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Abstract

Denotational description of a simple code generator for Scheme
supports an elementary proof of its correctness. The algorithm was
used in a commercial product as the core of a just-in-time compiler
that could generate either interpreted byte code or native machine
code.

This was the first proof of correctness for a commercial compiler.
It was based on Mitch Wand’s foundational research, and helped to
inspire the VLISP project.



Notation

sk
#s
58t
sTk
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sequence formation

kth member of the sequence s (1-based)
length of sequence s

concatenation of sequences s and ¢

drop the first £ members of sequence s
McCarthy conditional “if £ then a else b”
substitution “p with x for ¢”

injection of x into domain D

projection of x to domain D



Abstract syntax

K € Con constants
I € Ide identifiers
E € Exp expressions
Productions
Exp ::= K
| I
| (set! I E)

| (lambda (I*) E)
| (if Eq E; Es)

| (Bq E*)

| (begln Eo El)



Value domains

a €L
veN
T = {false, true}

¢ EF=E¥ 5K—C

G
ecE=F+G
e D=F+L
B eV=E

ceS=L— (VxT)
p€U=Ide —>D

A
feC=S—A
KkEK=E—=C

locations
natural numbers
booleans

procedure values

other expressed values
expressed values
denoted values

stored values

stores

environments

answers

command continuations
expression continuations



Semantic functions

K:Con —E
E:Exp—>U—>K—C
¥ Exp* >U— (E*—>C)—C

E[K] = A\pk - k (K[K])

EN] = Apk . (lookup p1) € F — & ((lookup p1) | F in E),
hold ((lookup p1) | L) k

E[(set! 1 E)] =
Apk . E[E] p (Ae . (lookup pI) € F — wrong, assign (lookup p1) € (k€))

E[(lambda (I*) E)] =
Apk . K (Ae*K . #e* = #I* — tievals (A6* . E[E] (p[6*/T*]) k') €*,
wrong) in E)
E[Gif Ey E; Eo)] = Apk . E[Eo] p (Xe . truishe — E[E1] pk, E[E2] pk)
E[(Ey EN)] = Aok . EX[E*] p(Ae* . E[Eo] p (Ne . apply e €* k))
E[(begin Eq E1)] = A\pk . EX[Eo] p (Ae . E[E1] p &)
ET =2 v ()

EX[E* E] = Apip . E[E] p (Ae . EX[E*] p (Ae* . 4 (7§ (e)))



Compile-time and run-time environments

pel =
pc € U =
Pr € Ugp =
0c € D¢ =

Ide —+ D
Ide — D¢
Dc — D
F + Ide + (N x N)

Operations on environments

repe

repg
extendsc :
ertendsg :

U— Ug

U— Ug
Uc—>Ide*—>Uc
UR—>D*—)UR

environments
compile-time environments
run-time environments
lexical addresses

(repg p) © (repc p) = p
(extendsg pr 6*) o (extendsc pc T¥) = (pro pc) [0*/T¥]

A run-time environment pg is reasonable if and only if

1. (50 € F)

= (pRéc € F)

2. If 50 € F then pR(SC = (50|F in D).



MacScheme machine instructions

save = Amymy . Ae€*ppk . m € () pr (A€ . My €€* pr K)
restore = \e€*prk . k€
const = \eym . Aee*prk . meg €* pr Kk
fetch = Al . Aee*prk . hold (pr (Iin D¢) | L) (Ae. T e€* pr K)
lexical = Mz . Aee*prk . hold (pr (x in Dg) |L) (Ae.me€* pr k)
set = N . Nee*prek . assign (pr (I in D) | L) € (T e €* pr k)
setlex = A . Nee*prk . assign (pr (x in D) | L) € (7 € €* pr k)
lambda = A\vmimy . Aee*prk .
o (A*K . #€* = v — tievals (A\0* . w1 (false in E) () (extendsg pr 6*) k') €*,
wrong) in E) €* pr k
if = Amimy . Nee*prk . truishe — i ee* prk, Toee* pr kK
invoke = \ee*prk . apply € €* pr K
push = A\ . Aee*prk . me ({€) § €¥) pr Kk
op = Avom . Aee*prk . apply (¢ in E) ({€) § (takefirst v e*)) (Ae.me (e*t V) prK)

illegal = \ee* prk . wrong



Compiling functions
t: Exp U —>P—P expression compiler, tidy

e: Exp—+Us —P—P expression compiler
e* : Exp* - Uc —» P — P argument list compiler

t[K] = e[K]

t[I] = e[I]

t[(set! T E)] = e[(set! I E)]

t[(lambda (I*) E)] = e[(lambda (I*) E)]

t[Gif Eo E1 Ex)] = Apem . t[Eo] pe (if (L[E1] pc m) (¢ [E2] pc )

t[(Eq EN] = Aoc . primop [Eo] (#E*) pc — e[(Eo EM)] pc,
save (e[(Eqy E*)] pc restore)

t[(begin Eq E)] = A\pe . t[Eo] pc (¢[E1] pc ™)



e[K] = Apc - const (K [K])

e[I] = A\pc - (lookup pc 1) € F — const ((lookup pc 1) | F in E),
(lookup pc 1) € Ide — fetch ((lookup pc 1) | Ide),
lezical ((lookup pc I) | (N x N))

e[(set! T E)] =
Apen . t[E] pe
((lookup pc 1) € F — illegal,

(lookup pc 1) € Ide — set ((lookup pc I) | Ide) w,
setlex ((lookup pc 1) | (N x N)) 7)

e[(lambda (I*) E)] = Apc . lambda (#1*) (e [E] (extendsc pc I*) restore)
e[(if Eo E1 E2)] = Aper . t[Eo] po (if (e[E1] pc ) (e[E2] po 7))

e[(Eo EM)] = Apcm . primop [Eo] (#E*) pc — p[(Eq E®)] po ,
e* [E*] pc (t[Eo] pc invoke)

e[(begin Eq E )| = Apem . t[Eo] pc (e[E1] pc )



e“[] = Mpem .
e* [E* E] = Aper . t[E] pc (push (e* [E*] pc 7))

p*[(LE E*)] = Apcm . e* [E¥] pc (¢[E] pc (op (#E) (lookup pc 1| F) 7))

primop [E] = Avpe . E € Ide — v # 0 — lookup pc (E | Ide) € F, false, false
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Theorem 1 If pc is strict, pr s a reasonable run-time environment, and the
operations on compile-time and run-time environments preserve strictness
and reasonableness, respectively, then

A. Tidiness.
t[E] pc me€” pr = E[E] (pr o pc)(Xe . T €€ pr k)
B. Correctness.
e[E] pc restoree () prk = E[E] (pro pc) &
C. Evlis. If Ye€ .(me=m¢') then
e'[E ] pcmee prk = EX[ET] (pr o po)(Ael . me (€] § €) pr k)

Sketch of proof. By simultaneous structural induction on E and E*.
|
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The right-hand side of part A for set! expressions is

E[(set! T E)](propc)(Ne.mee prk)
= E[E] (pr © pc)
(Xe . lookup (pr o pc) 1 € F — wrong,
assign (lookup (pr o pc)I|L) € (T e€* prK))

The left-hand side is

t[(set! I E)]pcmee prk
= t[E] pc (pc 1 € F — illegal,
pcl € Ide — set (pc1|1de) ,
setlex (pc 1| (N X N)) ) e€* pr K
= E[E] (pr © pc)
(Xe. (pc I € F — illegal,
pcl € Ide — set (pc1|1de) ,
setlex (pc 1| (N X N)) 7) e€* pr &

(by induction hypothesis)
= E[E] (pr o pc)
(Xe. pcl € F — wrong,
pcl € Ide — assign (pr (pc 1| Ide in D¢) |L) € (7 € €* pg k),
assign (pr (pc 1| (N X N) in D¢) |L) € (T €€ pr K))
= E[E] (pr o pc)
(Xe. pcl € F — wrong,

assign (lookup (pr o pc)I|L) e (me€e* prK))
(by strictness of p¢)
= E[E] (pr © pc)
(Xe . lookup (pr o pc) 1 € F — wrong,
assign (lookup (pr o pc)I|L) € (me€e* prk))

(by reasonableness of pg)
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Example: tail call

(define (add x y)
(if (zero? x)

y
(add (pred x) (succ y))))

lezical (0, 0)
op 1 zero?

1)

1)

(

(

(éf

(lezical {0
(restore))
(lexical (0,
(op 1 succ
(
(lexical {0, 0)
(
(
(
(

fetch add

invoke)))))))))))
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Example: tail call

(define (add x y)
(if (zero? x)

y
(add (pred x) (succ y))))

lexical 0,0
opl zero?
branchf L1
lexical 0,1
restore

L1: lexical 0,1
opl succ
push
lexical 0,0
opl pred
push
fetch add
invoke



Example: non-tail call

(define (add x y)
(if (zero? x)

y
(succ (add (pred x) y))))

lexical 0,0 ;X
opl zero?
branchf L1
lexical 0,1 N
restore

L1: save L2 ; save registers, L2
lexical 0,1 N
push
lexical 0,0 ;X
opl pred
push
fetch add
invoke

L2: opl succ
restore
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Optimizations

E[(if (not Ep) E; Ey)]pit = £[(if Ey E, E;)]p'Mt
E[((lambda ) E))] = £[E]

£[((lambda (x) x) 3)] # £[3]
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Dimoulas and Wand. The higher-order aggregate update problem.
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Conclusions

MacScheme was sold commercially for about 10 years.

5 compiler bugs were discovered.

No bugs were ever discovered in the part that was proved correct.
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