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1 Language
1.1 Syntax
w= 1|B|N|a|7+7]|ref(7) | refo(7) | pa.m | Vo | 7 =7

o == 1|B|N|7+7]|ref(7)|ref:(7) | pa.o

e == ()|true|false |if ethenecelsee|n|e+e|x|recf(x)e|ee|Aele_
|  null | some(e) | case(e, null = ¢,some(z) = €) | inj; e | case(e,inj; x = e,inj, y = ¢€)
| newe|eli|eli] := e]| CAS(e[i],e,e) | £ | fork e

v == rec f(z)e|Ae]| ()| n|true|false ||z

r == -|a:7

A = A«

Q == AT

Note: recursive types are required to be productive: the type variable must appear

under a non-y type constructor.

1.2 Type rules

QF(:1 QF true : B QF false : B QFn:N Qe:thx:7
QFe:B  QFe T QO f:rsrr:TFe:T
QFif e then e else e : 7 QFrec f(x)e: 7 =7
QFe:7 w717 QFe 7 _ Ok e:ref(T)
- QF null : ref;(7) —
QFee 7 Q + some(e) : ref;(7)
QFe:ref(T) QFe: T Qz:ref(T)Feg: T QFe:n
QF case(e, null = e, some(z) = e) : 7 QFinj,e:m + 1
QFe:m +m Qe:1mbe T Qate:r QFe:Va.r
O F case(e,inj; x = ey,injy x = e3) : T QF Ae:Var Qe _:7[7"/qa]
Obe:m Ot e:ref(7) QO+ e:ref(7) Qe :m
QF new (e) : ref(7) QFefi]: 7 Qbeli] == ¢€:1
QFe:ref(T) =0 QkFe,:0 Qke,:0o QFe:1
QF CAS(e[i], e0,€,) : B QFforke:1
QFe: par QFe: 7[pa.t/al
QFe: rpa.t/a] QFe:pa.r



1.3 Operational semantics

K == []|if Kthenecelsee | K+e|v+K|Ke|vK
| inj, K | case(K,inj, z = e,inj, x = ¢) | some(K) | case(K, null = ¢,some(z) = ¢) | K _
|  new (7,K,e) | K[i] | K[i] := e]|v[i] := K | CAS(K]Ji],e,e) | CAS(v[i], K,e) | CAS(v[i], v, K)
T € ThreadPool 2 N ™ Exp
u == () |inj;v
h |l

Primitive reductions |h;e — h';¢’

hin+m < hjk when k=n+m
h; €[i] — h;v; when h(¢) = ()
hil[i] == v — hle[i] =v];() when ¢ € dom(h)
h; CAS(€[i], vo, vpn) < h[L[i] = vy];true  when h(£)[i] = v,
h; CAS(L[i], vo,vn) < h;false when h(€)[i] # v,
h;case({,inj; © = e1,inj, © = e3) — h;e;[v/z] when h(¢) = inj; v
h;if true then ¢; else e; — h;e;
h;if false then e, else ey h;eq

(_>
hynull — h; ()
h;some({) — h;t
h; case((),null = e;,some(z) = e3) < h;ey
h; case({, null = e1,some(z) = e3) — h;eq[l/x]
h;rec f(z).ev < h;erec f(z).e/f,v/x]
hiinj; v < hW[¢— inj;, v]; £
h;Ae_ — he
h;new () — hW[l— (D)];¢

Program reduction |h;T — h/;T’

hie = h';e
T K] = W5 T8 = K]

hiT Wi Klfork e]] — s Tw i K[)]|W[j — ]

1.4 Contextual approximation (refinement)

QFe Xe:7 & VO :(Q,7)~ (0,N). Vi, j.
if 0;[i — Cler]] =* hy;li —> n]WTh
then 0;[j — Clea]] =* ho;[j — n] W Ty



1.5 Derived forms

getVal(e) = case(e,null = diverge, some(r) = 1)
list(t) = pocrefz(a, )
cons(e,¢’) = some(new (e, ¢’))
letz=cine 2 (A.e)e
el £ let_=ceiné
forkiDe £ letx = new nonein fork z := some(e); z
join £ rec f(x). case(z[0],. = f(z),r =)
acq = rec f(z). if CAS(xz[1],false, true) then () else f()
rel 2 \r.z[l] := false
sync(e) {€'} £ letx=ceinacq(z); letr=¢ inrel(x); r



2 The model

2.1 Standard resources

3 € StateSet
7 € ImplSpec

©(Heap x ThreadPool)
Heap x StateSet

L
L

Composition on state sets is strong:

(hlazl) ®

Y1 ® o
(he,%2)

{ h1 L‘!‘JhQ;Tl H‘JTQ
(hl G] hg,zl X 22)

| hi;T; € X5 }

> 1>

If N1 and N, are subsets of ImplSpec we have:

NixNy =& {m®@n

2.2 Worlds and islands

STS
World,,

Island,,
UPred,,
VRel,
UWorld,,

0, 7,5, 4)C (6,7, s, A

(07 J’ s’ A) ® (0/7 J/’ 3/7 A,)

(nonempty, finite subsets)

(defined only when all compositions are defined)

| m € Ni }

2 {9=(S,4,~,F) | »CSxS FeS—pA) }

| 0 €STS, Je€0.S— UPred,, s € 0.5, AC0.A, A#0.F(s) }

2 {wW=(hw) ‘ k<n, weN®Isdand, |
2 {1=(0,J,5A)
£ { & C UWorld,, x ImplSpec | Y(U,n) € ®, U' JU. (U',n)€® }
£ {V CUWorld, x Val x Val | Y(U,v1,v2) €V, U' JU. (U',v1,v3) €V }
£ {UeWorld, | U=|U|}
lwle £ e [w@)]k

1(0,J,50,A) | = (0,(s~ I(s) | UWorldy), s, A)

OF (5,A) ~ (s',A) & s~ps AN OF(s)WA=0F(s)wA

uar

0=0",J=J,0F (s,A) ~" (s, A

w gufr W' Vi € dom(w). w(i) gufr W' (1)
(kw) T (K,w) 2 k>kK A |wp T o

frame(k, w)
frame(6, J, s, A)

rely

wC w

(k, i — frame(w(7)))

>l

guar

1>

(0, 7,5, A)|
|(F, w)]

0, J,s,0)
(kyi = |w(2)])

> 1>

0,J,s,AUA")
undefined

(k,w®w)
undefined

W @ W' defined
J(s)(>[W])

[I>

(1>

(k,w) ® (K,

lI>

WH#HW'

I[[(gv vavA)]]W
hY:W,n

>

frame(W) C frame(W’)

0, J, s, 0.A— (0.F(s) U A))

0=0,s=sJ =JAMNA
otherwise

k =k, dom(w) = dom(w’),
otherwise

Wk>0 = (h,X) e {n}« *iedom(w)I[Ww(i)]]W



2.3 Assertions

inv(P)
r=y

m

L

P

¥

> > 90— i

i | none

(0,1,s,A) where I € 0.5 — Assert, s € 0.5, ACHO.A, 0.F(s)#A
emp| bP|i|v=rulvssul|i—ge | TQm (z. P)
P=P|PAP|PVP|3P|VeP|PxP|PGP| oP|¢
v=v| (P)e (z.Q) |QFe=<fe:7|v=Yv:T
(({1},0,0,2_.0),\_.P,1,0)

Vo' e¥ . FJcen. ¢ =*¢

[ £ s { (Un) =" 1(s) | Ue UWorldy }

Semantics of assertions (closed on term variables, may have free type variables closed by p)

W,n =P P:
W,n =7 emp = W =|W|n=(0{0;0})
W,y =f >P L2 Wk>0 = oW, k=P
W kr (0,1,5,4) 2 FiW'S (Wk[ie (6,115 .5 A)
W,n B visru 2 0= ([vr ], {0;0})
W visu = =0, {fv— u);0})
W2 i—se 2 n=0,{0;[i = €]})
W, =" P= P oy W Wy =P P implies W',y =0 P/
W,n kP PAP £ W,n =" P and W,n =° P’
W, PV P = W, Por W,y P
W,n =P Jz.P £ Ju. W,n =° Plv/z]
W,n E° Vz.P £ Vu. W,n |=° Plv/x]
W,n =P P« Py EW=W, Wy, n=m®n, Wi,n =P,
W,n k" PP £ Y =%U%, W,(n.h,%;) = P,
W,nl=r oP 2 n=(hY), VEr#X. 3Y. (2@ %r) = (¥ @ Br) and W, (h,Y') = P
W, =2 ¢ 2 (W )=l”90
rely

WOa n ':P TQm <I‘ Q>

[I>

YW 3 Wy, ne#n.

if Wk >0and h,X: W,n®np then
i hyT = ;T then 35,0/, W' "3 W.

=Y, MY W oyen, Wk=Wk-1, Wi nETam (z. Q)
if T'=ToW[m — v] then 3% ', W’ gg w.
¥ =Y, Y Wi nene, W.k=Wk W o E°Q[v/x]+Ty@Qnone (z. tt)



Semantics of pure assertions: U =" . If P is impure, U | P is short for Vn. U,n =" P.

UEP v =9 = v = vy
rely rely
Uk - J U 2 U J U
Uk (P)e(r.Q)= Vi.U " P =i Qi (r.Q)
U':p (%} jV’UQZTO =
To V1, U Requirements
T v,V Fov:m for 7, € {1,B,N}
! vy, U2 (U,v1,v2) € p(a)
T — 7 | rec f(z).e1,rec f(z).ea | U P >(z: 7 F erfrec f(z).e1/f] =€ eslrec f(z).ea/f] : ')
Yoa.r Aei,Aes UkEo(ate =fey:7)
Ho.T V1, Vg U v =Y vy Tlpat/al
ref,(7) V1, Vg UkEro <Y u:1 Vv <Y vy ref(7)
ref(7) £y, lo UEinv(3z,y. Az Vy: 1A =1 (T) *le —s (7))
T + T L1, 45 U3z, y. o <Y y: 7 Ainv(ly =1 inj; % {3 g inj; y)
U~ ebker<fey:T VK, j. U E? (j —s Klea]) €1 <x1.3x2.x1 jva:T/\jHSK[mD

Uk x:7 The <fey:
UE’ o, AT e <fey:

The set World x ImplSpec

UEPYry,ao. 21 =V 20 : 7' = Tk eqry /2] < eglwg/a] 7
VWU =P VIA T Fe <f eyt

> > 1>

rely
is a preorder when ordered by (w,n) 3 (w',7n’) iff w 3

w’ An =1n'. Since ImplSpec is a partial commutative monoid and World is a commutative
semi-group with a unit element for each element, we have:

Lemma 1. The set PT(World x ImplSpec) of upwards-closed subsets of World x ImplSpec
is a complete Bl-algebra.

Hence we get a model of intuitionistic BI logic and, indeed, the interpretation of the
logical connectives is as detailed in the above table showing the semantics of assertions.



3 Soundness

3.1 Basic Properties

rely guar
Lemma 2 (Rely-guarantee Preorders). The relations C and C are preorders.

rely
Lemma 3 (Rely-closure of Assertions). W,n =? P and W’ 3 W implies W/ n = P.
Lemma 4. [W|@W =W.

rely rely
Lemma 5. If W C W’ then |[W| C |W’|.
rely
Lemma 6 (Rely Decomposition). If W3 @ Wy T W' then there are W{ and W3 with
rely rely
W' =W @ W), Wi C W and Wa C Wj.

Lemma 7 (Token Framing). If W gugar W' and W @ Wy is defined then there exists some
rel guar

Wj'c Qy Wy such that W’ ® W; is defined and W@ W; T W'® W}

Lemma 8. If h, X : W,n then h, X : W @ W', 7.

Lemma 9. If b, X : W @ W/ n then h, X : W,n.

uar rely

Lemma 10. If W.k > 0 then sW 2 W and oW 3 W.
Lemma 11. If W.k > 0 then | > W| =p|W|.
Lemma 12 (Later Satisfaction). If W.k > 0 and h,X : W,n then h, X : bW, 1.

Lemma 13. = is transitive.

3.2 Constructions with Threadpool Triples
Lemma 14 (Framing). W,n = TQm (z. Q) and Wy, ny = R with W#Wy, n#n; gives

W@ Wrnen = TAm (z. Q * R).

Proof. The proof proceeds by induction on W.k.
Case

L (W Ws)k=Wk=0.

Case

rely
2 Let W' 3 W@ W, np#n @ n;.

rely rely
s Write W/ = W] @ W}, with W, 3 W, W, J W;

by Lem. 6.
4. Suppose (W{ @ W3).k > 0.
5. Wik = (W] ®Wj).k>0.
6. Suppose h, X : Wi @ W3, n®@ns @1}
T h, B Wi n®@ny @nj by Lem. 9.



Case |h;T — h';T'

8. Pick X'/, and W/ with by assumption.
=
Y=Y,
WE WYy @np @,
Wik = Wik — 1,
Wi, =r T'@m (. Q)

. rely . guar
9. Pick W§/ J W with W/ @ WY 13 W/ @ W)
by Lem. 7.
w. KB W e Wy n' @np @) by Lem. 8.
i (W @WHhk=W/"k=Wk—1=(WWj).k—1.
12. Wi,y =° R.
1. WY @ Wi, @nyp =° T'@m (z. Q = R)
by induction hypothesis.

Case ‘mziandeTo&J[i»—Hj]‘

14. Pick ¥/, 0/, and W}’ with by assumption.
wy 3wy,
Y=Y,
h,X W' 0 @np ® 77},
Wik = Wik,
W' 0 =° Qv/x] * Ty@none (. tt)
15 Pick WY 'S Wy with Wl e W "5 W e wy
by Lem. 7.
. KB W @ Wy n' @np @) by Lem. 8.
v (W@ WYk = Wik = Wik = (W] @ W)).k.
18. Wy, ny =° R.
1. W{' @ Wi, 0’ @ ny =° Q[v/a] * R+ Ty@none (x. tt).

O

Corollary 1 (Precondition Extension). W,n = T@Qm <x1. Fxo. 1 =V 2o 1 T A j —g K[x2]>

together with Wy#W gives W @ Wy, n =" TQm <:1:1. Fzo. 1 =Y 201 T A =g K[x2]>.

Corollary 2 (Postcondition Strengthening). If we have W, n =" T@Qm (z. Q) then W, n |=°
rel

TQm <x QN - Qy \W|> holds too.

Lemma 15 (Parallel Composition). If we have Wy, n; =P T1@Qmy <a: Q1> and Wy, no =P
T5Q@Qmeo <$ Q2> with Wi #Wos, 771#7]2, T1#T5 and my 7é none = myp € dOHl(Tl) then we

also have
Wi ® W2,771 & N2 ':p T TQ@ml <.’£ Q1>

Proof. The proof proceeds by induction on the measure M (W7, m;) defined by

W.k m = none

M(W,m) =
(W,m) {Wk—l—l m # none.

Case ’M(Wl,ml) = O‘

1. (Wl X Wg)k = Wlk =0.

10



Case ’M(Wl,ml) > 0‘

2 Let W' S Wy @ Wa, np#m @ na.

3 Waite W' = W{ 0 W4 with W '3 Wy, w3 S W,
by Lem. 6.

4. Suppose (W{ @ W3).k > 0.

5. Wik =(W{ @ W3).k>0.

6. Suppose h, ¥ : W] @ Wy, m @ 12 ® n5.

7 RS W,m @n @y by Lem. 9.

Case |h;TiywTy, — h;T'

8. Write 77 = T] W T, WLOG.
9. hyTy — 05 TY by nondeterminism of fork.
10. Pick ¥/, n}, and W{ with by assumption.

W// gujar W/

1 = 1

Y=Y,

Wk =W/k-1,

R, W m) @ m2 @y,
Wi ny =P T1@my (21. Q1)

. rely . guar
11 Pick WY '3 W} with W' @ WY 3 W/ @ W)

by Lem. 7.
2 (W WHhk=W/'"k=W/k-1=W{Wi).k-1.
13 WX W WY nf @2 @ny by Lem. 8.
14. Wi e =P To@Qmgy <x2. Q2> by assumption.

15 W' @ Wi,y @na P T W To@my (21. Q1)
by induction hypothesis.

Case ‘Tl*TQZ/I’()H'J[mlﬂ'Ul]‘

16. my € dom(77) by assumption.
17. Write Ty = T W [mq — v1].
18. Pick ¥/, n}, and W]’ with

wy 3wy,

Y=Y,

Wik =Wk,

haz/ : W;{/ﬂ?i ®772 ®77fa

W', ny =P Q1[vi /1] = T{@none (. tt)

by assumption.

rely guar
19. Pick W& 3 W) with W'« W) 3 W, « W,

by Lem. 7.
20, (WU s W)k = Wik = Wik = (W! + W).k.
21 b, X" W« WY} %2 x5 by Lem. 8.
22. W& o EP To@mgy <x2. Q2>. by assumption.

23. W'« WY n} % ma =P Qv /1] x T{ & To@none (1. tt).
by induction hypothesis.

11



O

Lemma 16 (Sequential Composition). If we have W,n = [i — €] & T@i (z. Q) and for all
v and any W/, 7' with W/, 0 = Q[v/x] we have W', n’ = [i — K[v]]@i (z. R) then

W,n E=° [i = K[e]] W TQi (z. R).

Proof. The proof proceeds by induction on W.k; the case W.k = 0 is trivial so we assume
W.k > 0. We branch on the structure of e:

rely

1. Let W' 3 W, ns#n.
2. Suppose W'.k > 0.

3. Suppose h, ¥ : W', n® ny.

Case

4. Pick ¥'|n/, and W with by assumption.
W// g]ET‘r W/
Y=Y,
h7 DI WH? 77/ & nf,
W"k=W"Ek,

"
w”,

n EP Q[v/x] * T@Qnone <x tt>

5. Write W” =W/ @ WY and 0’ = n} ® n}. with
Wi m = Qlv/x],
Wy, nh =P T@none (. tt).

6. Wi'sm E° i = K[v]]Qi (z. R) by assumption.
7. W' P i Kp]]WTQi (z. R) by Lem. 15.

Case

10.

Case

11.

12.
13.

K] =4

Pick X", 7", and W' with
W/// gliTlr W//

Y = E”,
h’ E// . W///’ 7,]// ® 77f7
W k=W k,
W" ' =P R[v' /] « T@none (x. tt)
by (7).
=y
W k=W"k=W'k.
| Bili > K] 0T — 05T
Pick X", 7", and W' with by (7).
W//I gu:lar WI/
Z/ j i//, ’

h/7 Z// . VV///7 ,'7// ® 7]f,
W"k=W"k-1,

W " =P T'Qi (2. R)
»=x.
W"k=W"k—-1=W'"k-1.

12



Case |e#wv

14. Suppose h;[i — Kle]]WT — b/;[i — K[e/]]WT".
15. hili e]WT — b5 [i— e ]uT.
16. Pick ¥', 0, and W with by assumption.
W// g]ET’r W/
Y=Y,
hla DI Wua 77/ Ny,
W'k=W"k-1,
W =P i €] wT'Qi (z. Q)
1. W' =P [i — K[e')] WT'@Qi (x. R) by induction hypothesis.

3.3 Congruence

Lemma 17 (Soundness Shortcut). A;T' = e; < ey : 7 is equivalent to

YU Vp : A — VRel V1,72 : dom(T") — Val.
[Vz € dom(T'). U =* 7 () <V yy(z) : [(z)]
—
VK, j,i. U, (0,{0; [ = Klea[y2/T]]I}) E*
[i = e1[y1/T]]@Qé <x1. g 1 =Y T 1 TAJ oy K[xg]ﬂ

3.3.1 New
Lemma 18.
ATEe 2 fiim
A;T = new e < new f : ref(7)

Proof.

1. Let U,p: A — VRel, 71,72 : dom(T") — Val.

2. Suppose Vz € dom(T). U E* v1(z) <Y y2(z) : T(z).
3. Write e; = e;[v1/T], fi = filv2/T].

4 Let K,i, j.

5. Write n = (0, {0; [j — K[new f']]}).

6. Write Q = 3y. © <V y : ref(7) A j —g K[y].

7. Suffices to show U,n = [i — new €’]@i (z. Q).
by Lem. 17.

Let M = |ref(T)|. We now proceed to make a claim: for any 0 < m < M it sufices to
prove

U\ i =P [i > new vy, ..., U € g, €34]Qi (2. Q),
rely
for all U/ J U and all U’ =° vy =Y wy : 7,...,U E? vy =Y wy, @ T, where 0, =
(0,{0;[j — K[new w1, ..., W, fli1,---, fal]}). We prove the claim by induction on m;

13



the case m = 0 was proved above. So, suppose the claim holds for 0 < m < M and assume
that we know that

U’ Nmg1 EP [i > new vy, .. g1, €hgs - €] Q0 (2. Q),
rely
holds for all for all U” J U and all U” = vy <Y wy : 71,...,U" B vpy1 =Y Wi -
Tmt1, where mq1 = (0,{0;[j — K[new w1, ..., Wnt1, flnios---» f1]}). In the interest of
rely
applying the induction hypothesis, we pick arbitrary U’ J U and U’ =° v; <Y w; :
Tiyo o, U P vy =Y wy, Ty By induction, it will suffice for the claim to prove that
U i =P [i > new v, ..., U g, - €34]Qi (2. Q),
holds, where 1, = (0,{0;[j — K[new wy,..., W, fli1,---5 f1]]}). Now, by assumption

and Lemma 17 and Corollary 2 we have

rely
U/,77m i elm+1]@i <xm+1~ Qm+1 A+ 3 U/>a

where Qi1 = Wmi1- Tma1 =° Ymil : Tma1 A J —s K[new wy, ... s Wiy Y1y -+ Il

rely
Now, let v,,+1 be arbitrary and take W 1" E? Qum+1[Vm+1/Tm+1] A+ 3 U’ and by an
application of Lemma 16 we have the claim if we can show

W 0" =P i — new vy, ..., Ui, €l o, -, €0] Qi (2. Q).

Luckily, we can pick w,;1 such that we have |W”| & vpi1 =Y Wit @ Tme1, 17 =

rely
(0,{0;[j — K[new w1, ..., Wmi1, frnio---»[ar]}) and [W”| I U’ and we can apply our
original assumption. After this detour, we proceed with the proof proper:
rely
s. Let U" J U.

9. Let ANU' =Pv =V w:T.
10. Write ' = (0,{0; [j — K[new w]]}).
11. Suffices to show U’, 7 |=° [i — new 7]Qi (z. Q).

12. Let W’ r%y U, nr#n'.

13. Suppose W'.k > 0 and h, X : W' 5’ @ ny.
14. h;[i — new 7] = h W [{1 — T); [i — £4].

15. Pick £y with Vho; Th € X. £y ¢ dom(hs).

16. Write X = {0; [j — K[new w]|} ® .

17. Write X' = {[ly — wW]; [j — K[l2]]} ® .
18X = Y.

19. Write " = (0,{0; [j — K[l2]]}).

20. Pick n ¢ dom(W'.w).

21 Write P = 3Z,5. Nz =V y: 7 A ({1 —1 (T) * by —s (7).
22. Write ¢ = (({1},0,0, A_.0), [A\_. P44, 1, 0).
23. Write W = (W'.k, Ww W [n +— ]).

21 |[W"| |=P £y =V Uy : ref (7).

25. W glﬁr w'.

rely
2. oW 3 b|W.

14



27

3

S o,

ChW [l =0, X W " @y

Chw b =T, X oW " @y by Lem. 12
W =P i 0@ (. Q).

3.2 Fork

Lemma 19.

A;I‘|:eljegzl
A;T = fork eg < fork ez : 1

Proof.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. Let U, p: A = VRel,v1,72 : dom(T") — Val.
- Suppose Vx € dom(I). U = v1(z) <Y y2(x) : T'(z).

Write €] = e1[y1/T], €5 = ea[vy2/T.
Let K1, j.
Write n = (0, {0; [j — K|[fork e5]]}).

~ Write Q = 3z, 21 <V 29 : 1A —g Kxa].

Suffices to show U,n = [i — fork e}]@i (z1. Q).
by Lem. 17.

Let W riy U, 77f#77-

Suppose W.k > 0 and h, X : W,n @ ny.

h; [i > fork €] — h;[i — ()] W [i’ — €}].
Pick j/ with VA/;T" € X. j' ¢ dom(T").
Write £ = {0; [j — K|[fork e5]]} @ Xy.

Write ¥ = {0; [j — K[()]] W[’ — €5]} ® Xo.
rT=Y.

Write n' = (0, {0; [j — K[(]]})-

Write 0" = (0, {0; [/ — €5]}).

h,X W,y @n" @n;.
hX oW @n"” @ny by Lem. 12.
sW,n' = [i = ()]Qi (z1. Q).
oW, n" =P [ — e}]@i <x1. tt> by assumption and Lem. 17.
W, @0 =P [i— ()] W[’ — €}]Qi (2. Q)
by Lem. 15.
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3.3.3 Function Application and Abstraction

Lemma 20. For U.k # 0 we have U =" rec f(z).e; =Y rec f(x).e3 : 71 — T2 equivalent to

Y ,ws. YU’ regly >U.
[U’ =Py <Y ws 7'1]
_
[VE,j,i. U, (0,{0; [j = Klex[rec f(x).e2/f,w2/2]]]}) F
[i = e1[rec f(z).e1/f w1 /2]]Qi (z1. Ja. 21 =Y 22 1 T2 A g Klza])].

Lemma 21.
AT Eer Xey:m — 1 ATEASfon
AT e fi 2ex faim

Proof.

1. Let U,p: A — VRel, 71,72 : dom(T") — Val.

2. Suppose Vz € dom(T). U * v1(z) <Y y2(z) : [(z).
3. Write €] = e1[y1/T], e} = ea[y2/T].

4. Write f{ = fi[ni/T], f3 = fa[v2/T].

5. Let K,1, 7.

6. Write = (0, {0; [j — Klej f3]]}).

7. Write Q = 3wg. 11 <Y @9 : 7o A j g K]

8. Suffices to show U,n |=* [i — €} f{]Qi (z1. Q).

by Lem. 17.
9. Write Q' = 3zh. 2} <V 2 : 11 — 12 A j s Kb f3].
10. Uyn = i e}]@i (2. Q"). by assumption and Lem. 17.
rely
1. Uy =P i e)]@i (o). Q' A~ D U) by Cor. 2.

12. Let v € Val.

rel
13. Let W', o with W, =2 Q'[v}/z}] A~ 3 U.
14. Suffices to show W/, 7' = [i — v f{]@Qi (z1. Q)

by Lem. 16.
15. Suffices to show [W'|, 7' = [i — v} f{]Qi (z1. Q)
by Cor. 1.
16. Suppose W'.k > 0 WLOG.
17. Pick v} with
(W' =P o) <Y vl 1 — 1o,
n' = (0,{0;[j = K[vy f3]]}),
'S o
18. Write Q" = 3zl o <V 2l : 1y A j r—g K[vh o).
w. W0 P [i— fl@i (z]. Q"). by assumption and Lem. 17.

rel
20 W[, = [i = f11@i (2. Q" A~ T [W'|)
by Cor. 2.
21. Let vf € Val.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

rely
Let W, with W, 5" 0 Q"[o! /at] A~ T W]

Suffices to show W, i =P [i — v} v{]Qi (z1. Q)

by Lem. 16.
Suffices to show |W”|,n" = [i — v v{]Qi (z1. Q)

by Cor. 1.

Suppose W".k > 0 WLOG.
Pick v4 with

W2 o <V o c

n" = (0,{0:[j = Koy v3]]}),
WS el

L WI// rezlly WI/ 1
et = | |777f#77 :
Suppose Wk >0 and h, X : W 0 @ ny.
Write vf = rec f(z).¢] and v} = rec f(z).g5.

hi i = v o] = hi li = gifor/ £, 07 /).

Write ¥ = {0; [j — K[vh v5]]} ® Xo.

Write X' = {0; [j = Klg[vy/ f,v5 /x]]]} @ Zo.

=¥

Write " = (0,{0; [j = Klgs[va/f, v /2]]]}).

h, X oW 0" ®ny by Lem. 12.

h’ z/ . DW”/’ 7,’/// ® ,',]f
Suffices to show > W"' n" |=P [i — gi[v]/f, v} /x]]Qi (21. Q).

Suffices to show | > W"'|,n"" =P [i = gi[v]/f, v /2]]Qi (z1. Q)
by Cor. 1.

Suppose Wk > 0 WLOG.
W P vl Y vl T = .
e W =W

e W P <Y ol T

s WL = [ ghloh /00 @i (. Q)
by Lem. 20.

Lemma 22.

AT, fim >,z Eep Rex: T
A;T Erec f(z).eq S rec f(x).es: T — T

Proof.

. Let U,p: A — VRel,y1,72 : dom(I") — Val.

Suppose Vz € dom(T). U * v1(z) <Y y2(z) : T(z).
Write €] = e1[71/T], €5 = ea[y2/T].
Let K,i,5.

Wite 5= (0, {0; [+ Klrec f(zx).}]}}).
CWrite Q = 3mg. 21 XY w917 — T A j g Kxa].
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7. Suffices to show U,n = [i — rec f(x).€}]@i (z1. Q).
by Lem. 17.

8. Suffices to show U,n = Q[rec f(x).e}/x1].

9. Suffices to show U |=* rec f(z).e) <Y rec f(x).e, : 71 — To.

rely
10. Suffices to show YU’ J U. U’ |=° rec f(z).€) <Y rec f(x).eh: 1 — To.
11. Proceed by induction on U’.k.

12. Suppose U’.k > 0.

13. Let wy, wq, U” r%y >U’ with U” =f wy <Y we @ 71.
14. Let K, j,1.

15. Write 1" = (0, {0; [j = K[es[rec f(z).e5/ f,wa/a]]]}).
16. Write Q' = Jxo. 11 <Y 19 : 7o A j r—g Klaa].

17. Suffices to show U”, 0 [=° [i — €} [rec f(z).€}/f, w1 /x]]Qi (z1. Q")
by Lem. 20.

18. Vo € dom(D). U” |=° y1(z) =Y va(w) : T(z).
19. U" =" rec f(x).¢) <V rec f(x).eh: 11 — T

by induction hypothesis.
00 U7, P [i e el lrec f(x).el/ f,uwn /2|0 (2. Q')

by assumption and Lem. 17.

3.3.4 CAS

Lemma 23. For U.k # 0 we have that U |=° {1 <V {5 : ref(7) implies the existence of an
i € dom(U.w) such that we have

I[Uw®]o = {2 = 1), {[lz = w3):0}) | \oU E# 01 <V v : 7}

Lemma 24. Assume that we have U |=° vy <Y vp:0 and U = wy <Y wq : 0. If Uk # 0
and there are 7, h and X such that h, 3 : U, n holds, then we have that

V1 = W1 < VU2 = Wa.

Lemma 25.
A;T ): e1 Xeg: ref(?)
m=0 ATEAHNZfrro ATEgg:o
A;T = CAS(e1[n], f1,91) = CAS(ea[n], fa, g2) : B

Proof.

1. Let U, p: A — VRel, 71,72 : dom(T') — Val.

2. Suppose Vz € dom(T). U =7 v (z) <Y y2(2) : ['(2).
3. Write e} = e [y1/T], 6’2 = ez[y2/T].

4. Write f| = fi[v1/T], f3 = fa[72/T].
5. Write g1 = g1[71/T], g5 = g2[72/T).
6. Let K,1,7.

7. Write n = (0, {0; [j — K[CAS(e3[n], f3,95)]]})-
8. Write Q = 3xo. 11 <Y o5 : B A j =g K[xa).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Suffices to show U,n = [i — CAS(e}[n], f1, ¢})]Qi (1. Q).

by Lem. 17.
Write Q' = 3zf. 2} <Y x4 : ref(T) A j —g K[CAS(z5[n], f3, g5)].
U,n =P [i— e)]@i <n;’1 Q’>. by assumption and Lem. 17.
rel
U= i e]@i (4. Q' A- 2 U). by Cor. 2.

Let v} € Val.

rel
Let W', 1 with W', =° Q'[! <] A~ 3 U.

Suffices to show W', 0" |=° [i — CAS(vi[n], f{, 91)]Qi (z1. Q)
by Lem. 16.

Suffices to show |W'|, 5" =° [i — CAS(vi[n], f1,91)]Qi (z1. Q)
by Cor. 1.

Suppose W'.k > 0 WLOG.

Pick v}, with

(W' =P vy 2V )« ref(7),

= (@1’ {0;[7 — K[CAS(v3[n], 3, 92)]1}),

w'|' 3 U

Write Q" = Jaf. o/ <V 2l : 0 A j —g K[CAS(vh[n], 24, g5)]-

W', = i flQi (zf. Q") by assumption and Lem. 17.

) ] rely
(W'l P i fi]Qi (2. Q" A T [W'])
by Cor. 2.
Let v{ € Val.

rely
Let W, 1 with W, =0 Q'[! J<] A~ 3 [W'].

Suffices to show W, 0" = [i — CAS(vi[n], v, 91)]Qi (z1. Q)
by Lem. 16.

Suffices to show |W”|,n" = [i — CAS(v}[n],vY, ¢})]@i (z1. Q)
by Cor. 1.

Suppose W".k > 0 WLOG.
Pick vY with
WP o <00y <,
" = (0,{0;[j — K[CAS(v3[n], v5, g5)I1}),
Wy
Write Q" = 324, 2" XV 2l : 0 N j —g K[CAS(vh[n], vy, z4")].
W, 0" =P [i — gi)@i (z". Q") by assumption and Lem. 17.
W i gl (o Q" A T )
by Cor. 2.

Let v{" € Val.

Let W///’n/// With W///7,r)/// |:p Q///[v/{//x/l//} /\ . r%y |W//|.

Suffices to show W, " |=F [i — CAS(vi[n],v{, v{")]@i (z1. Q)
by Lem. 16.

Suffices to show |W"|, " = [i — CAS(v}[n],v{,v")]Qi (1. Q)
by Cor. 1.
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35.

36.

37.
38.
39.
40.
41.

42.

43.
44.
45.

46.

./ i
Case ’vn =v] AN wy, = V5

Case ’vn # v AN w, # vl

Suppose W'k > 0 WLOG.

Pick

vy’ with

|W///| ':p ,U/lll jv 1)/2” t o,
0" = (0,{0: [j = K[CAS(uh[n], vy, 0§ )1},

|W///| rzy |W//‘.

Let W//// re:lly W/// nf#/',]///.

Suppose W'k >0 and h, X : W 0" @ n;.
Suppose h; [i — CAS(v][n], v, v"")] = R';T".
Suppose Wk > 1 WLOG.

‘Writ
Pick

e v] = ¢, and v = {5.

v, W, hg, X9 with

AW = v <V w: T,

h= [61 H@]&Jho,

% = {[tz = w]; 0} @ {0; [j = K[CAS(v[n], vy, v5")]]} ® X
by Lem. 23.

W =P v, <Y w, o

W | =P ol 2V ol o

h, X oW 0" @ ny by Lem. 12.

vy, =0 S w, =Y by Lem. 24.

47

48.

49.

50

51

52

53

54

55

56

57

58.

59.

- Write vf, = v{" and v}, = v,,,m # n.

W = hlty — vl].

T’ = [i + true].

- Write w), = vy’ and w}, = w,,, m # n.

- Write X = {[ls > wi]; 0} @ {0; [j — K[true]]} ® Z.
Y=y

- Write 0" = (0,{0; [j — K[true]]}).

AW e vt KV wt T

WS W @y

CRLE oW " @ ny by Lem. 12.
W " P i true] @i (2. Q).

h' = h.

T' = [i — false].

- Write ¥/ = {[lz = w]; 0} @ {0; [j — K[false]]} @ .
Y=Y

- Write 0" = (0,{0; [j — K]false]]}).

CRE W " @y
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64. h, X' >W"" " @ my by Lem. 12
65. bW " =P [i v false]@i (1. Q).

3.4 May-refinement

Theorem 1 (May-refinement). Suppose -;- |=e; < e : N holds. Let hy, ho, i,j and n be
arbitrary. If we have
E'h/l,Tl. hl; [’L — 61} —* hll, [Z — n] CHAT

then we also have
E'h/Q,TQ. ho; [] — 62] —* h/Q, [j — n] W T,

Proof. Let M be the number of steps in the assumed reduction. Write
hislivs el = % TY = hb; T — o = WM TM = Bl i n) W T

We proceed to prove by induction the claim that for all 0 < m < M there are Wy, n,,#n,
and X, with the following properties, where n = (hy,{h2;0}) and ¥ = {ha;[j — e2]}:

o W, nm EP TTMQ@4 <x1. Jrg. 21 <XV 29 : N A j g :E2>.
o Wi, X0 : Wy, i @ 1.

e Wo,k=1+M—m.

o X33,

Let us initially consider the base case m = 0. We choose Wy = (1 + M,0), ny =
(0,{0;[j — e2]}) and Xo = {ho;[j — e2]}. The different properties are easily verified; the
only nontrivial is the first and that follows from the initial assumption -;- = e; < e : N.
The induction step comes down to unrolling the definition of threadpool triples; we omit
the details.

Instantiating our claim at m = M now gives us Wy, nas#n, and X s such that:

o War,nym E° [i — n]wTQ: <w1. Fzo. 21 =Y 20 NAj —g x2>.
o N, YN War,mum @ 1.

o Wy =1.

o X =3 Y.

A final unrolling of the definition of threadpool triples and a few calculations gives us %’
with ¥ = ¥/ and X' = {0); [j — n]} ® Xg. All that remains is to pick an element from the
nonempty set X'. O
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4 The atomic triple
h:e atomic £ Vh',¢'. ;e = h';e’ = ¢ avalue A hje— —

p: (P)e(z. Q) & YW,n =P P.Vnp#n. W.k > 0 implies
(n ® nr).h; e atomic and if (n @ np).h;e <= h';v then In'#np.
W= ®@nr)h, enr)X=0 @)X, sWn' E Q/z]

P, Q) token-pure
rely

Ve J w3 =i 3Q. p: (VANQ=R) A p: (pt.J(t.8) x P) e (z. >/ . J(/.s)* Q)
p: <L() A P> e <33 R>

Lemma 26 (Island focus). The island-focusing inference rule is sound.

Proof.

1. Fix i and Wy, n =P 1o AP
2. Suffices to show Wy, n = [i — €]@i (x. R)

rely

3. Fix W 3 Wy and np#n
4. Suppose W.k >0 and h, X : W, n® np
5. Won 7 1o

rely _
6. 3¢ I 19, wp, J-

Ww=wpW[j— []]

7. 3, M. by semantics of world satisfaction
(h72) :nb®77®77F®77}J
m € Z[[dwilw,  np € Zlwrlw

8. >|W|,n, = ¢.J(e.s)

guar

9. 3/ 3 1, Q. by assumption
p:(!NQ=R)
p: (e J(e.8) * P) e (x. > J(.s) % Q)
10. Let n=n®mn,
1 W\, 7 E° >u.J(t.s) « P by (1, 8), token-purity of P
12. Let fip = nr @ 0y
13 h=MN®0nr).h
14. h; e atomic by (9)
15. Suppose h;[i — e] — h';T
16. Suppose W.k > 1 WLOG
17. Jv. hye = Wsv, T = [i v+ v] by inversion, (14)
18. 3. A = (7 @ nFr).h, by (9)

Menr).L = (M @0r).%,
W, =P o J(.8) * Qv/x]
19. Let W' = (Wk — 1, |wp |wix—1 W[ = []%,_1])
guar

20 W I W

rely rely
o bW D (W 3 |> W] =5|W|
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22.

23.

24.

25.

26.

27.

28.

' 0 =" @,
W ,nl = J(.s),
W' =2 Qlu/a]
Write ¥/ = (7' @ np).X
=y

WX W @ne
W' =P Qu/a] A
Wi = Rlv/a]

2y
J(
/x

W'y =P i = 0]@i (x. R)

by semantics of assertions, token-purity of Q)

by (7, 22)

by (9)
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5 Hoare-style reasoning

The following inference rules are sound:

(P) e (x. P') (P"y € (y. P") P=r (P"y e (z.Q") Q =Q
(Pyletz=ecine (y. P") (P) e (x. Q)
>P =P (P) e (z. Q) P=(Q) e {(x. R)
P (P+R) e (x.Q*R) (PAQ) e (z. R)

(Pr) e {z. Q1) (%) e (2. Qo)
<P1 \Y P2> e <$ Ql Vv Q2>

(emp) cons(z,y) (2. z =1 (,y))

(P)e(z. Q)

(emp) v (z.z =v Aemp)

Note: the rule of conjunction

<P1> e <[L’ Q1> <P2> e <£L’ Q2>
<P1 A P2> e <l‘ Q1 A\ Q2>

is probably unsound in our logic (as it is with many concurrent separation logics), because,
in the termination branch of the triple, the splitting of resources between the main thread
and remaining threads can be chosen arbitrarily.

An assertion P is token-pure if W,n |=° P iff |W|,n =° P.
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6 Examples

We use a compact notation to draw structured branches:

6.1 Counters

counter: 1 — {inc:1 — N}
counter = (). let ¢ = new 0 in {
inc = rec try().
let z = getcin
if CAS(c,z,x + 1) then z else try()

The ref island suffices.

25



6.2 Michael-Scott queue

MSQ: Va.l — {enq:a — 1, deq: 1 — ref:(a) }
MSQ = A. A(). let head = new cons(null, null) in {
enq = Az. let n = cons(some(new z), null) in
let rec try(c). case c[2] of
null = if CAS(c[2], null,n) then () else try(c)
| some(c’) = try(c)
in try(getVal(head[1])),
deq = rec try().
let ¢ = head[l], n = getVal(c) in case n[2] of
null = null (* queue is emply *)
| some(n') = if CAS(head[1],c,n’) then n'[1] else try()

CGQ: Va.l —» {enq:a—1, deq:1— ref:(c) }
CGQ £ A. \(). let head = new null, lock = new false in {
deq = A(). sync(lock) { case head[1] of }
null = null | some(n) = head[l] := n[2]; some(new n[l]),
enq = A\z. sync(lock) { }
case head[1] of

null = head[1] := cons(z, null)
| some(c) =
let rec try(c). case c[2] of
null = ¢[2] := cons(z, null)
| some(c') = try(c')
in try(c)

Each instance of the MSQueue will have a fixed location for the head reference, and
similarly on the specification side. We fix these as head; and headg respectively. In addition,
the spec has a lock, lock, of type ref(B).

For every location ¢, we have an instance of the following transition system, which tracks
the life story of a node at that location:

In queue

| Live(v, null) |—£>| Live(v, £) |—>| Sentinel(v, £) |—>| Dead(v, ) |
x

>| Sentinel (v, null) |

Reachable

This leads us to our state space—Sj is per-location, while S gives the state space for the
whole island:

So = {L}
U {Live(v,v") | v,0" € Val}
U {Sentinel(v,v’) | v,v" € Val}
U {Dead(v,¢) | v € Val, £ € Loc}
S 2 Loch So
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The notation 2 here means that a state only maps finitely-many locations to a non-_L
state—so L is a useful pun.

We define ~+( according to the transition system drawn above, and lift this pointwise
to ~». There are no tokens in this example, so all that’s left is the interpretation. We
use a pattern-matching notation on states s of the space S; when nothing matches, the
interpretation is ff.

I(s) = heady 1 £y * Lo 1 (vg,v1) * lock —>g false * Jug. headg +g vg * link(vr, vg, s1.)

* *ZEdom(sD)Hv’g/'SD(g) = Dead(v,é’) * 8(6/) 7& L/ —1 (’U,f/)

when s = [{p — Sentinel(vg,v1)]| W s W sp

link(null,null, ) £ emp
link(¢r, £s, [¢1 — Live(vr, o) Ws) 2 3¢, vs, v £ =1 v ko <Y vg :
x Ay =1 (6 o)) * ls 1 (vs,vG) * link(v], v§, 8)

Let © be the transition system above. We use the shorthand
rocsy = (0,1,[x— sol,0)

for s € So.

6.2.1 Proof outline for enq

Stable assumptions: (0, 1,0,0) and z; <Y g : a.
Let P £ j g Klenqg(7s)].

(P)
let n = cons(some(new x), null) in
<P = =1 (f, null) *f =1 :L‘I>
let rec try(c).
(P cox Live(—, =) * 30 n =y (€, null) % £ —y 21)
case c[2] of
null = (P x ¢ o Live(—, =) * 3. n =y (€, null) % £ —y 21)
if CAS(c[2], null,n)
then (n o< Live(zy, null) * j —g K[()])
0
else (P xcoc Live(—, —) x 3. n =5 (¢, null) % £ 5 xp)
try(c)
| some(c') = (P x ¢ o Live(—, =) * 30. n 1 (¢, null) % £ —y 21)
try (')
(ret. ret = () A j —s K[()])
in try(getVal(head[1]))
(ret. ret — () A j —s K[0))

At the atomic triple level, the reasoning depends on a case analysis of rely-future states,

which determine in particular whether the CAS succeeds. Because Dead nodes must have
non-null next pointers, the CAS will never succeed on a Dead node.
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6.2.2 Proof outline for deq

Stable assumptions: (6,1,0,0).
Let P £ j g K[deqg()].

(P)
rec try().
(P)
let ¢ = head[1] in
(¢ o Sentinel(—, —))
let n = getVal(c) in
(n o< Sentinel(—, —))
case n[2] of
null = (j —g K[null])
null
| some(n’) = (P *n o Sentinel(—,n'))
if CAS(head[1],¢,n’)
n o< Dead(—,n') * 3y, vy, s, vs. v <Y vs : @ *
then <n’ o Sentinel ({1, —) * £1 1 vy * >
J s Kllg] x ls —s vs
n'[1]
else (P)
try()
(rety. Tretg. ret; <V retg : refs(a) A j —g Klretg])
(rety. Jretg. ret; <V retg : refs(a) A j —g K]retg])
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6.3 Late/early choice

rand 2 A(). let y = new false in (fork y := true);y[l]
lateChoice = Az.x := 0;rand()
earlyChoice £ Az.letr =rand()inz := 0;r

No internal protocol.
We use the atomic Hoare triple to show the details of the proof outline.
We have (emp) rand() (ret. ret = true V ret = false).

(w1 =Y ag : ref(N) A j —g K[earlyChoice(zs)])
(>Gyr,ys-y1 =¥ ys : N x zr=1y1 * o5 —s ys) * j —g K[earlyChoice(zs)])
(x1 1 — * xs g — * j —g K[earlyChoice(zs)])
Iy = 0
(r1 10 % x5 =g — * jr—g KlearlyChoice(xs)])
(x1 =10 * x5 +—s 0 * speculate (j —g Kltrue|] V j —g K|false]))
xp =V xg : ref(N) A speculate (j —g Ktrue] V j —g K[false]))
speculate (j —g K[true] V j —g K[false]))
rand()
(ret. (ret = true V ret = false) x speculate (j —g K[true] V j —g K[false]))
(ret. j —g K]ret]))
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6.4 Red/blue flags

We use the atomic Hoare triple to show the details of the proof outline.

redFlag = (). let flag = new true, chan = new 0 in {
flip = rec try().
if CAS(chan,1,2) then () else
if CAS(flag, true,false) then () else
if CAS(flag, false, true) then () else
if CAS(chan,0,1) then
if CAS(chan,1,0) then try() else chan := 0
else try(),
read = A(). flag[1]
}
blueFlag = X(). let flag = new true, lock = new false in {
flip = A(). sync(lock) { flag := not flag[1] },
read = \(). sync(lock) { flag[1] }

}
7, K({Offered J, K); }\V

|Empty7 Accepted(j, K); 0 |

We use the shorthand 3z : B.P for 3x. (x = true V z = false) A P.

Q £ 3z:B. flag; —1 = * flugg g = * lock g false
I(s) 2 QxIo(s)
Io(Empty) = chan 1 0
Io(Offered(j, K)) = chan 1 1% j —s Klflipg()]
Io(Accepted(j, K)) = chan 1 2% j —g K[()]

An interesting aspect of this example: it does not matter which order we perform the
top-level CASes in. Each CAS either succeeds and completes the spec, or fails and leaves
our knowledge unchanged. Thus, we give triples only for the CASes themselves; they can
be plugged together, within if expressions, in any order.

Let 6 be the transition system above.

Let P = (0,1,Empty, D) A j —g K|flipg()].

For each top-level CAS e, we want to prove the triple

(P) e (ret. (ret = true x j —g K[()]) V (ret = false x P))

We do this by proving atomic triples, and we need give the case where the CAS will succeed,
since otherwise P trivially continues to hold (since a failed CAS has no effect).

For the first CAS, the abstract state tells us whether the CAS will succeed; we consider
only the case where it does. Note that we use the diamond modality (defined in Section 2
of the appendix) to ‘take specification steps in the postcondition’:

(>1(Offered(j’, K')) * j —g K|flips()])
(Q * chan —1 1 % j' r—g K'[flipg()] * j —g K[flipg()])

CAS(chan, 1,2)
(ret. ret = true * Q % chan —1 2 % j' —g K'[flipg()] * j —s K][flips()])
(ret. ret = true x 3z : B. flag; —1 @ * flagg —s ©  * chan 1 2 x j' —g K'[flipg()] * j —s K[flips()])
(ret. ret = true * 3z : B. flag; —1 x * flagg —s —x * chan —1 2% j —g K'[()] * j —s K[flipg()])
(ret. ret = true * 3z : B. flag; 1 x = flagg —s & * chan—1 2§ —g K'[()] * 7 —s K[(])
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(ret. ret = true x I (Accepted(j’, K')) x j —g KI[()])

We prove the second CAS for any state s:

(>1(s) * j —s Klflipg()])

(Jz : B. flag; —1 = * flagg —s © * Io(s) x j —g K]flipg()])
CAS(flag, true, false)

(ret. ((ret = true * flag; —1 false x flagg s true) V (ret = false * flag; 1 false * flagy —¢ false))
* Io(s) * j —s Klflipg()])

(ret. (ret = true x I(s) x j —g K[()])
V (ret = false x I(s) x j —g K]|flipg()]))

The proof for CAS(flag, false, true) is symmetric.

That leaves only the final top-level CAS, in which we make an offer:
(P)
((0,1,Empty,0) A j —s Klflips()])
CAS(chan,0,1)
(ret. (ret = true « (0, I, Offered(j, K), ®)) V (ret = false x P))

We are now in a state where we own the token.
For the inner CAS, we therefore need to consider only two possible future states:
(>1(Offered(j, K)))
(Q * chan 1 1 % j »—g KIflipg()])
CAS(chan,1,0) (ret. ret = true x Q * chan 1 0 * j —g K|[flips()])
(ret. ret = true x I(Empty) * j —g K|[flipg()])

(>1(Accepted(j, K)))
(Q * chan 1 2 x j —g K[()])

CAS(chan,1,0) (ret. ret = false x Q x chan 1 2 * j —g K[()])
(ret. ret = false * I (Accepted(j, K)))

Thus, the overall triple for the inner CAS is:

' ret. (ret = true x j —g K[flipg()])
(0,1, Offered(j, K), »)) CAS(chan, 1,0) <\/ (ret = false * (0, I, Accepted(j, K), o))

Finally, if the inner CAS fails, there is only one rely-future state: Accepted(j, K)
Thus, we know exactly what the assignment to the channel will see:
(>I(Accepted(j, K)))
(Q * chan 1 2% j s K[O)])
chan := 0
(Q * chan 10 x j —g K[(])
(1(Empty) * j —s K[())
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6.5 CCAS

A
counterg =

let ¢ = new 0, f = new false, lock = new false
let get() = sync(lock) { c[1] }
let setFlag(b) = sync(lock) { f := b}
let cinc() = sync(lock) {
c[1] := c[1] +if f[1] then 1 else 0 }
in (get, setFlag, cinc)

countery £
let ¢ = new inj; 0, f = new false
let complete(o,z) =
if f[1] then CAS(c,0,inj; (x + 1))
else CAS(c,o,inj; x)
let rec get() = let o = ¢[1] in case o of
inj, t =2
| inj, @ = complete(o, z); get()
let setFlag(b) = f := b
let rec cinc() = let o = ¢[1] in case o of
inj; x = let n = inj, x in
if CAS(c, 0,n) then complete(n, z) else cinc()
| inj, = complete(o, z); cinc()
in (get, setFlag, cinc)

We have the following “life story” for every “descriptor” (injection into sum) location:

Upd(d’ {0}'>;O
| Upd(d, {0,1});0 |—>| Done(d); o |—>| Gone; o |

Upd(d, {1}); 0

! | Const(n); e |—>| Dead; e |

Formally, we have

d = n,5, K
Sy & {1,Done(d), Gone, Const(n),Dead} U { Upd(d,B) | B C{0,1} }
s 2 { s€Loc ™ 8y | 3. (s(¢) = Const(—) V s(£) = Upd(—)) }
2  Loc

following the pattern of MSQ. The transition relation on S is the pointwise lifting of that
for Sp. Note that the product transition system has one token per location, that is, one
token per local transition system. The free tokens F' for the product system is the product
of the banks for the local systems.
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The interpretation is as follows:

d == n,j, K B c{0,1} A £ Loc
£ {1,Upd(d, B), Done(d), Gone, Const(n), Dead}
S 2 {seLoc‘l“so | 316, s(¢) € {Const(—), Upd(—, —)} }
I(s) = 3b:B. fi =1 b* fs g b* lock g false
. {|inkupd(£,n7j,K7B) 3. s(¢) = Upd(n, j, K, B)

linkConst(¢, n) 3¢. s(¢) = Const(n)
* *s([):Done(n,j,K)g = ingy nox jo—gs K[()]
* s(f):Goneg e inj2 - X >l< s(@):DeadE =1 injl -

linkConst(¢,n) £ ¢p 1 £l >1inj, n*cg —sn

linkUpd(¢,n,j, K, B) 2 cirinjy {1 n
cs g nx j —g Klcine()]
* @ cg g nxj—gs K[()] if0e B
® cs—s (n+1)xj—g K[()] if1€B

We let 6 be the product transition system.

let complete(o,z) = (0 o< Upd(z, ,0))
if f[1] then (0 o< Upd(z,—, —,{1}))
CAS(c,0,inj; (z+1)) (0 o< Done(x, —, —))
else {0 oc Upd(z, —, —,{0}))
CAS(c, 0,inj; ) (o o Done(z, —, —))
let rec cinc() = (j —s Klcincs()] * (6,1,0,0))
) J —g Kcincg()] *
let 0 = c[1] in 0 o Const(—) Vo o« Upd(—, —))
case o of
inj, z = (j s Klcincg()] * 0 ox Const(x))
let 1 = inj, « in Jj —s Klcincg()] * 0 o< Const(z) *
n > injy @

if CAS(c,0,n) then (0 o Dead(z) A n oxq Upd(z, j, K,0))
(n oo Upd(x 7, K., 0))

complete(n, x); (n e Done(z, j, K))
0 gret. ret = () A j —s K[()] An o< Gone)
ret. ret = () A j —s K[()])
else (j —s Klcincs ()] * (0, 1,0,0))
cinc() (ret.ret = () A j —s K[ )
| inj, © = <] —g Kcincg()] * 0 o< Upd(z, —, ,—)>
complete(o, ); (j s Klcincs()] * 0 oc Done(z, —, —))
(s Kcmcs() «(0,1,0,0))
cinc() (ret. ret = () A j —s K[()]>
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