · 3 · n

d
· log3

n

d
(x log x is convex)

= 3n log3 n + d · n − 3n log3 d

because when d < 2.5 or d ≥ 3, d ≥ 3 log3 d. We can have cost ≥ 3n log3 n.
And the inequality tights when d = 3 and m1 = m2 = m3 = n/3.

Figure 35: Routing tree

Lemma 15. If n = k3 (k ∈ N) and all the leaves have the same chance to
request key update, then the optimal logical tree is a degree-3 tree. And this
optimal logical tree is unique.
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Proof. First, it is easy to verify that degree-3 logical tree reaches the lower
bound, 3n log3 n. So it is an optimal logical tree. Then from the proof of
lemma 14, we can see that the inequality only tight when m1 = m2 = · · · =
md and d = 3, which means degree-3 logical tree is the only optimal logical
tree for this routing tree.

Lemma 16. Given a 3-partition instance, where 3m (3m is the number of
numbers) is not the power of 3, we can add groups of numbers, B, 0, 0, to
make m the power of 3. And the original 3-partition instance has a solution
if and only if the new 3-partition instance has a solution.

Proof.

Theorem 7. Logical key tree problem, which different leaf can have different
weight, is NP-complete.

Proof. We are going to reduce 3-partition problem to this weighted logical
key tree problem. First by lemma 16, we can assume that 3m is the power of
3. Then, for any given 3-partition instance (3m numbers w′

1, w
′
2, . . . , w

′
3m),

we create a logical tree, which has the same structure as the one shown in
Figure 35. We add a value w to each of these numbers, wi = w+w′

i, such that
wmax

wmin
<

3n log3 n+1
3n log3 n , where wmax = maxi{w + wi} and wmin = mini{w + wi}.

The top level edge has cost c, the second level edges have cost from w1 to
w3m, and the leaves have weights from w1 to w3m. Now we are going to
show the 3-partition problem has solution if and only if the optimal logical
tree has certain cost.

If we make c really huge, then the cost of optimal logical tree is smaller
than c · 3n log3 n · wmax. And by lemma 14 and 15, we know any other
logical tree, which is not a degree-3 tree, has cost greater or equal to c ·
(3n log3 n + 1)·wmin. Since we make wmax

wmin
< 3n log3 n+1

3n log3 n , we know the optimal
logical tree has to be a degree-3 tree. So in the optimal logical tree, the cost
caused by the first level edge in the routing tree is exactly c · 3n log3 n · W
where W =

∑

i wi, which is the same for all degree-3 logical trees.
Now we are going to look at the cost caused by the second level edges

in the routing tree. The cost of the first level nodes, root’s direct children,
is W 2. The cost of the second level nodes is W 2

11 + W 2
12 + W 2

13, where W1i

is the total weight of the leaves in root’s ith child’s subtree, and W11 +
W12 + W13 = W . The cost of the third level nodes is W 2

21 + W 2
22 + · · · +

W 2
29, and W21 + W22 + · · · + W29 = W . Similarly, for the jth level, the

cost is W 2
j1 + W 2

j2 + · · · + W 2
j3j and Wj1 + Wj2 + · · · + Wj3j−1 = W , j =

1, 2, . . . , log3 3m. So the cost caused by the second level edges in the routing
tree is minimized when W11 = W12 = W13 = W/3, W21 = W22 = · · · =
W29 = W/9, . . . , Wlog3 3m,1 = Wlog3 3m,2 = · · · = Wlog3 3m,m = W/m = B.
And this cost is W 2 · (1 + 1/3 + 1/9 + · · · + 1/m), which only the logical
tree that cooresponds to the solution of the 3-partition problem has. So
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3-partition problem has solution if and only if the optimal logical tree has
cost c · 3n log3 n · W + W 2 · (1 + 1/3 + 1/9 + · · · + 1/m).

7 Approximation of weighted version

In this section we are going to give approximation algorithms for logical key
tree problem where different members have different probabilities (weights)
to join and leave the group. The underlining routing structure will be routing
tree and routing graph respectively.

First we need to define how to calculate the costs of logical trees in this
model. Similarly to the case with uniform weight, the cost of logical tree
can be represented as

∑

v∈T v 6=root

w (Tpv
) · M(v)

where Tpv
is the subtree induced by node v’s parent, w (Tpv

) is the weight
sum of all the leaves in the tree Tpv

, and M(v) is the multicast cost to the
members in the subtree rooted at v.

Theorem 8. There is always a binary logical tree whose cost is within three
times the optimal one.

Proof. Similar to the one for uniform case.

7.1 Routing tree with weighted members

We are going to give an approximation algorithm for the routing tree with
weighted members. The algorithm is very similar to the one for uniform
weight case. The difference is when we find the partition node in each
iteration, instead of partitioning the number of members, we should partition
the weight. If we couldn’t find a balanced partition, then there is a single
heavy node with weight more than 2/3 of the total weight. In this case let
X be a singleton set that contains this heavy node. If c ≤ M(S)/4, then
call the algorithm recursively on both X and Y ; if c > M(S), then call the
algorithm recursively only on Y and use Huffman Tree on X. The following
shows that this is a constant approximation algorithm.

Lemma 17. If the multicast to every subset of leaves is the same, then
Huffman Tree yields the optimal binary logical tree.

Proof. Huffman Tree yields the minimum average depth of leaves, which in
turn shows this is the optimal binary logical tree.

Lemma 18. When c > M(S)/4, using Huffman Tree on X is a 12-approximation
of the optimal logical tree on X.
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Proof. Since c > M(S)/4, the multicast cost to any subset of X is between
M(S)/4 and M(S). By lemma 17, we can see Huffman Tree is at most 4
times the optimal binary logical tree. And by theorem 8, we can conclude
that this Huffman Tree is 12-approximation of the optimal logical tree.

Lemma 19. ALG(S) = ALG(X) + ALG(Y ) + w(S) [M(X) + M(Y )]

Lemma 20. OPT (S) ≥ OPT (X) + OPT (Y )

Theorem 9. This algorithm has a constant approximation ratio.

Proof. We are going to prove this by induction on the number of members.
And the induction hypothesis is ALG(S) ≤ α · OPT (S) + β · w(S)M(S).
There are three cases. The first case is c ≤ M(S)/4 and the partition is
balanced.

ALG(S) = ALG(X) + ALG(Y ) + w(S) [M(X) + M(Y )]

≤ α · OPT (X) + β · w(X)M(X) + α · OPT (Y ) + β · w(Y )M(Y )

+w(S) [M(X) + M(Y )]

≤ α [OPT (X) + OPT (Y )] +

(

2

3
β + 1

)

w(S) [M(X) + M(Y )]

≤ α · OPT (S) +

(

2

3
β + 1

)

w(S) [M(S) + c]

≤ α · OPT (S) +
5

4

(

2

3
β + 1

)

w(S)M(S)

≤ α · OPT (S) + β · w(S)M(S)

as long as 5
4

(

2
3β + 1

)

≤ β, which is β ≥ 7.5.
The second case is c > M(S)/4 and the partition is balanced. In this

case, we only call the algorithm recursively on Y and use Huffman Tree on
X. So we have the following.

ALG(S) = Huff(X) + ALG(Y ) + w(S) [M(X) + M(Y )]

≤ 12 · OPT (X) + α · OPT (Y ) + β · w(Y )M(Y ) + w(S) [M(X) + M(Y )]

≤ α [OPT (X) + OPT (Y )] +
2

3
βw(S)M(S) + 2w(S)M(S)

≤ α · OPT (S) +

(

2

3
β + 2

)

w(S)M(S)

≤ α · OPT (S) + β · w(S)M(S)

as long as α ≥ 12 and 2
3β + 2 ≤ β which is β ≥ 6.

The third case when the partition is not balanced. In this case, our
algorithm connect the heavy node directly to the root of logical tree. So we
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have the following.

ALG(S) = ALG(Y ) + w(S) [M(X) + M(Y )]

≤ α · OPT (Y ) + β · w(Y )M(Y ) + w(S) [M(X) + M(Y )]

≤ α · OPT (S) +
1

3
βw(S)M(S) + 2w(S)M(S)

≤ α · OPT (S) +

(

1

3
β + 2

)

w(S)M(S)

≤ α · OPT (S) + β · w(S)M(S)

as long as 1
3β + 2 ≤ β which is β ≥ 3. In sum, this is a 19.5-approximation

algorithm.

7.2 Routing graph with weighted members

We are going to give an approximation algorithm for the routing graph with
weighted members. We use the same idea as the approximation algorithm
for uniform case. The algorithm is shown as follows.
Input: S, which is a set of vertices in the routing graph.
Algorithm:

1. Compute the complete graph on S ∪ {root}. The weight of an edge
(u, v) is the length of shortest path between u and v in the original
routing graph.

2. Compute the MST on this complete graph. Call it MST(S).

3. Based on MST(S), compute the LAST, which is an (α, β)-approximation
of SPT and MST(S).

4. Using this LAST to find the partition node and split S into X and Y .
If we couldn’t find balanced partition, which means there is a heavy
node with more than 2/3 the total weight, let X be the singleton set
that contains this heavy node.

5. Call the algorithm recursively on X if c ≤ M(S)/4. Otherwise use
Huffman Tree as the logical tree for X. This step returns T1.

6. Call the algorithm recursively on Y , which returns T2.

7. Return the binary logical tree constructed using T1 and T2, shown in
Figure 24.

Now we are going to prove this is a constant approximation algorithm.
And again we are using the LAST which is a

(

1 +
√

2γ, 1 +
√

2/γ
)

-approximation
in the following proof. Notice, lemma 13, lemma 19 and lemma 20 still hold
here.
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Lemma 21. When c > M(S)/4, using Huffman Tree on X is a constant
approximation of the optimal logical tree on X.

Proof. Since c > M(S)/4, the distance from the root to any element in X

is at least c
1+

√
2γ

= M(S)

4(1+
√

2γ)
. So the multicast cost to any subset of X is

between M(S)

4(1+
√

2γ)
and M(S). By lemma 17, we can see Huffman Tree is at

most 4
(

1 +
√

2γ
)

times the optimal binary logical tree. And by theorem 8,

we can conclude that this Huffman Tree is 12
(

1 +
√

2γ
)

-approximation of
the optimal logical tree.

Theorem 10. This algorithm has a constant approximation ratio.

Proof. We are going to prove this by induction on the number of members.
And the induction hypothesis is ALG(S) ≤ α · OPT (S) + β · w(S)M(S).
There are three cases. The first case is c ≤ M(S)/4 and the partition is
balanced.

ALG(S) = ALG(X) + ALG(Y ) + w(S) [M(X) + M(Y )]

≤ α · OPT (X) + β · w(X)M(X) + α · OPT (Y ) + β · w(Y )M(Y )

+w(S) [M(X) + M(Y )]

≤ α [OPT (X) + OPT (Y )] +

(

2

3
β + 1

)

w(S) [M(X) + M(Y )]

≤ α · OPT (S) +

(

2

3
β + 1

)

w(S)
[(

1 +
√

2/γ
)

M(S) + c
]

(lemma 13)

≤ α · OPT (S) +

(

5

4
+

√
2/γ

) (

2

3
β + 1

)

w(S)M(S)

≤ α · OPT (S) + β · w(S)M(S)

as long as
(

5
4 +

√
2/γ

) (

2
3β + 1

)

≤ β.
The second case is c > M(S)/4 and the partition is balanced. In this

case, we only call the algorithm recursively on Y and use Huffman Tree on
X. So we have the following.

ALG(S) = Huff(X) + ALG(Y ) + w(S) [M(X) + M(Y )]

≤ 12
(

1 +
√

2γ
)

· OPT (X) + α · OPT (Y ) + β · w(Y )M(Y ) + w(S) [M(X) + M(Y )]

≤ α [OPT (X) + OPT (Y )] +
2

3
βw(S)M(S) + 2w(S)M(S)

≤ α · OPT (S) +

(

2

3
β + 2

)

w(S)M(S)

≤ α · OPT (S) + β · w(S)M(S)

as long as α ≥
(

1 +
√

2γ
)

and β ≥ 6.
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The third case when the partition is not balanced. In this case, our
algorithm connect the heavy node directly to the root of logical tree. So we
have the following.

ALG(S) = ALG(Y ) + w(S) [M(X) + M(Y )]

≤ α · OPT (Y ) + β · w(Y )M(Y ) + w(S) [M(X) + M(Y )]

≤ α · OPT (S) +
1

3
βw(S)M(S) + 2w(S)M(S)

≤ α · OPT (S) +

(

1

3
β + 2

)

w(S)M(S)

≤ α · OPT (S) + β · w(S)M(S)

as long as β ≥ 3. So, this algorithm has a constant approximation.

8 Further directions

In this section, we keep track of further directions of this logical key tree
problem.

1. Logical key tree with depth constraint.

2. The underlining routing trees are dynamically changing. How to main-
tain the logical trees.

3. How to construct a tree which is a good representation of the routing
graph.
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