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Homework and Project
• Project teams are due today 
• Homework 2 is out today 
• Homework 1 is due on Friday

• Simplification for exercise 2b: You may use  
expressions derived in Bishop 2.3.1:  



Decision Trees



Example: Play Golf?A Classification Task

Outlook Temp Humidity Windy Play 

Sunny Hot High False No 
Sunny Hot  High  True No 
Overcast  Hot   High False Yes 
Rainy Mild High False Yes 
Rainy Cool Normal False Yes 
Rainy Cool Normal True No 
Overcast Cool Normal True Yes 
Sunny Mild High False No 
Sunny Cool Normal False Yes 
Rainy Mild Normal False Yes 
Sunny Mild Normal True Yes 
Overcast Mild High True Yes 
Overcast Hot Normal False Yes 
Rainy Mild High True No 
 

Two classes:
Yes/No

Attributes:
Outlook
Temp
Humidity
Windy

Yijun Zhao Classification Model: Decision Tree

• Two classes  
• Yes 
• No 

• Attributes 
• Outlook 
• Temperature 
• Humidity 
• Windy



Decision Tree
Decision Tree

Example: outlook=sunny, temp=hot,
humidity=high, wind=strong

Class?

Yijun Zhao Classification Model: Decision Tree

Which class? 
outlook=sunny, temp=hot, humidity=high, wind=strong

a.k.a. Classification and Regression Tree (CART)



Decision Tree
a.k.a. Classification and Regression Tree (CART)
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.
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Learning a Binary Tree
• Create root node 
• If all examples are 1 or 0,  

• Return root with label = 1 or label = 0 
• If attributes are empty,  

• Return root with label = [majority] 
• Else begin

• Split on examples on feature d that best* predicts class 
• For each value v for feature d

• Create a branch with test v = xd  
• If set of examples with v = xd is empty, set label = [majority]
• Else learn subtree for examples with v = xd

Recursive Algorithm (Discrete Features)



Learning a Binary Tree
• Create root node 
• If all examples are 1 or 0,  

• Return root with label = 1 or label = 0 
• If attributes are empty,  

• Return root with label = [majority] 
• Else begin

• Split on examples on feature d that best* predicts class 
• For each value v for feature d

• Create a branch with test v = xd  
• If set of examples with v = xd is empty, set label = [majority]
• Else learn subtree for examples with v = xd

Recursive Algorithm (Discrete Features)

What if features 
are real-valued?



Learning a Binary Tree
Recursive Algorithm (Continuous Features)

• Create root node 
• If all examples are 1 or 0,  

• Return root with label = 1 or label = 0 
• If attributes are empty,  

• Return root with label = [mean] of examples 
• Else begin

• Find split v <= xd that best* predicts class 
• For subset of examples matching v <= xd and v > xd

• Create a branch corresponding to subset 
• If set subset is empty, set label = [mean] of examples
• Else learn subtree for subset



Learning a Binary Tree
• Create root node 
• If all examples are 1 or 0,  

• Return root with label = 1 or label = 0 
• If attributes are empty,  

• Return root with label = [mean] 
• Else begin

• Find split v <= xd that best* predicts class 
• For subset of examples matching v <= xd and v > xd

• Create a branch corresponding to subset 
• If set subset is empty, set label = [mean] of examples
• Else learn subtree for subset

Recursive Algorithm (Continuous Features)

How can we find 
the best split?



Choosing the best splitTest Characteristics

Back to our Example: Which attribute for the root?
                                      

Yijun Zhao Classification Model: Decision Tree

Intuition 

• What is a good split? 

• What is a bad split? 
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• What is a bad split? 

-> Find “pure” subsets  
 
Commonly Used Metrics 

• Entropy 

• Gini Index 
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Entropy of a Discrete Variable
Entropy

Entropy for a discrete random variable X is
measured in “bits” and calculated as follows:

H(X ) = �
nX

i=1

(p(xi) log2(p(xi)))

where n is the total number of outcomes
associated with X and p(xi) is the probability
of X = xi .

Yijun Zhao Classification Model: Decision Tree

Entropy of a random variable X 
(measured in “bits”)

where p(xi) is the probability  
that X = x1, …, xn



Entropy of a Discrete Variable
Gradient Boosting for Classification

Figure: predicted probability distribution at round 100

Gradient Boosting for Classification

Figure: predicted probability distribution at round 0

High Entropy Low Entropy

Entropy

Entropy for a discrete random variable X is
measured in “bits” and calculated as follows:

H(X ) = �
nX

i=1

(p(xi) log2(p(xi)))

where n is the total number of outcomes
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Entropy of a Discrete Variable
Gradient Boosting for Classification

Figure: predicted probability distribution at round 100

Gradient Boosting for Classification

Figure: predicted probability distribution at round 0

High Entropy Low Entropy

Entropy

Entropy for a discrete random variable X is
measured in “bits” and calculated as follows:

H(X ) = �
nX

i=1

(p(xi) log2(p(xi)))

where n is the total number of outcomes
associated with X and p(xi) is the probability
of X = xi .

Yijun Zhao Classification Model: Decision Tree

Best and 
worst case?



Entropy of a Binary Variable
Binary Entropy

Consider a binary variable X = {Y ,N}, n = 2

H(X ) = �
nP

i=1
p(Y) log p(Y)� p(N) log p(N)

 Pr ( X = Y) 

p(Y)=0 ) H(X ) = 0

p(Y)=1
2 ) H(X ) = 1

p(Y)=1
3 ) H(X ) =?

Yijun Zhao Classification Model: Decision Tree



Information Gain of a Split
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.



Information Gain of a Split
Label distribution for Rm

Entropy for Rm
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Information Gain of a Split
Label distribution for Rm

Entropy for Rm

306 9. Additive Models, Trees, and Related Methods

|

t1

t2

t3

t4

R1

R1

R2

R2

R3

R3

R4

R4

R5

R5

X1

X1X1

X2

X
2

X
2

X1 ≤ t1

X2 ≤ t2 X1 ≤ t3

X2 ≤ t4

FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.



Information Gain of a Split
Label distribution for Rm

Entropy for Rm

Information Gain for split
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Information Gain of a Split
Label distribution for Rm

Entropy for Rm
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Information Gain of a Split
Label distribution for Rm

Entropy for Rm

Information Gain for split
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Information Gain of a Split
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FIGURE 9.3. Node impurity measures for two-class classification, as a function
of the proportion p in class 2. Cross-entropy has been scaled to pass through
(0.5, 0.5).

impurity measure Qm(T ) defined in (9.15), but this is not suitable for
classification. In a node m, representing a region Rm with Nm observations,
let

p̂mk =
1

Nm

∑

xi∈Rm

I(yi = k),

the proportion of class k observations in node m. We classify the obser-
vations in node m to class k(m) = argmaxk p̂mk, the majority class in
node m. Different measures Qm(T ) of node impurity include the following:

Misclassification error: 1
Nm

∑
i∈Rm

I(yi ̸= k(m)) = 1− p̂mk(m).

Gini index:
∑

k ̸=k′ p̂mkp̂mk′ =
∑K

k=1 p̂mk(1− p̂mk).

Cross-entropy or deviance: −
∑K

k=1 p̂mk log p̂mk.
(9.17)

For two classes, if p is the proportion in the second class, these three mea-
sures are 1 − max(p, 1 − p), 2p(1 − p) and −p log p − (1 − p) log (1− p),
respectively. They are shown in Figure 9.3. All three are similar, but cross-
entropy and the Gini index are differentiable, and hence more amenable to
numerical optimization. Comparing (9.13) and (9.15), we see that we need
to weight the node impurity measures by the number NmL

and NmR
of

observations in the two child nodes created by splitting node m.
In addition, cross-entropy and the Gini index are more sensitive to changes

in the node probabilities than the misclassification rate. For example, in
a two-class problem with 400 observations in each class (denote this by
(400, 400)), suppose one split created nodes (300, 100) and (100, 300), while
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Can we evaluate all splits?
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be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.
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Choosing Tree Depth

• Naive Solution: Keep splitting until you 
have one item in each bin?  

• Why might this be a good / bad idea?  



Review: Bias-Variance Trade-off
Maximum likelihood estimator

Bias-variance decomposition  
(expected value over possible data points)



Bias and Variance for Trees
• Low depth 

Low variance, high bias  
(underfitting) 

• High depth 
High variance, low bias  
(overfitting) 

Bias-Variance Trade-o↵

Often: low bias ) high variance
low variance ) high bias

Trade-o↵:

Yijun Zhao Linear Regression

Regularize cost by tree size



Ensemble Methods



Idea: Combine Many Classifiers

Two Commonly Used Techniques 
• Bagging: Train classifiers on different  

subsets of the the data 
• Boosting: Train next classifier to  

improve prediction on previously  
misclassified examples  

Additive Model Weighted Majority Vote



Bootstrap Aggregation (Bagging)

282 8. Model Inference and Averaging

eters. These priors must not be improper as this will lead to a degenerate
posterior, with all the mixing weight on one component.

Gibbs sampling is just one of a number of recently developed procedures
for sampling from posterior distributions. It uses conditional sampling of
each parameter given the rest, and is useful when the structure of the prob-
lem makes this sampling easy to carry out. Other methods do not require
such structure, for example the Metropolis–Hastings algorithm. These and
other computational Bayesian methods have been applied to sophisticated
learning algorithms such as Gaussian process models and neural networks.
Details may be found in the references given in the Bibliographic Notes at
the end of this chapter.

8.7 Bagging

Earlier we introduced the bootstrap as a way of assessing the accuracy of a
parameter estimate or a prediction. Here we show how to use the bootstrap
to improve the estimate or prediction itself. In Section 8.4 we investigated
the relationship between the bootstrap and Bayes approaches, and found
that the bootstrap mean is approximately a posterior average. Bagging
further exploits this connection.

Consider first the regression problem. Suppose we fit a model to our
training data Z = {(x1, y1), (x2, y2), . . . , (xN , yN )}, obtaining the predic-
tion f̂(x) at input x. Bootstrap aggregation or bagging averages this predic-
tion over a collection of bootstrap samples, thereby reducing its variance.
For each bootstrap sample Z∗b, b = 1, 2, . . . , B, we fit our model, giving
prediction f̂∗b(x). The bagging estimate is defined by

f̂bag(x) =
1

B

B∑

b=1

f̂∗b(x). (8.51)

Denote by P̂ the empirical distribution putting equal probability 1/N on
each of the data points (xi, yi). In fact the “true” bagging estimate is
defined by EP̂ f̂

∗(x), where Z∗ = {(x∗
1, y

∗
1), (x

∗
2, y

∗
2), . . . , (x

∗
N , y∗N )} and each

(x∗
i , y

∗
i ) ∼ P̂. Expression (8.51) is a Monte Carlo estimate of the true

bagging estimate, approaching it as B →∞.
The bagged estimate (8.51) will differ from the original estimate f̂(x)

only when the latter is a nonlinear or adaptive function of the data. For
example, to bag the B-spline smooth of Section 8.2.1, we average the curves
in the bottom left panel of Figure 8.2 at each value of x. The B-spline
smoother is linear in the data if we fix the inputs; hence if we sample using
the parametric bootstrap in equation (8.6), then f̂bag(x)→ f̂(x) as B →∞
(Exercise 8.4). Hence bagging just reproduces the original smooth in the

• For b = 1 to B 
• Construct a bootstrap sample 

  xb, yb = {(xb1, yb1), …, (xbn, ybn)}  
by sampling at random from x,y  
with replacement 

• Train a classifier f*b on xb, yb



Random Forests
What is a Random Forest

An ensemble classifier
using many decision tree
models.

Introduced by Leo
Breiman.
Leo Breiman, ”Random
Forests.” Machine learning
45.1 (2001): 5-32.

!

!

Yijun Zhao Classification Model: Decision Tree

• For b = 1 to B 
• Select N datapoints at  

random with replacement 
• Select M features at random  

without replacement 
• Train classifier on subset  

of data and features
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eters. These priors must not be improper as this will lead to a degenerate
posterior, with all the mixing weight on one component.

Gibbs sampling is just one of a number of recently developed procedures
for sampling from posterior distributions. It uses conditional sampling of
each parameter given the rest, and is useful when the structure of the prob-
lem makes this sampling easy to carry out. Other methods do not require
such structure, for example the Metropolis–Hastings algorithm. These and
other computational Bayesian methods have been applied to sophisticated
learning algorithms such as Gaussian process models and neural networks.
Details may be found in the references given in the Bibliographic Notes at
the end of this chapter.

8.7 Bagging

Earlier we introduced the bootstrap as a way of assessing the accuracy of a
parameter estimate or a prediction. Here we show how to use the bootstrap
to improve the estimate or prediction itself. In Section 8.4 we investigated
the relationship between the bootstrap and Bayes approaches, and found
that the bootstrap mean is approximately a posterior average. Bagging
further exploits this connection.

Consider first the regression problem. Suppose we fit a model to our
training data Z = {(x1, y1), (x2, y2), . . . , (xN , yN )}, obtaining the predic-
tion f̂(x) at input x. Bootstrap aggregation or bagging averages this predic-
tion over a collection of bootstrap samples, thereby reducing its variance.
For each bootstrap sample Z∗b, b = 1, 2, . . . , B, we fit our model, giving
prediction f̂∗b(x). The bagging estimate is defined by

f̂bag(x) =
1

B

B∑

b=1

f̂∗b(x). (8.51)

Denote by P̂ the empirical distribution putting equal probability 1/N on
each of the data points (xi, yi). In fact the “true” bagging estimate is
defined by EP̂ f̂

∗(x), where Z∗ = {(x∗
1, y

∗
1), (x

∗
2, y

∗
2), . . . , (x

∗
N , y∗N )} and each

(x∗
i , y

∗
i ) ∼ P̂. Expression (8.51) is a Monte Carlo estimate of the true

bagging estimate, approaching it as B →∞.
The bagged estimate (8.51) will differ from the original estimate f̂(x)

only when the latter is a nonlinear or adaptive function of the data. For
example, to bag the B-spline smooth of Section 8.2.1, we average the curves
in the bottom left panel of Figure 8.2 at each value of x. The B-spline
smoother is linear in the data if we fix the inputs; hence if we sample using
the parametric bootstrap in equation (8.6), then f̂bag(x)→ f̂(x) as B →∞
(Exercise 8.4). Hence bagging just reproduces the original smooth in the



Random Forests
What is a Random Forest

One of the best classification algorithms.

!
R. Caruana etc., ”An Empirical Comparison of Supervised
Learning Algorithms” ICML 2006

Yijun Zhao Classification Model: Decision Tree

One of the best general-purpose classifiers 
(performance is not sensitive to choice of B, N, and M)

R Caruana et al, “An Empirical Comparison  
of Supervised Learning Algorithms”, ICML 2006



Gradient Boosting
• For  m = 1 to M 

• Define weighted classifier

• Define residuals

• Train next classifier on residuals

• Optimize weight
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• Define weighted classifier

Gradient Boosting

• Define residuals

• Train next classifier on residuals

• Optimize weight



Random Forests vs Gradient Boosting

15.2 Definition of Random Forests 589

Typically values for m are
√
p or even as low as 1.

After B such trees {T (x;Θb)}B1 are grown, the random forest (regression)
predictor is

f̂B
rf (x) =

1

B

B∑

b=1

T (x;Θb). (15.2)

As in Section 10.9 (page 356), Θb characterizes the bth random forest tree in
terms of split variables, cutpoints at each node, and terminal-node values.
Intuitively, reducing m will reduce the correlation between any pair of trees
in the ensemble, and hence by (15.1) reduce the variance of the average.
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FIGURE 15.1. Bagging, random forest, and gradient boosting, applied to the
spam data. For boosting, 5-node trees were used, and the number of trees were
chosen by 10-fold cross-validation (2500 trees). Each “step” in the figure corre-
sponds to a change in a single misclassification (in a test set of 1536).

Not all estimators can be improved by shaking up the data like this.
It seems that highly nonlinear estimators, such as trees, benefit the most.
For bootstrapped trees, ρ is typically small (0.05 or lower is typical; see
Figure 15.9), while σ2 is not much larger than the variance for the original
tree. On the other hand, bagging does not change linear estimates, such
as the sample mean (hence its variance either); the pairwise correlation
between bootstrapped means is about 50% (Exercise 15.4).

Random Forests 
• Combine full trees  

(high bias, low variance) 
• Train on subset of data  

and features 
• Amenable to distributed 

computation 

Gradient Boosting 
• Combine stumps 

(low bias, high variance) 
• Train on all of data  

and features 
• Serial computation

Gradient boosting often yields  
slightly better performance



Algorithm

• Find k nearest points to x* 

• Predict y* according to  
majority vote 

Properties

• Lazy 
No learned parameters. 

• Instance Learner  
Needs all data at test time.

k-Nearest Neighbors2.3 Least Squares and Nearest Neighbors 15
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.

15 Nearest Neighbors
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.
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FIGURE 2.9. The curves show the expected prediction error (at x0 = 0) for
1-nearest neighbor relative to least squares for the model Y = f(X) + ε. For the
orange curve, f(x) = x1, while for the blue curve f(x) = 1

2 (x1 + 1)3.

is linear in the first coordinate, for the blue curve, cubic as in Figure 2.8.
Shown is the relative EPE of 1-nearest neighbor to least squares, which
appears to start at around 2 for the linear case. Least squares is unbiased
in this case, and as discussed above the EPE is slightly above σ2 = 1.
The EPE for 1-nearest neighbor is always above 2, since the variance of
f̂(x0) in this case is at least σ2, and the ratio increases with dimension as
the nearest neighbor strays from the target point. For the cubic case, least
squares is biased, which moderates the ratio. Clearly we could manufacture
examples where the bias of least squares would dominate the variance, and
the 1-nearest neighbor would come out the winner.

By relying on rigid assumptions, the linear model has no bias at all and
negligible variance, while the error in 1-nearest neighbor is substantially
larger. However, if the assumptions are wrong, all bets are off and the
1-nearest neighbor may dominate. We will see that there is a whole spec-
trum of models between the rigid linear models and the extremely flexible
1-nearest-neighbor models, each with their own assumptions and biases,
which have been proposed specifically to avoid the exponential growth in
complexity of functions in high dimensions by drawing heavily on these
assumptions.

Before we delve more deeply, let us elaborate a bit on the concept of
statistical models and see how they fit into the prediction framework.
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.

Why might random forests perform better  
than decision trees and/or nearest neighbors?


